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PETROACQOUSTICS

The book "PETROACOUSTICS" consists of 8 chapters intended to be published
independently on the Internet:

Chapter 1 - Some more or less basic notions (and General Introduction)

Chapter 2 - Petroacoustics laboratory measurements

Chapter 3 - Elastic waves in isotropic, homogeneous rocks

Chapter 4 - Elastic anisotropy

Chapter 5 - Frequency/wavelength dependence (impact of fluids and heterogeneities)
Chapter 6 - Poroelasticity applied to petroacoustics

Chapter 7 - Nonlinear elasticity

Chapter 8 - Applications to seismic interpretation

A detailed Table of Content, Nomenclature, Reference List, Subject Index and Author Index
is annexed to each Chapter

Each chapter is published independently as a pdf file. To comply with the rules of copyright
no modification is allowed after the publication on the web, this is the reason why no
information regarding the other chapters, which are subject to changes (e.g. the precise table
of content or expected date of publication), are given in a published Chapter. These updated
data are shown on a dedicated web site: http://books.ifpenergiesnouvelles.fr



http://books.ifpenergiesnouvelles.fr/

This work is dedicated to the memory of Olivier Coussy (1953-2010), who, in the beginning
of his career, enormously contributed to popularizing Poromechanics among petroleum
geoscientists, through numerous fruitful collaborations with IFP Energies nouvelles. At that
time we were incredibly lucky to be witnesses and sometimes actors, with Olivier’s help, in

this revolution.
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GENERAL INTRODUCTION

Petroacoustics, or more commonly Rock Acoustics, is the study of mechanical wave propagation in
rocks. It is one of the most prolific branches of 'Rock Physics', aiming itself to make the link between
the rock response to remote physical solicitations (often by wave methods or by potential methods)
and the physical properties of rocks (such as mineralogy, porosity, permeability, fluid content...).
Rock physics is a very active field, which has early evolved from a sophisticated curiosity for
specialists to a mainstream research topic leading to practical tools now routinely integrated in oil
exploration and exploitation. On the leading edge of this wave, volunteering groups of specialists of
Rock Physics constituting a global community meet during the International Workshop on Rock
Physics (IWRP), involving both industry and academia, and not associated with any formal
organisation or institution, as documented on their website http://www.rockphysicists.org/Home.

After this website, many references on petroacoustics are already available for decades. For the
1990s numerous experimental and theoretical works have accumulated and new books have been
published, for instance 'The Rock Physics Handbook' of Gary Mavko, Tapan Mukerji and Jack Dvorkin,
among the most recommended. So one could fairly ask why a new book in the field?

This book can be considered as a natural continuation of the book entitled 'Acoustics of Porous
Media', co-authored by Thierry Bourbié, Olivier Coussy and Bernard Zinszner, and issued by our
laboratory in 1986 for the French version, and in 1987 for the English version.

However, here the clear guideline is experimentation. In contrast to previous books, all the
techniques, from the most conventional (using piezoelectric transducers) to the most recent space-
age methods (as laser ultrasonics) are detailed. Furthermore the book is mainly based on
experimental data allowing to select the most appropriate theories for describing elastic wave
propagation in rocks. Emphasis on Nonlinear elasticity and Seismic anisotropy are also originality of
the book. A part of the book also focuses on the history of the different sub-fields dealt with, having
in mind that the knowledge of the history of a field contributes to understanding the field itself. For
instance, in spite of the clear anteriority of their work the names of the Persian mathematician,
physicist and optics engineer Ibn Sahl, and of the English astronomer and mathematician Thomas
Harriot are unfairly not, or rarely, associated with the law of refraction, compared to the names of
the Dutch astronomer and mathematician Willebrord Snell van Royen, known as Snellius, and of the
French philosopher and writer René Descartes, as detailed in the first chapter.


http://www.rockphysicists.org/Home

The book is divided into eight chapters.

The first chapter deals with what we call some more or less basic notions that will be used in the
following chapters. Some notions described in this chapter are well know and/or straightforward and
can be found in any classical textbook on Continuum Mechanics or on Acoustics. Some other notions
are unfortunately not commonly appreciated and need to be introduced for studying physics in
geological media. The chapter is divided into three sections. First we introduce Petroacoustics, or
more commonly Rock acoustics, and Geoacoustics, that is to say acoustics of geological media, as
particular branches of Acoustics (section 1.1). Then we give the basics of classical Mechanics in
Continuous Media, including the description of stress, strain and elastic wave propagation, together
with the main deviations from the ideal homogeneous isotropic linearly elastic behaviour, that is to
say heterogeneity, dispersion, attenuation, anisotropy, and nonlinearity possibly with the presence of
hysteresis (section 1.2). Last, because natural media are all but continuous media at many scales, we
describe in section 1.3 the way to adapt the previous descriptions to the case of discontinuous media
with hierarchal structure, such as geological media, with the introduction of fundamental notions
such as Representative Elementary Volume and Continuum Representation in such media. These are
precisely the less obvious notions that are referred to in the title of this chapter.

In Chapter 2, we describe the most common techniques for performing acoustic experiments on
rocks in the laboratory. The chapter is divided into three sections. First we discuss the reliability of
petroacoustic measurements, we introduce the main petrophysical parameters (porosity,
permeability), and we emphasize various experimental cautions (damage, saturation process...)
(section 2.1). Then we introduce the two main types of experiments performed in petroacoustic
laboratories, characterized by contrasted aims. The first type experiment, described in section 2.2,
aims to measure the acoustic properties of geological materials. In this case it is important that the
measured sample is representative of the studied geological formation. Another important aspect is
the physical state of the rock sample. Obviously altered and/or damaged samples must be avoided.
Finally the pressure and temperature state have to be as close as possible to the in-situ condition.
Section 2.3 deals with the second type of experiments in rocks, aiming to better understand physical
phenomena involved in elastic wave propagation, or to study wave propagation on scaled-down
physical models in the laboratory. In this case, temperature and pressure condition, have less
importance, unless these parameters are precisely in the central parameters of the study. The
chosen materials, possibly artificial materials (such as sintered glass beads), can be chosen according
to the purpose of the physical study.

Chapter 3 addresses the dependence of the acoustic parameters (mainly velocity and attenuation) of
geomaterials on their lithologic nature (mineralogy, porosity) and on physical parameters (fluid
saturation, pressure, and temperature). All these relationships are obviously at the height of
applications of petroacoustics to the interpretation of seismic data in a broad sense (i.e.,,
seismological data, applied seismic data, acoustic logs data...). As a matter of fact, it is from the
guantitative knowledge of these relationships that we can hope to extract information such as
porosity or saturation state of underground formations.



In chapter 4 we discuss elastic anisotropy under different points of view but, as in the other chapters,
always more or less in relation with experimental aspects. The chapter is divided into seven sections.
In the first section (4.1), we summarize the history of seismic anisotropy. Section 4.2 introduces the
symmetry principles in physical phenomena, due to the great scientist Pierre Curie, and the way they
can simplify the description of elastic anisotropy. In the next section 4.3 we introduce the classical
theory of static and dynamic elasticity in anisotropic media, and we describe and illustrate the main
manifestations of elastic anisotropy in rock (i.e. directional dependence of the elastic wave velocities,
shear-wave splitting of shear-wave birefringence, and the fact that the seismic rays are generally not
normal to the wavefronts). Because rocks generally exhibit moderate to weak anisotropy strength it
is possible to use perturbation theories to simplify the exact theoretical derivation as described in the
next section (4.4). This is followed by a description of the main causes of elastic anisotropy and the
corresponding rock physics models (section 4.5). In addition to elastic anisotropy, experimental
studies have unambiguously other robust results, namely porous nature (poroelasticity), frequency
dependence (viscoelasticity), or the dependence on stress-strain level (nonlinearity) which lead to
use more sophisticated models as pointed out in the next part (section 4.6). The last section (4.7)
explains how elastic anisotropy alters the seismic response and necessitates the adaptation of
existing seismic processing tools to take into account the anisotropic case. Conversely it also explains
how seismic response can be analyzed in order to characterize the studied rocks.

The dependence of the mechanical properties of geological media with respect to frequency, or
equivalently with wavelength, is illustrated by countless examples at various scales and is discussed
in Chapter 5. This chapter also describes and details the main causes of this dependence. The chapter
is divided into five sections. We start (section 5.1) by distinguishing the geometry-induced, or
extrinsic, frequency/wavelength dependence from the intrinsic one, due to the property of the rock
itself. The rest of the chapter is focused on intrinsic frequency/wavelength dependence. Next we
describe the main causes of intrinsic frequency/wavelength dependence in rocks, which can be
summarized in two words, namely fluids and heterogeneities. In the third section we describe the
frequency/wavelength dependence due to the presence of fluid. It is essentially an anelastic
mechanism (see Chapter 1 section 1.2.3.5), where the energy dissipation (conversion of wave energy
to heat) is due to the viscosity of the saturating fluid. In contrast, the frequency/wavelength
dependence due to the presence of heterogeneities described in section 4 is not due to energy
dissipation but, rather, to energy redistribution from the first arriving coherent waves to the later
chaotic arrivals, or codas, the total wave-field energy being conserved. Finally, instead of specifying
the physical mechanisms involved in the frequency/wavelength dependence, an alternative way is to
phenomenologically describe the mechanical behaviour of rock as done in the last section, by
studying the empirical relation between the applied stress and the resulting strain. We shall see that,
among the large class of phenomenological models, the sub-class of linear viscoelastic models can
closely mimic the behaviour of a broad class of dissipative processes, resulting from rapid and small-
amplitude variations in strain due to waves that propagate in rocks.

Chapter 6 deals with the poroelastic description of rock behaviour. In other words the chapter
describes the elasticity of rocks considered as porous media. The chapter is divided into four
sections. First we introduce the general field of Poromechanics, that is to say Mechanics in porous
media, including the sub-fields of Poroelasticity and Poroacoustics, that is to say, respectively,
Elasticity and Acoustics of porous media (section 6.1). Then we give the basics of the classical theory
of poroelasticity, including the description of the stresses and the strains in porous media, of the
static couplings (i.e., change of fluid pressure or mass due to applied stress, or change of porous frame
volume due to fluid pressure or mass change]) and of the dynamic couplings (i.e., viscous and inertial
couplings). The section ends with wave propagation (section 6.2), emphasizing the influence of the
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presence of macroscopic mechanical discontinuities, that is to say interfaces, and of fluid transfer
through these interfaces on the observed wavefields. The next section (section 6.3) describes the
various sophistications of the initial model imposed by experimental reality, mainly the necessity of
integrating viscoelasticity [mainly due to the presence of compliant features (e.g., cracks, micro
fractures)] and/or anisotropy into the poroelastic model. This leads to a new classification of wave

propagation regimes in fluid-saturated porous media distinguishing four regimes represented in a &
(crack density)-Ks (interface permeability) diagram [Kg characterizing the fluid exchange through the

macroscopic mechanical discontinuities (or interfaces)]. The last section explains how poroelastic
signature of rocks can be used to characterize fluid substitution in different context of underground
exploitation (section 6.4).

