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Abstract 

The Magneto-telluric method is a geophysical exploration technic used for decades. It relies 

on the physical laws of plane wave theory. Used at low frequencies, it allows to image from 

several tens of meters to the deeper crust and further. But, as a particular case of the 

general theory of electromagnetism, it requires certain assumptions to be fulfilled. This short 

paper aims at presenting some important theoretical aspects assumed when using this 

method.  

From Maxwell’s equations to EM plane 

wave sounding 

Let starting by the formulation of Maxwell 

equations in 3D, in a cartesian coordinates 

system (x,y,z).  

They deal with 6 coupled differential 

equations with 6 unknowns 

 

Figure 1 – Maxwell’s equations in 

Cartesian coordinates  

Expressions of Maxwell equations in 2D 

If there is no variation along y, we are in a 

2D case. The derivations along y vanish. 

We obtain two independent systems: Hx, 

Hz, Ey one side, and Ex, Ez, Hy on the other 

side. 

 

Figure 2: Simplification of Maxwell 

equations in 2D case (no variation along y) 

They describe two independent modes of 

propagation: one is called the Transverse 

Electric (TE) mode (Fig.2 left side) because 

the component perpendicular to the 

incidence plane is Ey. The second mode is 

called Transverse Magnetic (TM) mode 

(Fig.2 right side) because the component 

perpendicular to the incident plane is Hy. 

They propagate independently and then 

can be modelled and acquired separately. 

They don’t’ have the same sensitivity to 

resistive or conductive targets.  

A plane wave propagating along the wave 

vector 𝑘⃗  in TE mode is depicted Fig. 3-left, 
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whereas the TM mode is depicted Fig.3-

right.  

 

 

Figure 3. EM plane wave propagating along the wave vector 𝑘⃗ , in TE mode (left) and in TM 

mode (right)  

Expressions of Maxwell equations in 1D 

If there is no variation along x and y, then 

we are in a 1D case. Only the derivatives 

along z are non-zero. 

 

Figure 4 – Simplified Maxwell equations in 

1D, TE mode (left) and TM mode (right). 

We define two independent modes, one is 

carried by Ey, Hx called TExy (Fig.4 left) and 

the other one is carried by Ex,Hy called 

TMxy (Fig.4 right). 

If we consider the 1D TExy case, ℎ𝑥and 𝑒𝑦 

are solutions of the same Helmholtz 

equation: 

𝜕2𝑒𝑦

𝜕𝑡2
=

1

𝜇𝜀
(
𝜕2𝑒𝑦

𝜕𝑧2
− 𝜇𝜎

𝜕𝑒𝑦

𝜕𝑡
) 

A solution in homogeneous and isotropic 

medium is a plane wave, described by: 

 𝑒𝑦⃗⃗⃗⃗ =𝑒𝑦0
+⃗⃗⃗⃗ ⃗⃗ 𝑒−𝑖(𝑘𝑧−𝜔𝑡) + 𝑒𝑦0

−⃗⃗⃗⃗ ⃗⃗ 𝑒+𝑖(𝑘𝑧−𝜔𝑡) 

 

Half space case 

In the general case, for a plane wave 

propagating along 𝑘⃗ , we can write:  

𝑒 = 𝑒 0𝑒
−𝑖(𝑘⃗ .𝑟 −𝜔𝑡). In this case, the rotational 

is: 𝛻⃗ × 𝑒 = −𝑖𝑘⃗ × 𝑒 . 

Because 𝛻⃗ × 𝑒 = −𝜇
𝜕ℎ⃗⃗ 

𝜕𝑡
 then substituting in 

𝛻⃗ × 𝐸⃗ = −𝑖𝜔𝜇𝐻⃗⃗  then 𝐻⃗⃗ =
1

𝜇𝜔
𝑘⃗ × 𝐸⃗ . 

We define the electromagnetic impedance as 

the ratio of the Electric and Magnetic 

components: in the 1D case considered above: 

𝑍 =
𝐸𝑥

𝐻𝑦
=

𝜇𝜔

𝑘
. 

In the quasi-static assumption, 𝑘 = √𝑖𝜇𝜔𝜎 

then 𝑍 = √2𝜋𝑓𝜌𝜇0𝑒
−𝑖𝜋/4. 

Where we derive the Cagniard formula, in 1D: 

 

This is valid only in 1D and if we are in the 

plane wave assumption. This last condition 

happens when we are in the far field domain. 

Figure 5 and 6 depict the numerical 

computation of Z=E/H at air – ground 

interface, for a 2 kHz frequency above a 
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homogeneous 500 Ohm.m resistivity ground. 

The ratio Z is varying near the transmitter and 

reaches a constant value when the distance is 

above one wavelength.  

This is an illustration of the transition from 

near to far field. 

 

Figure 5 - Electromagnetic impedance E/H for 

a Vertical Magnetic Dipole source VMD 

(courtesy of B. Bourgeois, BRGM). 

Whatever the nature of the transmitter, 

magnetic or electric dipole (Fig. 5 & 6), beyond 

a distance 𝜆 = 2𝜋𝛿 the impedance reaches a 

constant value controlled by the previous 

Cagniard formula.  