The perfect linear relation between stress and strain is often a convenient simplification in most real
media, but does not reflect experimental reality. In fact, nonlinear elasticity is a pervasive
characteristic of rocks, mainly due to the presence of compliant porosity (e.g., cracks,
microfractures), but not only, and is addressed in Chapter 7. The chapter is divided into six parts.
First we introduce the multiple aspects of nonlinear science and briefly introduce the history of
nonlinear elasticity (section 7.1). Then we give the basics of nonlinear elasticity. This include the
description of stresses in the presence of finite deformations, that is to say Cauchy stress relative to
the present configuration and Piola-Kirchhoff stress relative to the reference configuration.

The classical third order nonlinear elasticity (implying expansion of the elastic deformation energy to
the third power of the strain components) is detailed in the static case and in the dynamic case,
especially wave propagation (section 7.2). Section 3 describes the main experimental manifestations
of nonlinear elasticity, namely the stress-dependence of the velocities/moduli, the generation of
harmonic frequency not present in the source frequency spectrum, and wave-to-wave interaction
(section 7.3). Then we detail the two main fields of nonlinear elasticity in rocks (section 7.4), namely
nonlinear acoustics (i.e., the study of wave of finite amplitude) and acoustoelasticity (i.e., the study
perturbative waves in statically pre-stressed media). In the next section we introduce the most used
sophistications of the nonlinear elastic model, namely the higher order nonlinear models and
nonlinear hysteretic models of Preisach type. Associated to Kelvin's description in eigenstresses and
eigenstrains, the last approach demonstrates that there seems to be no limit in the sophistication of
the models with media exhibiting simultaneously dispersion/attenuation, anisotropy, and
nonlinearity possibly with the presence of hysteresis (section 7.5). In the last section (section 7.6) we
illustrate how the multiple ramifications of nonlinear response of rocks may affect various areas of
research in Geosciences. These include Rock mechanics, and more generally speaking material
science, where the nonlinear response of material may be used for characterization purposes, and
Seismology, where the spectral distorsion of seismic waves has to be considered. The
characterization of material property change by monitoring the nonlinear response may be valuable
(e.g., changes due to fluid saturation, to stress variations or to damage induced by fatigue...).

Finally, in Chapter 8, we describe some case histories showing practical applications of each of the
theories introduced in the previous chapters. The chapter is divided into four sections. In the first part
(section 8.1) we deal with fracture characterization from the analysis of seismic anisotropy. Section
8.2 illustrates the application of Poroelasticity theory to seismic monitoring of subsurface
exploitation with Hydrocarbon Reservoir monitoring and CO2 geological storage. This will be
followed in the section 8.3 by the exploitation of the scattered seismic wavefields for the
characterization of heterogeneity in the subsurface. The last section (8.4) illustrates by field examples



how the principle of nonlinear elasticity can be exploited for inverting the stress state in the
subsurface.

Lastly, we wrote the book as if it were the book we wished we had available on our shelf at the time
we were newcomers in the field. That is why we make it freely downloadable on the internet in order
to facilitate sharing our experimental and theoretical expertise of these last decades with the
community, and above all to encourage young newcomers to the fascinating field of Petroacoustics.
We hope that some readers will actually experience as much pleasure as we experienced when
writing this book.

Rueil-Malmaison, April 2014

Patrick Rasolofosaon and Bernard Zinszner
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PETROACOUSTICS - CHAPTER 1

Nomenclature

The notations div , grad, curl and Dzdesignate the divergence, gradient, curl and
Laplacian operators, namely in Cartesian coordsate

0w, , 0%y oW,

div¥ =
0X oy 0z
gradq) = @ , @ , @
ox dy 0z

curlp =| 0¥z 9%y oW, 0w, ’Gwy_awx
0z 0z 0X ox 0y

2 =00 , 00 0%
x> oy> 97

The real and imaginary parts of a complex quaatieyindicated by:

Real part =( ) or Re( )

Imaginary part = ( ) or Im( )

A dot above a quantity denotes a derivative wilpeet to time

Symbols

The nomenclature below does not include the meltqunstants used in the text. These are
generally represented by the Characters A, BaCh, c...etc.

Ci components of the elasticity tensor
d, density of liquid water
D omic interatomic distance

SOME MORE OR LESS BASIC NOTIONS l-a




PETROACOUSTICS - CHAPTER 1

d, dl' infinitesimal distances beween two points
E Young's modulus

E total energy density per unit volume,

f frequency

K components of a force vector

H elastic modulus (generic)

H{® Hankel function of the second kind, of order 1

| Kronecker's identity tensor of rank 2

K wave vector

K bulk modulus

Kk wave number

ks Boltzmann constant

Ko P-wave number or longitudinal wave number
K S-wave number or shear wave number

L free path mean free path

M P-wave or longitudinal wave modulus

M, molecular weight of water

M, oiecule mass of an individual molecule

i unit vector

N Avogadro number

P energy flux vector, Umov-Poynting-Heaviside wecbr UPH vector

=

radial distance in polar or cylindrical cdimates

R radial distance in spherical coordinates
R reflection coefficient
Real gas molar universal or ideal gas constant
Ry Vertical resolution
Rn Horizontal resolution
T transmission coefficient
T period
Tq temperature in Kelvin degree
G=X-X displacement vector
\Y velocity of propagation a wave
Ve energy velocity vector
v phase velocity vector

SOME MORE OR LESS BASIC NOTIONS 1-b
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V, P-wave or longitudinal wave velocity
Vieus root mean square velocity
\A S-wave or shear wave velocity
v,V volumes of elements
w strain energy density

X , X' position vectors

X %, X components of the position vector

X'/, x',, X', components of the position vector

zZ depth
Z, P-wave impedance, or longitudimale impedance
Zg S-wave impedance, or shear wayedance
] v wave equation operator or d'Alembertian operataretdcity v
Ak components of Kroneker identitgnsor |
€ strain tensor
& components of the strain tensor
¢ ratio of shear wave modulus Bagave modulus
A first Lamé's parameter
A wavelength
U second Lamé's parameter, ramedulus, or S-wave modulus
vV Poisson's ratio
w nanoscopic scale
P density
o stress tensor
jj components of the stress tensor
Im collision time in statistical mechanics
8 angle between the directions i and j

o relative variation of an elementary volume
g incidence, reflection or transmission angle

SOME MORE OR LESS BASIC NOTIONS 1-c




AVA
AVO
IHSD
PREM
REV
SAM
UPH

PETROACOUSTICS - CHAPTER 1

Acronyms

amplitudeversusangle

amplitudeversusoffset

Ibn Sahl-Harriot-Snell-Descartes (refi@ciaw)
primary reference earth model

representative elementary volume

Scanning Acoustic Microscopy
Umov-Poynting-Heaviside (energy flux vector)

SOME MORE OR LESS BASIC NOTIONS
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1- SOME MORE OR LESS BASIC NOTIONS

"Why a four-year-old child could understand thipoet.
Run out and find me a four-year-old child,
| can't make head or tail out of it"

Groucho Marx (1895-1977) in 'Duck soup' (1933)

The chapter is divided into three parts. First wroduce Petroacoustics and
Geoacousticsas particular branches d@fcoustics Then we give the basics of classical
Mechanics in continuous mediaincluding the description of stress, strain aladtec wave
propagation, together with the main deviations fittve ideal homogeneous isotropic linearly
elastic behaviour, that is to sdmeterogeneity dispersion attenuation, anisotropy, and
nonlinearity possibly with the presence bfsteresis Last, becauseatural media are all
but continuous media at many scales, we describevity to adapt the previous descriptions
to the case of discontinuous media whilerarchical structure, such aggeological media
with the introduction of fundamental notions suchRepresentative Elementary Volume

andContinuum Representationin such media.

8 This is the exact quote of Groucho Marx, in thie rof Rufus T. Firefly, excerpt from the
Marx Brothers anarchic comedy film 'Duck soup'tten by Bert Kalmar and Harry Ruby in
1933. The following wrong alternate quotes attrdolito Groucho Marx can be found on the
internet:"A child of five could understand this. Fetch mehald of five."or "A child of five
would understand this. Send someone to fetch d ohiive."
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PETROACOUSTICS - CHAPTER 1

1.1 Petroacoustics and Geoacoustics: Definition, etyogy} and particular

branches of Acoustics

1.1.1 Acoustics, Geoacoustics and Petroacoustics: Diefnsitand etymology

According to the popular dictionary Merriam-Webst&coustics” is defined as the science
that deals with the production, control, transnaissreception, and effects of sound. Because
the word "sound" often refers in common languagg tmthe mechanical vibrations that can
be heard by humans, we suggest to extend the aladvetion by replacing the word "sound”
by the words "mechanical vibrations" in order talige, as usually done in modern
acoustics, not only audible sounds but also ultradse and infrasound (i.e. mechanical waves
characterized by frequencies respectively above etow the frequency hearing range of
humans) and mechanical vibrations of much lowegdency, such as seismic waves or even
earth tides (see sub-section 1.2.2.3).

After the website of Etimonline, the adjective "astic" ("acoustique” in French, and
"akustisch" in German) appeared around the beginwithe 17 century and is derived from
the Greek worddrovonixéc (akoustikoy meaning "pertaining to hearing", itself deriviedim

the worddrovoréc (akoustoy meaning "heard, audible”. In geophysics [e.ger8f, 2002]
one uses to call an "acoustic medium" a mediumdhat supports P-wave (see sub-section
1.2.2.1), such as liquids or gases. In contrasediumm that support both P- and S-waves is
usually called an "elastic medium" (for the worda%ticity" see sub-section 1.2.2.5), such as
solids.

After the same reference, the noun "acoustics"ofiatique” in French and "akustik" in
German), initially meaning the science of soundhegped in the 1680s and is derived from
the adjective "acoustic" with the suffix "-ics". iBhlatter is often used in the names of
sciences or disciplines (e.g., physics, genet&spnomics, aerobics...) and represents'a 16
century revival of the classical custom of usihg heuter plural of adjectives with the Greek
suffix —ixdc (-ikos), as indrkovorikéc (akoustikoy, to mean "matters relevant to" and also as
the titles of treatises about them.

Two neologisms are used in this book, namely "geastics” and "petroacoustics".

The noun "geoacoustics" ("géoacoustique" in Frearuth "geoakustik" in German) seems to
appear in the mid 1960s [e.g., Hamilton, 1965]sIterived from the Greek prefix "geo-",
meaning earth, and the noun "acoustics", and sindglsignates the specific branch of
acoustics applied to earth sciences. This spdmifiach, which could also be called acoustics
of the earth, mainly includes seismics, seismol@nd also acoustical oceanography
[Rasolofosaon, 2010] (see sub-section 1.1.2).

The adjective "petroacoustic” ("pétroacoustiqueFiench and "petroakustisch” in German),
seems to be more recent and has been used sint@Abe in the german literature (e.g., Kopf
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et al., [1970]). It is derived from the Latin prefpetr-", meaning "rock”, and the adjective
"acoustic”. The corresponding discipline is "petmastics” ("pétroacoustique” in French and
"petrooakustik" in German), which is simply the afie branch of geoacoustics restricted to
the study of rocks. An equivalent terminology fpetroacoustics"” is "rock acoustics”, which
is widely used in the literature (Lin [1982]; Fjastral. [1989]; Rasolofosaon [1991]; Winkler
and Murphy [1995]; Carcione [2007]; etc...).

1.1.2 Petroacoustics and Geoacoustics as particular lbearaf Acoustics

A popular representation of the scope of acoustithe acoustical community is the "wheel
of acoustics" of Robert Bruce Lindsay [Lindsay, 3Pflustrated by Figure 1.1.2-1. The
wheel is constituted by concentric circles and singhe inner most disk in brown in the
centre of the wheel is occupied by fundamental iglaysacoustics, which constitutes the
common theoretical background or the core of @lftblds of acoustics. The four broad fields
of Life Sciences, Earth Sciences, Engineering dwedArts are distributed clockwise on the
outer most circle.

The outer ring in cold colours lists the areaspgl@ation of acoustics, namely:

- for Life Sciences: Medicine, Physiology and pdrPsychology,

- for Earth Sciences: Atmospheric Physics, Solidlie@&#ophysics and Oceanography, and
- for the Arts: Visual arts, Musics, Speech and paRsychology.

The inner ring in warm colours is composed of tagaus divisions of acoustics, following
terminologies close to those of the Physics andofsimy Classification Scheme of the
American Institute of Physics.

According to this latter, regarding Geoacoustibg, $pecific branch of acoustics applied to
Earth Sciences, the major divisions are:

- Aeroacoustics: gathering topics as various as @utdound source and propagation,
Shock and blast waves, Interaction of fluid moteond sound, Interaction of sound
with ground surfaces, ground cover and topograptgttering of sound by a turbulent
atmosphere, among others.

- Underwater acoustics: including Normal mode and Rayagation of sound in water,
Underwater applications of nonlinear acoustics tt8gag, echoes, and reverberation
in water due to various obstacles, Ocean paranestanation by acoustical methods,
Acoustical detection of marine life, Various asgext sonar acoustics, among others

- Solid earth acoustics: gathering Seismology, thdysbf the Earth at the global scale,
and Applied Seismics, which aims to explore/explioé earth's subsurface and upper
crust for economical and/or environmental purposes?
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EARTH
SCIENCES

LIFE

SCIENCES | ENGINEERING

Figure 1.1.2-1 The "wheel of acoustics", created by R. Brucedsay in J. Acoust. Soc.
Am. V. 36, p. 2242 [1964] summarizing the divisionsmbdern acoustics and including
Geoacoustics, the special branch of acoustics exppgb Earth Sciences (Modified after
Lindsay [1973] and Kallistratova [2002])
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1.2 Mechanics of continuous media

In contrast with mechanics of discrete particlegnt@uum Mechanics, formally
initiated by the French mathematician Augustin-lsoGiauchy (1789 —1857) (see Box 1.2.1-
1), deals with the mechanical behavior of mediaswered as continuous. Obviously, this is
an ideal representation of real media, which arepmsed of atoms and molecules and which,
as a consequence, are all but continuous media.liikdetween this ideal mathematical
view point, ignoring the 'atomistic' structure ottter, and the physical view point of real
media, including continuum representation, is diedain the next section 1.3.

In the present section, we introduce the basiteeideal approach of continuum mechanics.

Within this framework, the fields (displacemerttas, stress ...) and the physical properties
(density, elastic moduli, velocities...), all inteced in this section, are all assumed
continuous and even analytic functions of bothetamd space variables (except at a limited
number of surfaces of discontinuities, see foranseé §1.2.2.2 on reflection/transmission of
elastic waves at interfaces).

The section is divided into three parts. First wigaduce strain and stress, and the simplest
behavior law linking them, namely Hooke's law. Thelastic wave propagation and
reflection/transmission of waves at interfacesdascribed. Finally we define the characters
that deviate from the common ideal homogeneousogiat linearly elastic behaviour,
namely, heterogeneity, anisotropy, nonlinearitigraiation and dispersion.

1.2.1 Stress tensor, strain tensor and stress-strainfléinear elasticity

1.2.1.1 Strain tensor

Subject to forces, solid bodies are deformed, &weddistances between the material points
and the angles between couples of material poiatg.\Let us consider any poimt of a

solid body, represented by its position vector of components(xlzx, Xo =Y, X3 = z)
which, after deformation, becomes the pomt represented by its position vecter , as
illustrated by Figure 1.2.1-1
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Figure 1.2.1-1 Deformation of a solid body

Displacement during transformation is thereforerab@rized by the vector:

(1.2.1-1) 0=x-X.
The distance between two infinitely close pointghi@ undeformed state was:
(1.2.1-2) dl =A@ + X3 +
and becomes in the deformed state:
(1.2.1-3) di'= /dxZ+dx3+dx2
which, after Equation (1.2.1-1), can be written:
(1.2.1-4) dli'= \/ (dxq + du1)2 +(dxp + du2)2 +(dxg + du3)2
3 ou ou;
Substitutingly, :Z—' dx , or more conciselylyy =——-dx, , with summation convention
i1 9% 0Xy
on the repeated indices, one then obtains:
(1.2.1-5) (dI')? = (dl)? = 2. dx dx,
where & is defined by:
(1.2.1-6) Ei :E an +6Uk +aU| 6U|
2\ 0% 0% 0% 0%y

( &k ) is called the Green-Lagrangian strain tensoefafte British mathematical physicist

George Green (1793-1841) and the mathematicianaatrdnomer Joseph-Louis Lagrange
(1736 — 1813), born Giuseppe Lodovico (Luigi) Laggia) (e.g., Salencon [2002]).
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The summation convention on the repeated indiced usthe two previous equations, and in
the remaining part of book, is also called Einsgeisummation convention on repeated
indices, after the famous German-born theoretibgbkjeist Albert Einstein (1879-1955) who
first introduced it in his milestone paper on trengral theory of relativity [Einstein, 1916].
According to this convention, when subscripts repeated in an equation on the same side of
an equality sign (for instanéeandk on the right hand side of Equation (1.2.1-5), drah the
right hand side of Equation (1.2.1-6)) the sumoratn these indices are understood. Thus

3 3
2eydx dy in  Equation (1.2.1-5) concisely stands fod > 2gdxdy , and
i=1k=1

E [% + a_Lk + a_qa_qJ for1 (% + a—Uk + Za—qa—uj in Equation (1.2.1-
2 | 0% 0% 0X% 0% 2 | 0% 0%; 15 0% 0%
6).

In solids exhibiting large deformations and mostlyluids, because it is impossible to follow
the motion of each individual particle, it is ddiilt to refer to an undeformed initial state.
Thus Green-Lagrangian formulation is not relevaht. alternative formalism called the
Eulerian formalism, after the Swiss mathematiciaua g@hysicist Leonhard Euler (1707 -
1783), is more relevant and uses the deformed, stetiead of the undeformed state, as the
reference state. The explicit expressions of thmpmments of the Eulerian strain slightly
differ from those of the Green-Lagrangian straimstg in Equation (1.2.1-6) (e.g., Salencon
[2002]):

(1.2.1-6bis) g = L[ 0Ui  Oui _ou 9y,
2 an 6Xi 6Xi an

For small deformations, the only case considered mecontrast with what will be assumed
in Chapter 7 on Nonlinear Elasticity, the variationdistance between material points, and
hence the variation in displacement, is small caegbavith the distance itself. In other words,
the product of derivatives can be neglected in amspn with the derivatives themselves in
both Equations (1.2.1-6) and (1.2.1-6bis). In tisisecial case the Green-Lagrangian
formalism and the Eulerian formalism are equivalétgnce the components of the linearized
strain tensor can be written:

(1.2.1-7) Ex :1(ﬂ+%j

Let us now consider the variation in length in theection x. This consists in making in
Equation (1.2.1-5): (dI')? = (dxy)? , (dI)? = (dx)? and(dx)?=0 if k=1.

This immediately gives:

(1.2.1-8) (dxy)? = () (1 + 2¢11)

If 3(x) is the relative difference between the normi@§ and the norm ofiX';, one obtains:
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(1.2.1-9) (dxy ) = (dq i+ 0P
Equations (1.2.1-8) and (1.2.1-9) then give:
(1.2.1-10) [1+ 3(x)]? =1+ 21,

Assuming small deformation®(x) is infinitely small and Equation (1.2.1-10) ledds
(1.2.1-11) 5(X1) =& -
This shows that, assuming small deformations, thgahal elements;; (without summation

on the repeated indices) are equal to the lindaradiion in the corresponding directian

Equation (1.2.1-3) showing that the strain tensefings the bilinear form such that
£(d%X,dy)=(dx.dy'-dx.dy)/2, if we now examine the transformation of the scala

product of two vectorgix anddy, which after deformation becomex' anddy', a similar
argument as the one leading to Equation (1.2.1iv®sg

(1.2.1-12) dX.dy'=dx.dy+ 2£ij dx de .

AssumingdX=d¥ and dy =dX,, initially orthogonal, Equation (1.2.1-12), addexthe
interpretation ofg; and £55, gives:

(1.2.1-13) @+ &11) @+ Exp) cogdXy, dX'p) = 285 .
Assuming once again small deformations:

(1.2.1-14) cos(d Xy, dX2) =cos(7 ~ ;) =sind,= 8
Equations (1.2.1-13) and (1.2.1-14) lead to:

(1.2.1-15) B, = 2615

Thus the non-diagonal elements of the tensoof rank 2 characterize the change in angle
between two coordinate axes.

After Equations (1.2.1-6) and (1.2.1-7) the sttammsor is a symmetrical tensor.

This allows mapping the strain tensor to singletool matrix of dimension 6 using the

following correspondence [Voigt, 1910]:
E1= & ; Ex90= &y ; E33= &

(1.2.1-16) 11- 4 22~ €2, €337 €3

2e93= €4 ; 2813= &5, 252= &g

The single index notation, replacing the two-indiec®tation, is called Voigt notation, after
the German physicist Woldemar Voigt (1850-1919).

As for any symmetrical tensor, the strain tensas real eigenvectors which are mutually
orthogonal. The directions corresponding to theemvgctors are called the principal strain
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BOX 1.2.1-1
Stress tensor: Historical aspects

The French mathematician Augustin-Louis Cauchy §178857) introduceq
the notion of stress, according to the British reathtician Augustus Edward
Hough Love (1863-1940) in the outstanding histdrigatroduction to the
mathematical theory of elasticity of his famoustieok [Love, 1944], of which we
give here an excerpt (also quoted by Salencon2200

"By the autumn of 1822 Cauchy had discovered mb#teoelements of the pure
theory of elasticity. He had introduced the notafrstress at a point determined by
the tractions per unit of area across all planensémts through the point. For this
purpose he had generalized the notion of hydrastatessure, and he had shown
that the stress is expressible by means of six cpem stresses, and also by means
of three purely normal tractions across a certaifad of planes which cut eacph
other at right angles — the 'principal planes tkss'".