 

Figure 6 - Electromagnetic impedance E/H for 

a Vertical Electric Dipole source (courtesy of B. 

Bourgeois, BRGM). 

In far field, Z is constant and depends only on 

the frequency and resistivity of the ground. 
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Far field behaviour, and frequency 

sounding effect 

Due to the air ground resistivity contrast, 

whatever the incidence at the air-ground 

interface, the EM wave propagates at 

normal incidence in the formation.  

In the far field assumption and in 1D, as E 

and H are perpendicular to the wave 

vector 𝑘⃗ , then the electric and magnetic 

current lines are horizontal (see Fig. 7, 

upper right side of the dotted line). 

The depth of investigation depend on the 

skin depth 𝛿 = 503√𝜌/𝑓 (attenuation of 

1/e every ). One can see the polarity 

changes every 𝜆/2. 

 

 

 

Figure 7 Magnetic field (quadrature component) created by a 300 m square loop (VMD), in a 500 

Ω.m half-space at 2kHz (courtesy of B. Bourgeois, BRGM) 

 

Magneto-Telluric impedance tensor 

Practically, we measure the components 

of E and H. We estimate Z the MT 

impedance tensor defined as :  

[
𝐸𝑥

𝐸𝑦
] = [

𝑍𝑥𝑥 𝑍𝑥𝑦

𝑍𝑦𝑥 𝑍𝑦𝑦
] [

𝐻𝑥

𝐻𝑦
] 

By analogy with the 1D case, one can 

define 𝜌𝑖𝑗(𝜔) =
1

𝜔𝜇
|𝑍𝑖𝑗(𝜔)|

2
 

and the phase: 

𝜑𝑖𝑗(𝜔) = arg (𝑍𝑖𝑗(𝜔))

= atan(
𝐼𝑚 (𝑍𝑖𝑗(𝜔))

𝑅𝑒 (𝑍𝑖𝑗(𝜔))
) 

 If the estimation of 𝑍𝑥𝑥 ≈ 𝑍𝑦𝑦 ≈ 0 and 

𝑍𝑥𝑦 ≈ −𝑍𝑦𝑥 the impedance tensor is 

reduced to: 

[
𝐸𝑥

𝐸𝑦
] = [

0 𝑍
−𝑍 0

] [
𝐻𝑥

𝐻𝑦
] 

Then we are in the 1D case, and the 

Cagniard formula can be directly used. 
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 If the estimation of 𝑍𝑥𝑥 ≈ 𝑍𝑦𝑦 ≈ 0 and 

𝑍𝑥𝑦 ≠ −𝑍𝑦𝑥 the impedance tensor is 

reduced to: 

[
𝐸𝑥

𝐸𝑦
] = [

0 𝑍𝑥𝑦

𝑍𝑦𝑥 0
] [

𝐻𝑥

𝐻𝑦
] 

Then we are in the 2D case, easier to 

handle than 3D.  

If x is along the profile and y 

perpendicular, the incidence plane is the 

along the measured profile and the 

impedance tensor provides the TE and TM 

components: 

[
𝐸𝑥

𝐸𝑦
] = [

0 𝑍𝑇𝑀

𝑍𝑇𝐸 0
] [

𝐻𝑥

𝐻𝑦
] 

Modelling and inversion can be performed 

in 2D, and only need computing 3 

components in each case (TE or TM). 

Dimensionality indicator 

If the signal to noise ratio is good, one can 

define a dimensionality indicator based on 

the determinant of Z. For instance, the 

Swift skew (Swift, 1967) can help to 

determine if the data can be considered 

2D (here if 𝜅 < 0.3):  

𝜅 =
𝑍𝑥𝑥 + 𝑍𝑦𝑦

𝑍𝑥𝑦 − 𝑍𝑦𝑥
 

 

 

Figure 8 Scheme of a 2D ground (conductor elongated along Y and perpendicular to X 

direction) and EM field components measured in surface along X0,Y0 directions. 

 

Rotation of measured data 

In a 2D earth, a conductor is oriented 

along the “geological strike” direction. 

But, if measured 𝐸0 & 𝐻0 components are 

not parallel and perpendicular to the 

geological strike, they can be rotated in 

order to obtain the TE and TM modes 

where 𝐸𝑟𝑜𝑡 (or respectively  𝐻𝑟𝑜𝑡 ) is 

parallel to the strike using a rotation 

matrix R: 

𝑍𝑟𝑜𝑡 = 𝑅𝑍𝑅𝑇 where  𝑅 = [
𝑐𝑜𝑠𝜑 𝑠𝑖𝑛𝜑
−𝑠𝑖𝑛𝜑 𝑐𝑜𝑠𝜑

] 

Looking for the best angle  (i.e. the 

geological strike direction) is part of the 

preprocessing of the dataset. 
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Use of the vertical magnetic component 

One can define the Tipper, also called 

« Induction Vector», which relates the 

vertical magnetic component to the 

horizontal components.  

𝐻𝑧 = [𝑇𝑧𝑥 𝑇𝑧𝑦] [
𝐻𝑥

𝐻𝑦
] 

This vector can be mapped, then it 

indicates the conductors which induced 

this vertical magnetic component and its 

amplitude is link to the size and 

conductivity of this body. 
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