Also according to Love [1944], Cauchy's memoir wasnmunicated during
that year to the Académie des Sciences of Parisyas published later in differer
volumes of Cauchy'sExercices de mathématiqlesm 1827 and 1828 [Cauch
1827a; 1827b and 1828], the last reference comigitihe correct equations g
elasticity.

This is all the more remarkable that the moderrsagal formalism, now|
commonly used in physics in general, was unavailal Cauchy's time and was
introduced much later by the Italian mathematici@oBio Levi Civita (1873-1941)
and Gregorio Ricci-Curbastro (1853-1925) (e.qg.,it@ivita [1926]).

—

S<
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directions. These principal directions are mutualtthogonal and remain so throughout the
deformation process, since, in the reference systgithon these directions, the strain tensor
is diagonal. In this reference system, the diagaeahs that we noteg , &, and &
represent the linear dilatations in the principaéections, and are thus called the principal
strains.

The elementary volume, built on the principal dii@es, is dv’ =dx, dx, dx, and is
transformed into:

(1.2.1-17) dv'= (L+€, ) (L+e, )L+e, )dV

The relative variation of the elementary volumeyolumetric strain,@ = (dv'-d+’)/dv , to
the nearest second order, is therefore:

(1.2.1-18) 0= % =& +eE, +E, =Tr(e)=¢e,+&,, + &5

where Tr (¢) designates the trace of the strain tensor, whighviariant with respect to any
rotation of the coordinate system. This justifies last equality of Equation (1.2.1-18).

Owing to Equation (1.2.1-7), we therefore have:

(1.2.1-19) © = div (0)

Hence assuming small deformations, the volumetrairs corresponds to the displacement
divergence.

1.2.1.2 Stress tensor

If a body is deformed under the traction of extéfoeces, elementary forces, called
stresses, are generated to oppose this deformdtmne. specifically, let us consider a point M
in a deformed solid, and subdivide an elementabgdsee Figure 1.2.1-2).

R%)

T3 dx)dxy

a3dxydxy

33 dx||dxy

dxy X Xy
ayydxydxy

ay1dxydxs
dx, / ] >
a13dxy (L\V
!

M
dxy

X3
i

Figure 1.2.1-2 Stress tensor. Definition of stresses appliedhto faces of an elementary
cube of volumedxdydz .
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The contiguous parts of the body exert elementarges on the faces of the cube. THe |
component of the force to the face whose normahési” direction is gjj dx; dX, , where
dxj dx is the face area. The series objj() constitutes a tensor called the Cauchy stress
tensor:

011 021 031
(1.2.1-20) O=|01p 0O 032

013 023 033
Due to the tensorial character of the stresses @elar1974], the"t component F of the
force applied to a face whose normal is definethieyunit vectori can thus be written:
(1.2.1-21) Fi =oj nj

If the quantity i n; (without summation on the repeated index), whiolresponds to the
projection of this force on the normal, is positithis represents a tension, and, if it is
negative, a compression. Projections in the pldrkeoface (such agjj for i # j) are called
shear stresses.

Under the action of external forces, a stress fadgdelops within the solid. The field must
satisfy the local equilibrium. This represents tlase in which volumetric forces are absent.
Let us now write the equilibrium of an elementanpe (see Figure 1.2.1-3) subjected in the

( day
(o0

= dx, ‘d ¥ dxy

- opzdx dxy oy
1
1
i
1
— o dxydxy { | ot Paif dxyy ‘rl.\'7 dx;
* — [ Ty )T
«
, 1
’ 1
I
g I
dx > ]
1
X 5 /;
P -
A
J s / 5 h
— oy dxydxy d\l ‘ o3+ 6:713 dxy |rf.\‘1 dxy
L o3 )
.\'1

3

Figure 1.2.1-3 Equilibrium of an elementary cube

dynamic cases to inertial forces pti; dx dx, dx3 , where p is the density of the medium. In
the 1 direction (i.e.j = 1) this gives:
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(1.2.1-22) (21)
007, 0071 0031

11 + dXxo dXq + (091 + dxa dx + (021 + dxq dx

(011 o, )dxp dxg + (021 2%, Ydxgdx + (031 2% ) dxq dxo

—0110% dxg — 091 dxg dxq — 031 0% dXo = pUydx dxo dXg

Hence:
60'11 + 60'21 + 6031
aX]_ 6X2 aX3

(1.2.1-23) = piy

+ 60'22 + 60'32
aXZ 6X3

: . . . a0 .
with the corresponding equations, that is to &%yg = pl, and
X

60'13 + 60'23 + 60'33
aX]_ 6X2 aX3

= puz in the remaining directions.

Note that, as it has been defined, this stressoteredates to the present (that is to say
deformed) geometry. Strictly speaking, the equllibr equations are all related to this
geometry. However, assuming small deformationsnare precisely, small displacement, the
initial geometry and the present geometry can bigetkin writing this equilibrium.

The equilibrium of the moments shows that, in teaal case without volumetric distribution
of moments, the stress tensor is also symmetasahe strain tensor:

(1.2.1-24) aij = aji

This internal symmetry allows mapping the stressae of rank 2 to a single-column matrix
of dimension 6 using the following corresponden¢eigt, 1910]:

{011: 01, 032=03 ; 033= 03

(1.2.1-25) T ee e mee
023= 04 , 013= 05 , 012 = 0Og

As for the strain tensor in Equation (1.2.1-16) tingle index notation is called Voigt
notation. Note the absence of the factors 2 forctmaponents (23), (13) and (12) of the stress
tensor, compared to the corresponding componertteedtrain tensor in Equation (1.2.1-16).
Although there exists a more clever way, matherallyicpeaking, to map the strain and the
stress tensor to vectors in order to preserveeghsor character of the introduced arrays [e.qg.,
Cowin and Mehrabadi, 1987; Helbig, 1994], Voigt'spping and notation have become
standards and the corresponding elastic const@edsribed in the next sub-sections, are those
available in standard tables of constants (e.gekgdndrov and Ryzhova [1961]; Bechmann
and Hearmon [1966])

Equation (1.2.1-24) allows writing the equilibritequations in the compact form:
00 !

(1.2.1-26) — = P
an

Equation (1.2.1-26) is known as Euler equation ofiam.
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BOX 1.2.1-2: Hooke's law: Historical aspects

Robert Hooke is best known for his eponymic law published in his merh&678 entitled'De potentia
restitutiva'[Hooke, 1678]. (see Figure below).

1 LECTURES

De Potentia Reflirutiva,
OR OF

SPRING

Explaining the Power of Springing Bodies.

To which are'added fome

COLLECTIONS

- ¥

V4 : L
L A Defeription fDr.Pappins Wind-Fountain and Force-Pump.

Mr.Young's Obfervation concerning matura Fountains.

Some otber Confiderations concerning that Subjeld. 3
Captain Sturmy's remarks of a Subterrancows Cave and Cifters
Aﬁ, G. T. Obfervations made on the Pike of Teneriff,1674.
Some Reficétions and Cenjellures occafion
A Relation of alate Eruptionin the Tfle of Palma.

By ROB ERT HOOKE. SR.S.

LONDON,

Printed for Fobn Martyn Printer to the Royal Societys
at the Bell in St. Panis Church-Yard, 1678.

Facsimile of excerpts from the famous memoir 'De potentia restitutiva, or of SgriRgbert Hooke
[1678].
In fact Hooke's law was first published in the appendix 3Aadlescription of helioscopes and some ot
instruments[Hooke, 1676] in the form of the enigmatic anagram:

"ceiiinosssttuv"”,
guoted by A.E.H. Love [1944]. This Latin anagram was revealed onlyyeaos later inDe potentia
restitutiva’'[Hooke, 1678] as:

"ut tensio sic vis"

as illustrated by the figure in the next Box. A
rough translation would givéAs the Tension
("Extension” or more generally "Strain), so the
Force (or more generally "Stress)[Love,
1944].
Lastly note that the Latin formulation of Hooke's
law ("ut tensio sic vis")s the motto of the Ecole
Polytechnique de Montreal in Canada (see the
Seal of Ecole Polytechnique de ~ Opposite figure)
Montréal (after
htto://www.polvmtl.ca)
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BOX 1.2.1-3
Hooke's law: Historical aspects (continued)

Hooke's law was erroneously published as the amaggraiiinosssttuu'instead of "ceiiinosssttuv'as
corrected in "modern” Latin in the epigraph of Afi993]. In effect, in the old Latin alphabet befq
the introduction of the letter "u" by Petrus Ranfi§15-1572) in the 16th century, the modern lett
"u" and "v" were not established as separate teted were transcribed "v" so that the correct
transcription of the anagram would have bé&mgiiinosssttvv".

The initial anagram form of Hooke's law as published in
‘A description of helioscopes and some other instruments’' [Hooke, 1676]

3. The true Theory of Elafticity or Springinefs, and a par-
ticnlar Explication thereof in feveral Subjelts in which it is to
be founh: And the way of computing t/fle velocity of Bodies
movedbythem. ceiiinosssttuu,

The solution of the anagram as published in
'‘De potentia restitutiva, or of Spring' [Hooke, 1678]

About two years fince I printed this Theory in an
Anagram at the end of my Book of the Defcriptions of
Heliofcopes,viz.ceiii n o s 55 tt wnjid eft, Ot tenfio fic
vis5 That 1s, The Power of anySpring 1s in thefame
proportion with the Tenfion thereof

Facsimile of the published original versions of Hes law (top) in the form of an anagram
in 1676, and (bottom) in the unravelled and magiysar form of 1678.

Regarding publishing in the form of anagrams ineggal, as noted by Salencon [2002], the Ital
physicist, mathematician and philosopher Galiledigba (1564 -1642) himself used this type
stratagem to secretly inform the German mathenaatiand astronomer Johannes Kepler (1571 — 1
about his discovery of the phases of Venus as "Hamwatura a me iam frustra leguntur - o
(translation: In vain these things are read by men@aturely), which when deciphered gives "Cynt
figuras aemulatur mater amorum™ (translation: thetiMr of Loves (Venus) imitates the figures
Diane (the moon)).

From another point of view, as noted by Little [BR7Hooke' experiments only related force
extension. No account was taken of the shape dested samples. The law which bears Hooke's n
postulate a linear relationship between stress sdran. In the early nineteenth century the Fre
mathematicians Augustin Louis Cauchy (1789-1857) @raude-Louis Navier (1785-1836) develop

r
ers
old

ian
pf
530)

hia
of

to
ame
nch
ed

more completely this relation which is often callgeneralized Hooke's law. The modern tensafial

formalism, now commonly used in all the branchespbfsics but unavailable at that time, W
introduced much later by the Italian mathematicidindlio Levi Civita (1873-1941) and Gregori
Ricci-Curbastro (1853-1925) [e.g., Levi-Civita, B2

as

[®)
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Since the stress tensor is symmetrical, a prindiprence system can be defined at each
point in which the stress tensor is diagonal. Tiageahal termso; , g, and o), are called
the principal stresses.

1.2.1.3 Hooke's law and Elastic constants
A. Theoretical formulation of generalized Hooke's lainear elasticity.

In a perfectly elastic medium the elementary waskelper unit volumegj; dsij derives from
a potential, called the strain energy density, which writes:

(1.2.1-27) dw= Gj dEij

which implies:

(1.2.1-28) Ojj :aﬂ
6£ij

In the case of linear elasticity is a quadratic function of the components of tinairs tensor.

If the strain energy density is normalized in a waat the undeformed state, corresponding to
£ =0, corresponds to zero energy, andw is also minimal in this state (stability condit)pn
then the strain energy density takes the simplifieen (e.g., Ben-Menahem and Singh
[1981]):

1
(121-29) W = ECijkl 5ij &kl
with implicit summation on the repeated indiceasdrting Equation (1.2.1-29) into Equation
(1.2.1-28) gives:
(1.2.1-30) gjj = Cijkl &kl

which is the generalized Hooke's law, or the moderm of the law of linear elasticity. In
other words it is the most general linear relatimtween the components; of the stress

tensor and the componentsy of the strain tensor. The coefficier@y are the
components of the elasticity tensor. In the mosiegal case this fourth rank tensor is defined
by 3'=81 coefficients. Due to the internal symmetriéthe stress tensor (i.egjj =0ji) and

of the strain tensor (i.e.fx = €k ) each of these tensors is defined by 6 independent

coefficients, as pointed out in the previous sutiises. As a consequence the array of the
coefficients G exhibits the symmetries:

(1.2.1-31) G = Ciiki = Gijik

and can be put in one-to-one relation with a squaatix of dimension 6, which reduces the
number of independent coefficients tx6636. Furthermore, deriving each member of
Equation (1.2.1-30) with respect tg, gives the:
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00 W W doy _

1.2.1- 32 Cijy =— = = - —Cun
( ) ikl 0£k| 0£k| afij afij 6£k| afij Kli

The second equality was obtained by using the egme of gj; given by Equation (1.2.1-

28). The third equality is due to the invariancehwiespect to the permutation of the

derivations with respect t&jj and &y, itself due to the fact thatw in Equation (1.2.1-27)

is a total differential. The remaining equalitie® dhe straightforward consequence of the
permutation of the pair of indices (ij) and (kl) dre previous equalities. As a consequence,
the array of the coefficient€jjy, exhibits the additional internal symmetry:

(1.2.1-33) Gk = Cui

which implies that the square matrix in questiothe comments of Equation (1.2.1-31) is a
symmetric matrix, which reduces the number of imdejent coefficients to
6+5+4+3+2+1=21. This means that the maximum nundfemdependent coefficients

defining the elasticity tensorGyy is 21 in the most general case, which was first

demonstrated by the British mathematical physiGisbrge Green (1793-1841) in his famous
paper of 1838, which also contained the first\dgion of the general analytical expression
of the strain energy [Green, 1838].

In the isotropic case, the most general fourth-remsor exhibiting the internal symmetries
defined by Equations (1.2.1-31) and (1.2.1-33) thasfollowing form [Jeffreys and Jeffreys,
1972]:

(1.2.1-34) Ciji =A3Gj o+ 1 (G 91 *+ i ik )
where theds are the components of the unit tensoof rank 2, or Kronecker identity tensor,
after the German mathematician Leopold Kroneck828+1891), defined b?”- =1if i=j

and 5,j =0 if i#j. The constantst and p are called the Lamé's parameters, after the

French mathematician Gabriel Léon Jean Baptisteé é1i@95 -1870) who first introduced
these parameters in hisécons sur la théorie mathématique de I'élastidies corps solides"
[Lamé, 1852].

Equation (1.2.1-34) corresponds to the isotropitegalized Hooke's law:
(1.2.1-35) O=ATr(e)l +2ue
where | designates the Kronecker identity tensor of rark@ Tr(£)=& +&,+&3 the trace
of the strain tensor.
The inverse Hooke's law can be written in the alive form:
1+v v
(1.2.1-36) = ?0' —ETr(a)I

where Tr(g)=0, +0,+03 the trace of the stress tensor. The paramgter called Young's

modulus (after the British scientist Thomas Youh@73-1829)) and’ Poisson's ratio (first
introduced by the French mathematician Siméon Dieaisson (1781-1840) in higraité de
Mécaniqué [Poisson, 1833]).
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B. Physical interpretation of all the elasticity paeders

The physical interpretations of the different alast parameters introduced in the two
previous equations are the followings.

First let us consider an isotropic elastic cylindabmitted to a uniaxial stress, as illustrated
by Figure 1.2.1-4

o
Young's modulus: o l
o o i D
(Al/1)
. D+AD
/ [+Al
Poisson's ratio:
__(D/D) i
(Al/1]) S
o

Figure 1.2.1-4: Young's modulus and Poisson's ratio

If the uniaxial stress is along the x-axis, iag.= o # 0 and all the other components of the
stress tensor being equal to zero, Equation (1B3@&)Xgives:

(1.2.1-37) & = g and &, =¢g3= Lo

E E
Thus Young's modulu€ is simply the coefficient of proportionality betere the uniaxial
stressgand the axial straing; :AI_I' Thus E can be interpreted as the uniaxial stress

necessary to produce a unit axial strain.
After Equation (1.2.1-37):

€& _ & _ (AD/D)
& g (AN)

Thus Poisson's ratip can be interpreted as the opposite of the ratiowd®n the radial strain

(1.2.1-38) v=-

£y = &3 =AD/D and the axial straig, = Al—l of a sample under a uniaxial stress.
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PURE SHEAR HYDROSTATIC
) rf/’\ STRESS q /’+A(f,)

Bhiiiiii

T=UE p=-KAV/V

Lt shear modulus K bulk modulus

Figure 1.2.1-5 Shear modulus and Bulk modulus

Now let us conduct a pure shear experiment, astiddted by the left side of Figufe2.1-5.
For instance let us consider a shear stress inytptane, i.e. 01o = 0g =7 # 0 all the other
components of the stress tensor being equal tq Eenaation (1.2.1-35) gives:

(1.2.1-39) O12 = 2U&p Orin contracted notationgg = Lé&g

Thus the second Lamé paramejeris simply the coefficient of proportionality betere the
shear stresg» = 0g =7 and the corresponding distortiogg = 2512 = £, ¢ designating the
angular distortion on the left side of Figure 1-8.1That is whyy is also called the shear
modulus. Note thaj; can also be interpreted as the shear stress aegdéssproduce a unit
angular distortion.

The right side of Figure 1.2.1-5 introduces a ndaste parametet, called the bulk
modulus. For this we conduct a hydrostatic expemnimee. 0y =0, =03 =-p# 0 all the
other components of the stress tensor being equatrb. The parameterp designates the

exerted external pressure. The volume of the saispieitially v, and becomes’ + Av
under pressure. By definition the bulk modulgs is the coefficient of proportionality
between the applied pressus@nd the relative variation of volumey /v of the sample. In

other words, K can be interpreted as the pressure necessaryottuga a unit relative
variation of volume.

In order to make the link betweat and Lamé's parameters we can take the trace bf eac
member of Equation (1.2.1-35):

(1.2.1-40) Tr (o) = (B4 +2u) Tr(e)
For the hydrostatic experimentr (o) =-3p and Tr () =& +&,+€3=A1/1 which
inserted in the previous equation gives:

(1.2.1-41) p=- (A+2u/3) AV |V ==K AV |V
which gives by identification:

SOME MORE OR LESS BASIC NOTIONS 1.2-18




PETROACOUSTICS - CHAPTER 1

(1.2.1-42) K=A+2ul3

Similarly, for the link betweerk and Young's modulug and Poisson's ratip we take the
trace of each member of Equation (1.2.1-36):

(1.2.1-43) Tr(e) = 1-2v Tr(o)
which after Equations (1.2.1-40) to (1.2.1-42) give
E
(1.2.1-44) K=s———
31-2)

The physical interpretation of thé' Lamé parameter is not as straightforward.

Let us consider a uniaxial strairg along the x-axis in an isotropic elastic samplethee

other components of the strain tensor being eqoalzéro. This is the strain state
corresponding to the classical oedometer test innsechanics (e.g., Lambe and Whitman
[1979]). In order to maintain these strains, affguation (1.2.1-35) we need to apply the
three following stresseer = (A +2u)& along the x-axis,op = Ag along the y-axis and
03 = A& along the z-axis. Thus the parametecan be defined as the stress required to
maintain a vanishing lateral strain on a samplesuimdposed unit uniaxial strain. In addition,
note that the stress necessary to produce a uaih s the direction of the imposed uniaxial
strain is equal ta + 2u . Thus the ratioo,/ 0y = 03/ 01 of the lateral stress and the axial
stress necessary to impose a uniaxial strain igletuA/(A+2u) =v/(1-v) (the last

equality is obtained from the table of Figure 1-8,®xtensively commented in the next sub-
section), and only depends on the elastic propdrtiye medium.

C. Link between all the elastic parameters

The considered elastic parameters are Young's meéjlthe bulk moduluk, the P-wave
modulusM, the first Lamé's parametdr the second Lamé's parameter (or shear modulus or
S-wave modulusy, and Poisson's ratie. Note that the P-wave modulug = A + 24 and
the shear wave modulug, which is equal to the shear modulus or to themsgéd.amé's
parameter, will be studied in the sub-section omengropagation.
In addition to Equations (1.2.1-42) and (1.2.1-d4) to the above definitions of the P-wave
and S-wave moduli we can obtain new relations I®efting the expression (1.2.1-43) of
Tr (o) as function of Tr(¢) into Equation (1.2.1-36) and identify the resuithwEquation
(1.2.1-35). This gives:

Ev E

(121'45) A :m and M= 2(l+|/)

With all the previous equations it is possible xpress any elastic parameters function of any
pair of elastic parameter.

Figure 1.2.1-6 contains a table precisely giving #xplicit expressions of the elastic
parameters listed in the first row, as functionsy pair of these elastic parameters listed in
the first column. For instance if one needs theresgion of the P-wave moduldg (4"
column) as function of Young's modulBsand Poisson's ratio (6" row) one reads the table
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element at the intersection df 4olumn and of the"6row: M = 1-V)E {1+ v)x (1-2v)}.
Similarly, for the expression of Poisson's ratiflast column) as function of P-wave modulus

M and S-wave modulys (11" row) one readsr = (M —2/1)/{2><(M -,U)}.

Note that the table of Fig. 1.2.1-6 is exhaustiadeed, the number of ways of selecting two

6
parameters among the six parameters listed initsteréw of the table is(zj =15, which is

exactly the number of pair of elastic parametested in the first column.

S0
I W A l
(vive
fo -"'.I'.-IJ".— N -"'.I'.-l"'.— ) .'J.“ 1 .'_
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Figure 1.2.1-6: Link between the pairs of elastic constants insatropic linearly elastic
medium (after Gassmann [1951]; Gassmann [1972]). Wmose to reproduce Gassmann's
table as dac similethus a change in typographic characters have twhbeed:k is the bulk

modulus K elsewhere in the text) andy, w, have nothing in common with angular

frequency.
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Furthermore it is straightforward to deduce theliekpexpression of the P-wave velocitp
and the S-wave velocitys as functions of any pair of the elastic parameteos this we

simply use the classical expressions=M/p andV, =, u/ p of these velocities (see
sub-section 1.2.2)p being the density of the medium, and the expéigpressionsvi and

of the wave moduli in the table. For instance, oae deduce the expressions\gf and Vg
as functions of the bulk modulu& and Poisson's ratiov (9" row). One reads
M =3KL-v)/(1+V) and p=3K@-2v){2@a+v)}, and one  deduces
V. =43K@-v){pL+V)} andVg = 3K @1-2v) {20 L+V)} .

Lastly, the ratio of any pair of the elastic parsene listed in the first row of the table, for
instance A/u, can be expressed as the ratio of any other gathese parameters, for

instance K /M . For this, first one takes the expressiods= (3K -M)/2 and
u=3(M -K)/4 as functions ofK and M on the & row of the table. Then one
straightforwardly deduces the ratio

AMu=2 (K-M){3 M-K} =2 3-1{3 &/}, where/=k/Mm .

D. Upper and lower bounds for all the elastic paramsete

The stability of an elastic material imposes tha material cannot deform spontaneously
without energy input from outside. In other wortie tstrain energy density defined by
Equation (1.2.1-29) must be positive for any defation. In the special cases of the pure
shear experiment and of the hydrostatic stressrempst in isotropic media illustrated by
Figure 1.2.1-5 this implies:

(1.2.1-46) K >0 and x>0

The following expressions of the remaining elagiarameters as function of the pair of
parametergk, ) are given in the Brow of the table on Figure 1.2.1-6

OK _ 3K-2u
1.2.1-47) E-= , M =K+4u/3 , A=K-2u/3 and V=———
( ) 3K + u K H 23K + )
The conditions (1.2.1-46) on the bulk modulkusand on the shear modulys and Equation

(1.2.1-47) imply the following bounds for the remiaig elastic parameters:

(1.2.1-48) E>0 , M >0 , —0 <A<+ and —1<v<%

In summary the bulk modulus, the shear modulug , Young's modulu€ and the P-wave

modulus M can have any positive value. The first Lamé's patar A can have any real
value, either positive or negative. And Poissaation is bounded by the values -1 and 1/2.

Furthermore, according to the expression of Polssoatio v in Equation (1.2.1-47),
materials having Poisson's ratio tending to 1/2hilek either finite shear modulug and

infinitely large bulk moduluK, or vanishing shear modulyg but finite bulk moduluK.

Typically this last case corresponds to non-visdmisds and gases.
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In contrast, materials having Poisson's ratio ite;mdo -1 exhibit either vanishing bulk
moduluskK but finite shear modulug:, or finite bulk modulusk and infinitely large shear
modulus . From a more general point of view, nearly (&) natural isotropic material
have positive Poisson's ratio, that is to say whglinders made of such materials are
uniaxially compressed they increase in crossegchs illustrated by Figur#.2.1-4(on
Poisson's ratio). However thermodynamic stabilibgsl not impede negative Poisson's ratio.
The corresponding materials are sometimes callexeta” (e.g., Evans et al. [1991]), a word
derived from the Greek wordUéntikog (auxetikos) which means "that which tends to
increase". Examples of such unusual materialschvbecome thicker in lateral directions
when pulled, are for instance various manufactdoaens (e.g., Lakes [1987]) characterized
by Poisson's rativ values down to -0.7. The study of auxetic makeiig a relatively new
field of research and development (e.g., Stbtl.[2000]).

Lastly, note that the ratig = ﬁ of the S-wave and P-wave moduli can be written as

_ M _ H
1.2.1-49 = £ -_ £
( ) ¢ M  K+4u/3

After Equation (1.2.1-46) the bulk modulisand the shear modulys can have any positive
value. As a consequengemust be positive and smaller than the limit vadue

H 3
1.2.1-50 0< c=X£ <=
( ) ¢ M 4

A ratio ¢ = ﬁ tending to O corresponds to media exhibitingegitiinite shear modulug

and infinitely large bulk moduluk , or vanishing shear modulys but finite bulk modulu«K
(typically non-viscous liquids and gases), whidha#do correspond to Poisson's ratio tending
to 1/2 as said in the comments of Equation (14®)1-

In contrast, a ratiq = ﬁ tending to3/4 corresponds to media exhibiting either vanishing

bulk modulusK but finite shear modulug, or finite bulk moduluX and infinitely large
shear modulug:, which all also correspond to Poisson's ratiaiieg to -1 as said in the
comments of Equation (1.2.1-49).
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BOX 1.2.2-1

The wave equation: Historical aspects

The formulation of the 1D wave equation and its solution are due terémeh
scientist, philosopher and music theorist Jean-Baptiste le Ronantiéte (1717-1783)
in the context of the study of vibrating strings (d'Alembert [1747]).

After Boussinesg [1906], much later, the French mathematician and iphysic
Siméon Denis Poisson (1781-1840) and the Russian mathematician and tphysicis
Mikhail Vasilyevich Ostrogradsky (1801-1862) first studied, around 183Qjceleaves
generation from a small spherical source and propagation of two cghsavefronts
centered at the source location in a homogeneous isotropic elastianmof infinite
extension (e.g., Poisson [1830]; Ostrogradsky [1831]), which is the bhsmsodern
seismological/seismic theory.

These authors also demonstrate that the largest sphere issthveafrefront and
corresponds to the P-wave, or primary wave, that is to sayirthed be recorded ir
seismics/seismology because of its highest velocity. This wavelso called thg
longitudinal wave because the particle displacement associdatedtheiwave is paralle]
to the direction of propagation of the wave. The second wavefront srthker spherg
and corresponds to the S-wave, or secondary wave. This wave is Héb the
transverse wave because the particle displacement asdocith the wave iS
perpendicular to the direction of propagation of the wave (sedsdetahe next sub-
section).
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1.2.2 Elastic wave propagation and reflection/refracabimterfaces

1.2.2.1 Elastic wave equation

dx

55 (o+da )S
=
U

Figure 1.2.2-1 1D problem of wave propagation

Let us consider the equilibrium of an element ofgil dx in blue. The average particle
displacement associated with this element (x,t) which is a function of the single space

variable x and time. Neglecting any force acting at distance (e.gavignetric, magnetic
etc...), for fixed timet the only applied forces arer s on the left side ando + do) s on

the right side of the element, wheder = %—de because the stresgx,t) is only function of
X

the single space variable x and timeFinally Newton's second law applied to the elemen
gives the equation of motion:

0°U

at?

where p designates the density of the medium, gnt and ps dx the volume and the mass
of the element.

(1.2.2-1) (J+Z—jdxjs—as = psdx

A. 1D wave propagation

First let us consider a wave propagating in onesdsion, for instance in a beam of secon
along the x-axis as illustrated by Figure 1.2.2-1.

Simplifying and dividing each member of the praxg@quation bysdx leads to:

oo 9

1.2.2-2 — = p—
( ) ™ o2

Inserting the unidimensional stress-strain relator= H ¢, with g:%—u, into Equation
X

(1.2.2-2) gives the general equation of 1D-motion:
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(1.2.2-3) aU[H "UJ _ 0

X ax P ot
where H is an elastic modulus which will be specified faté the medium is assumed

homogeneous, thern does not depend on the space variablas a consequence the
previous equation simplifies in the following way:

(1.2.2-4) H % = p@

0X ot
which is the wave equation, of which two soluti@anes:
(1.2.2-5) Uxt) =+ £))

where  is an arbitrary function describing the wave shape & = +1 .

If one inserts the expression of the displacemérit) from Equation (1.2.2-5) into
Equation (1.2.2-4), one obtains:

(1.2.2-6) VH_zz//" =y

If one rejects the obvious solutiopr =0 corresponding to the space at rest, and the
unphysical affine solutioy = Ax+ B , A and B being arbitrary constants, which would
lead to infinite amplitude at distance x tendingnnity, Equation (1.2.2-6) is verified if the
following equality is verified:

(1.2.2-7) V=\H/p

Vv is the velocity of propagation of the wave. Asslrated by Figure 1.2.2-2 Equation
(1.2.2-5) describes a disturbance that travels matichange of shape at the velocity given
by Equation (1.2.2-7). Because all natural medialuding geological media, are more or
less attenuating with respect to wave propagatielastic waveforms change during
propagation due to attenuation/dispersion as willlbtailed in the next chapters.
Also note the absence of permanent particle dispt@nt after the passage of the wave. This

is due to the fact that the medium is conservaive releases all the elastic energy contained
in the wave.
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LEFT-PROPAGATING WAVE RIGHT-PROPAGATING WAVE
max

U(x,t+Af) U(x,t+At)
« [ T - B

) min
£=+1 c=-1

Figure 1.2.2-2 Wave propagation without distorsion of the wakape. On the left side:
propagation in the direction of decreasing valuethe space variable Xf+1 in Equation
(1.2.2-5)], and on the right side: propagatiothi@ direction of increasing values of the space
variable x g=-1 in Equation (1.2.2-5)]. Case of a Gaussian-ileeform. The colour scale
for the amplitudes is in the center of the figure.

Now let us examine the exact expression of the ugdd for specific wave types.

In the case of a uniaxial stress along the x-ax@s,o; # 0 and all the components of the
stress tensor equal to zero, after Equation (138)lene haso; = E&. Thus H = E and

V =,/E/ p, which corresponds to the velocity of an extensiamave propagating along a
beam or a rod of small section.

In the case of a uniaxial strain along the x-aixés,&; # 0 and all the components of the strain
tensor equal to zero, after Equation (1.2.1-35) lvemeo; = (A +2u)g and 0, = 03 = A&
Thus H=A+2u and V =,/ (A+2u)/p, which corresponds to the velocity of a
longitudinal wave propagating along the x-axis.

In the case of a shear stress in the directionepelipular to the x-axis, say in the yz-plan i.e.
&g # 0 and all the components of the stress tensor equadro, after Equation (1.2.1-35) one

has o5 = ué&s. Note that in this case the displacement U is angér parallel but

perpendicular to the x-axis, say along the z-aXisus H = 4 and V =,/u/p, which
corresponds to the velocity of a transverse, oasiveave propagating along the x-axis.
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B. 3D wave propagation and general formalism

By introducing the expression of linearized stragigen by Equation (1.2.1-7) into the
isotropic constitutive equation (1.2.1-35) and thiea result into Euler's equation (1.2.1-26)
the following equations of motion are obtained:

(1.2.2-8) (A+2u)grad divu - pcurlculu = pi

where grad (.) and curl (.) designate the gradient and the rotational efdabnsidered scalar
and vector fields respectively, and the displacement field induced by the wave.

Then, assuming that the vector fieldis defined everywhere in space and smooth enough,
and vanishes at infinity together with its firstrigatives, we can use Helmholtz's theorem,
after the German physicist and physiologist Hermanadwig Ferdinand von Helmholtz
(1821-1894). The theorem says that the vector fietdin be decomposed into a rotational
partcurl ¥ and an irrotational pagrad ¢ :

(1.2.2-9) u=grad ¢ + curl ¥

where ¢ and ¥ are called the scalar and the vector potential.

All the equations being linear and the medium Ilihealastic we can study separately the
effect of each field which have no interaction ¢ tremaining field. The superposition
principle, applicable here, guarantees that theregponse of the medium caused by two
fields is the sum of the responses which would HBen caused by each field individually.

Thus, first let us consider irrotational displacense(i.e., curl u=0) defined by a scalar
potential ¢ such that:

(1.2.2-10) u=grad ¢

This equation inserted into Equation (1.2.2-9) give

(1.2.2-11) LIy @) =0

1o
(Vp)? ot
d'Alembertian operator [after the French mathenaaticmechanician, physicist, philosopher
and music theorist Jean-Baptise le Rond d’Alem{detl7 — 1783)], of velocityp given by:

(1.2.2-12) Ve =J(A+2u)/ p.

The operatorDz(.) =divgrad (.) designates the Laplacian of the considered quaiatitgr

the French mathematician and astronomer Piemmi$de Laplace (1749 — 1827).

Equation (1.2.2-11) generalizes to 3D Equation.2t4) which was restricted to 1D. It
defines waves propagating at the velodip, Note that we find the same result as the 1D case
with a wave modulus equal o+ 2 . These waves are called dilatational waves bedhese
correspond to the propagation of volumetric strdimdeed, by applying the Laplacian
operator DZ(.) to Equation (1.2.2-8) for u satisfying Equation (1.2.2-10)
and using Equation (1.2.1-18) we actually obtain:

where [y, () = 0%()-

() designates the wave equation operator or
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(1.2.2-13) DW@):O

These waves are also called P-waves, where P ponés to "primary”, because these are the
fastest waves likely to propagate in an isotropiedr elastic solid and, as a consequence, the
first waves to be recorded by the seismic/seismocébgeceivers.

Let us now consider rotational displacements defioga vector potentialr  such that:
(1.2.2-14) u = curl ¥

These movements correspond to motion without volemmenge or equivolumetric motion,
because:

(1.2.2-15) ® = divu = divcurl ¥ = 0
Inserting (1.2.2-14) into Equation (1.2.2-8)&gv

(1.2.2-16) Ly, ¥ = 0
2 1 92
where |:|VS () = 0O°0)- 5 —2(.) designates the wave equation operator or
(Vs)® ot
d'Alembertian operator, of velocilyg given by:
(1.2.2-17) Vp =.ulp.

Equation (1.2.2-16) defines waves propagating wWith velocity Vg. These are called shear

waves. They are also called S-waves, where S standgcondary, because they are slower
than the P-waves.
Vv 2
Note that, after the table contained on Figureli&.the ratioc:(V—SJ :ﬁ of the S-
P
wave velocity squared and of the P-wave velocityasgd, which is equal to the ratio of the
S-wave and P-wave moduli, can be written as a fomcif Poisson's ratiav in the form:

(1.2.2-18) c= 1%
o 2(1-v)
Also note the following surprising result. Afterettsame table the inverse relation giving

Poisson's ratiov as a function ot = ﬁ is formally identical to the previous equationeaft

inverting the variabley and¢ :
1-2¢
21-¢)

According to Equation (1.2.1-5Q) = ﬁ is bounded by the values 0 aBd4 , which implies

(1.2.2-19) v =

that the ratio of the S-wave and P-wave velocit#fies the relation:

0<£<@

1.2.2-20
( ) Vi
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L . .V . 3 .
As said in the comments of Equation (1.2.1-50)ato V_S tending to B or equivalently
P

aratio¢ = ﬁ tending to g corresponds to media exhibiting Poisson's ramaling to -1.

Since nearly all (?) natural isotropic material ibihpositive Poisson's ratio, after Equation
(1.2.2-18) the general bounds given by EquatioB.2120) are expected to be narrower for
natural media:

V. 2
(1.2.2-21) 0< ¢=H <1 or equivalently 0 < —> <£
M 2 Vp 2

a. Plane waves

Now, studying the motion of material particles daghe propagation of the wave, by using
the change in variables:

(1.2.2-22) a=t-(Ix+my+nz)/V and gB=t-(x+my+nz)/V

with  12+m?+n?=1 and V =Vp or Vg, the position vector being defined by its

coordinategx, y, z) in an orthonormal trihedro(x , y, z) .
Noting that, for any functionF (a, B) :

(1.2.2-23) g - OF  OF oF _ | (OF ~ apj

“oa g ox Vvieg oa

we obtain that a solution of Equations (1.2.2-14)l 1.2.2-16) of the type= (a,8) will
verify:

2
(1.2.2-24) o°F
oa op
where F = ¢ or ¥. When integrated, this equation implies that:
(1.2.2-25) F=f [t - (X +my+ nz)/V] + g [t + (X + my+n2 /V]

where f and g are arbitrary functions describing the wave shapéhe functiony in
the case of 1D propagation in Equation (1.2.2-5).
For fixed timet , F is constant for the plang + my + nz = constant.

As illustrated by Figure 1.2.2-3, f&f = ¢ , Equations (1.2.2-10) and (1.2.2-25) show that the

particle motion is perpendicular to the wave fromthich are planes normal to the direction
n=(,m,n). Inthe 1D case of Figure 1.2.2-3 and Equatio®.2t5), one hasn = (1, 0, 0),

the function f of Equation (1.2.2-25) would correspond to the case-1 of Equation
(1.2.2-5) , that is to say waves propagating indinection ofn = (1, 0, 0).
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Figure 1.2.2-3 Sketch of 3D Wave propagation of P- and S-waveswsip the
wavefronts, the wave normal and the particle disgi@ent.

This is a general result in 3D geometry. That is #$ay, the function
f [t - (x + my+n2)/Vv] of Equation (1.2.2-25) corresponds to waves pratiag in a
direction parallel ton = (I, m, n) and in the same direction as In contrast, the function
gt+(x+my+nz/Vv] of Equation (1.2.2-25) corresponds to waves pratiag in a
direction parallel ton = (I, m, n) but in the opposite direction from. In the 1D case of
Figure 1.2.2-3and Equation (1.2.2-5) the functiory of Equation (1.2.2-25) would
correspond to the casg= +1 of Equation (1.2.2-5) , that is to say waves pgaiag in
the direction opposite fromn = (1, 0, 0) in the 1D-case.

The vector VP" =vn, where n is the normal to the wavefront illustrated by Frgyu
1.2.2-3 is called the phase velocity vector. The velogityis equal either to the P-wave
velocity Vp or to the S-wave velocitys, is called the phase velocity. In later sectidns i

will be designated by PN in order not to be confused with the energy \igjov'® of

section 1.2.2.2 and the group velocity" of section 1.2.3.3. In homogenous linear elastic
media of infinite extension all these velocities agual.

The wave polarization is called longitudinal, ahé P-waves are also called longitudinal
waves. Finally, note that the popular analogy -efd¥es and compressional waves in a
spring has unfortunately lead some authors to eatineously P-waves compressional
waves. This is misleading because, after the tebigained on Figure 1.2.1-6 the P-
wave modulus isM =K +4u/3 is composed of more shear modulys than

incompressibility modulus, or bulk modulis,
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b.

For F =¥, Equations (1.2.2-14) and (1.2.2-25) show thatpheicle motion is parallel

to the wave fronts as illustrated by Figure 1.2.2-Bhe wave polarization is called
transverse, and the S-waves are also called treseswaves.

These results, obtained for plane waves, are dgtgeherally applicable to any wave
fronts since any wave front can be decomposed soperposition of plane wave fronts
(e.g., Aki and Richards [1980]; Ben-Menahem andyBifiL998]). Polarization is either
normal to the wave front for P-waves or parallefite wave front for S-waves.

In this first chapter we have assumed that the umeds isotropic. This is not verified in

general because most rocks more or less exhilgbtopic behaviour as will be detailed
in Chapter 4 on elastic anisotropy.

Cylindrical waves

If the considered wave problem exhibits a rotati@yanmetry about an axis, for instance
the vertical z-axis, the waves are called cylimgrizvaves, as in the case of waves
generated by a line source located at the z-axia imomogeneous isotropic elastic
medium.. In such case it is appropriate to exptiesd'Alembertian of Equations (1.2.2-
11) and (1.2.2-13) in cylindrical coordinates (eMorse and Feshbach [1953])

2 2 2 2
12226 O, () = 2 +20,10 0, 1 0o
P or® ror r°06° oz Vps)” ot
where the position vector is defined by its cyliodl coordinates(r , 8, z) with the
equivalence (x,y, z) = (r cosé , r sind, z) with the Cartesian coordinat¢sg, y, z). The
wave velocity is noted/, ; with the index P for P-wave and S for S-wave thie case of
rotational symmetry about the z-axis and of invaz& with respect to any translation
along the z-axis the derivations with respect te wariabless andz must vanish in
Equation (1.2.2-26). In other words the wave fietdy depends on the distanae from

the z-axis and on the time As a consequence the general harmonic solufi&ugwation
(1.2.2-11) and Equation (1.2.2-13), correspondm@it outgoing wave, can be written
(e.g., Kinsler et al. [2000]):

(1.2.2-27)  Upg(r,t) = U H? (ko) €

where u, o  designates the particle displacement associatédthét P-wave (index P)

()

or with the S-wave (index S),u, a complex constantH? (.) the Hankel function of
the second kind, of order 1 (e.g., Abramowitz ameg8n [1965]), k. =w/V, g the
wave number associated with the distancéom the z-axis, andwx the pulsation of the
wave. Using the asymptotic form of the Hankel fimus for largek, o r found in the last
reference, the solution defined by Equation (1272has the asymptotic behaviour:

2 ‘(ax—k r—377/4)
1.2.2-28 u,.(r,t)= u gl es
( ) P,S( ) 0 ﬂkp,s r

Because the particle displacement decreasas'&s the energy flux of the wave field,
crossing a fixed unit surface parallel to the wéweat proportional to the square of the
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particle displacement (as detailed in sub-secti@212) decreases as'. This effect is
commonly called the 2D geometrical spreading [&beriff and Geldart, 1995]. This was
expected since the wavefront is a cylinder of dkis z-axis and of radius , which
increases with time a¥, ;t. The total amount of energy transported by thelesh

cylindrical wavefront of increasing radius per unit length along the z-axis being
constant (i.e. energy provided by the source)etiergy per unit surface decreases/as
and as a consequence the particle displacemerdadas as/Vr .

The harmonic solution given by Equation (1.2.2-23)mportant because any time signal
can be decomposed in a sum of such elementaryigwuising Fourier transform (e.g.,
Bracewell [1965]; also see Box 1.2.2-4).

c. Spherical waves

If the considered wave problem exhibits a sphergyahmetry, the waves are called
spherical waves, as in the case of waves genebgte@dpoint source in a homogeneous
isotropic elastic medium. In such case it is appet@ to express the D'Alembertian of
Equations (1.2.2-11) and (1.2.2-13) in sphericalrdmates (e.g., Morse and Feshbach
[1953]):

(1.2.2-29)

2 290 1 a(., 0 1 0? 1 92
[] V,(')'[_J’__Jr— —(sme £j+ - 6¢2j () (o F a—tz(-)
where the position vector is defined by its splaricoordinates(rR , 6, ¢) with the
equivalencgx , y, z)= (R sind co$ , Rsif sih , R c#s with the Cartesian
coordinates(x, y, z). In the case of spherical symmetry the derivatiaith respect to
the variabless and¢ must vanish in Equation (1.2.2-29). In other woilts wave field
only depends on the distande and on the time. As a consequence the wave equation
takes the simple form:

9> 29 1 9°
1.2.2-30 t—— up s (N t)|———— —|up s (It
( ) [aRz R GRJ[ P,S( )] (VP’S)Z atz [ P,S( )]
which further simplifies if the new variablRu, g is introduced:

Ru,s(r,)] 1 Rupg(r.b)]

oR’ Vo) ot
One recognizes the classical 1D-wave equation éxiteyd the variable is no longer the
particle displacement, 4 but the productRu; ¢ of the radial distance&R and of the particle

displacement. As a consequence, after Equationi2(22) the general solution of Equation
(1.2.2-31)  simply writes:

(1.2.2-31)

(1.2.2-32) Up s (1 1) = % f(t-RIV,g) + %g (t+R/V, )
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where f and g are arbitrary functions describing the wave shapéhe functiony in
the case of 1D propagation in Equation (1.2.2-Fhe solution defined by Equation (1.2.2-
32) holds for any strictly positive value of tredial distancek . Obviously the solution is
not valid for vanishingR. The first term of the right hand member of Equat (1.2.2-32)
describes a wave propagating in the direction ofeiasing values of the radial distarce
that is to say a diverging wave or an outgoing waMee second term of the right hand
member of Equation (1.2.2-32) describes a wawpggating in the direction of decreasing
values of the radial distan&g that is to say a converging wave or an incomirgev As for
the cylindrical waves of Equation (1.2.2-27), pastar classes of solution are the outcoming
or diverging harmonic waves:

ejw(t_R/VP,S)
(1.2.2-33) Ups(r,it) = A

where A is an arbitrary complex constant.

Because the particle displacement decrease®R asthe energy flux of the wave field,
crossing a fixed unit surface parallel to the wadrant proportional to the square of the
particle displacement (as detailed in sub-secti@12) decreases &?. As in the 2D case,
this effect is commonly called the 3D geometricatesding (e.g., Sheriff and Geldart
[1995]). This was expected since the wavefront splaere of radiu®, which increases with
time asV, st. The total amount of energy transported by thele/lspherical wavefront of

increasing radiuR being constant (i.e. energy provided by the suithe energy per unit
surface decreases 8&R* and as a consequence the particle displacemergades as/ R .

1.2.2.2 Energy considerations, Impedance and reflection/trasmission

A. Energy flux associated to the elastic wave andielaspedance

The amount of energy transported per unit timehgydlastic wave, or the energy flux of the
wave field, crossing a fixed unit surface paraitethe wave front is equal to the norm of the
vectorP  of components (e.g., Dieulesaint and Royer [1974]):

(1.2.2-34) R = - Oi %
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BOX 1.2.2-2

The energy flux vector: Historical aspects

The energy flux vectoPp is often called Poynting vector [Auld, 1973; Diesdént
and Royer, 1974], sometimes Poynting-Heavisideorefdinz, 1963] and sometimes
Umov-Poynting vector [Carcione, 2007], after thesRlan physicist and mathematician
Nikolay Alekseevich Umov (1846-1915), the Britiphysicist John Henry Poynting
(1852-1914) and the British physicist and mathéteat Oliver Heaviside (1850¢
1925).

According to Kiselev [1982], Umov first introducdte concept of the energy flux
vector P in his doctoral thesis [Umov, 1874] in the followiway:

"... the quantity of energy, which takes place thitotige infinitely small flat element in
the infinitely short time, is equal to the negatwerk of the elastic forces, which act on
this element.”

Then ten years later, Poynting [1884] and Heavifl@84] independently re-discovered
the concept, more in the context of electromagnetice propagation.

Considering the independent enormous contributafnthese three brilliant scientists
we suggest to call the vecter the Umov-Poynting-Heaviside vector, or in a shofter
way the UPH vector. More general considerations on thEBH vector, even in
anisotropic media, are well documented in Carci@087].

where Ojk and aaitl are the components of the stress and the par@tteity induced

by the elastic wave. We call the vect® the Umov-Poynting-Heaviside vector, or in a
shorter way th&PH vector (see box 1.2.2-2).

SOME MORE OR LESS BASIC NOTIONS 1.2-34




PETROACOUSTICS - CHAPTER 1

if E designates the total energy density per unit voluthe velocity vector of energy
transport or energy velocity vects®  is given by (e.g., Dieulesaint and Royer [1974]):

(1.2.2-35) ve=p/E

In isotropic media of infinite extension the energgiocity vector is equal to the phase
velocity vectoV Ph —\/n, where n is the normal to the wavefront illustrated by Feu
1.2.2-3 andv , either the P-wave velocityp or the S-wave velocit¥/s introduced in the

previous sections. Thus the UPH vector is collineathe energy velocity vectov €and to

the phase velocity vectdr Ph and, as a consequence is normal to the wavefront.

Let us consider the particle displacement assatiébea monofrequency plane P-wave
propagating in an isotropic medium of infinite end®n, say in the x-direction, without loss
of generality. The only non-vanishing component is:

(1.2.2-36) U = ul(o) exp{jw(t - x/Vp )]
wherew =271 f is the angular frequencyf peing the frequency) ang§l the complex number

such thaf 2=-1.
The only non-zero component of the UPH vector is:

1.2.2-37 P=-01—
( ) ! 1175,

After Equation (1.2.2-36), one h%%l: jwu; . And after the sub-section 1.2.2.1.B the

: : : ou )
axial stress associated to the P-waverjg = (A +2u) £11 wheregq1= L= —Uu ,the

o0X Vp

last equality being due to Equation (1.2.2-36). &Asonsequence the absolute value of the
stress is given by:

A\';PZ/J |V1|

where |v1| is the absolute value of the particle velocityoasated to the elastic wave.

Becaus¥®p =,/(A +2u)/ p, After Equation (1.2.2-38) the ratio of the stressl the particle

A+2u
Ve

(1.2.2-38) |o14=

velocity is Zp = = pVp is called the P-wave impedance.
Inserting the expressimfaljj of Equation (1.2.2-38) and the above expressions ihe
absolute value of each member of Equation (1.2)2A€28Is to:

(1.2.2-39) |F?|_ | = Zp | Vi | 2 = |01]J2/ Zp

Similarly the complex particle displacement assieciato a monofrequency plane S-wave
propagating in an isotropic medium of infinite endeon, for instance in the x-direction, and
polarized along the y-direction, without loss ohggality. The only non-vanishing component
is:

SOME MORE OR LESS BASIC NOTIONS 1.2-35




PETROACOUSTICS - CHAPTER 1

(1.2.2-40) up =ul® exd jat - x/Vs)]
The only non-zero component of tb®H vector is:
(1.2.2-41) a:—alz%
After the sub-section 1.2.2.1.B the shear stresecsted to the S-wave gy, =21 &
ou 7 L
where 2& 5= 0_x2 = —jv—u2 . As a consequence the absolute value of the sgaggen
S
by:
(1.2.2-42) =2 | v,
Vs

where |v,| is the absolute value of the particle velocityoesated to the elastic wave.
Becaus¥®s =,/ i/ p, After Equation (1.2.2-42) the ratio of the strassl the particle velocity

is Zg= VAZ PVg it is called the S-wave impedance.
S

Inserting the expressiojﬂlz{ of Equation (1.2.2-42) and the above expressions ihe
absolute value of each member of Equation (1.2)Jde#ls to:

(1.2.2-43) |F?|_ | = ZS | Vo | 2 = |0'12|2/ ZS

B. Reflection and transmission of elastic waves arfates
a. Case on normal incidence

The elastic impedance® (that is to say, either the P-wave impedaZge or the S-wave
impedanceZg) are important parameters because any elastic wikéng a macroscopic
surface of discontinuity of the impedance, and mexactly of the density and/or of the
velocity v (that is to say, either the P-wave velocify or the S-wave velocit¥s), within

the earth generate transmitted and reflected svavéhis interface that allow for instance to
image the earth's interior in seismics and in selisgy.

Let us consider the simplest case of a plane P-\{@v8-wave) of unit amplitude (this can be
either the stress or the particle velocity indubgdhe wave) striking at normal incidence the
plane surface separating two media of impeda@gesd Z, , as illustrated by Figure 1.2.2-4
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1i [R

Figure 1.2.2-4:Reflection and transmission of a plane wave of amplitude normally
incident at a plane discontinuity of impedance.

In the case of an incident P-wave (respectively&ay two P-waves (resp. S-waves) are
generated at the interface and go away from therfade, namely the reflected and the
transmitted wave of amplitude R aldespectively. In order to derive the unknovhsandT
two equations are necessary. The first equatidheisondition of the continuity either of the
stress or of the particle velocity induced by treevevat the interface, which writes:

(1.2.2-44) 1+R=T

The left-hand member of this equation is the cutndaamplitude of the incident wave and
of the reflected wave in the medium 1, and the trfighind member the amplitude of the
transmitted wave in the medium 2.

The second equation is the condition of conseraaticthe energy which writes:
(1.2.2-45) Y, x1* =Y, xR? +Y, xT?

where, according to Equations (1.2.2-39) for P-wawve (1.2.2-43) for S-wave, the parameter
Y designates either the impedanze if the considered amplitude is the particle valoc
induced by the wave, or the reciprogak of the impedance, if the considered amplitude is
the stress induced by the wave. The left-hand membEquation (1.2.2-44) is the incident
energy. The right-hand member is the sum of thHeated energy (first term) and the
transmitted energy (second term). Note the indioeshe parametef. The incident energy

Y1><12and the reflected energy, xR?contain the factory; , which correspond to waves
propagating in medium 1. In contrast the transmiitt@ergyY, x T?contains the factol,
because the transmitted wave propagates in medium 2

Inserting the expression @f from Equation (1.2.2-44) into Equation (1.2.2-4%d solving
for the parameteR gives:
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Y, Y,
(1.2.2-46) R=-1 2
Y +Y,
which inserted into Equation (1.2.2-44) allows sadyfor the parametar:
2Y,
(1.2.2-47) = L
Yl +Y2

The two previous equations give the explicit expi@ss of the reflection and transmission
coefficients of elastic waves at normal incideneg.( Aki and Richards [1980]; Auld [1973];
Ben-Menahem and Singh [1998]; Dieulesaint and Rd{&i74]). More precisely, if the
considered amplitude is the particle velocity inellicoy the wave, which is commonly
measured in land seismics with the seismic recgivergeophones (e.g., Sheriff and Geldart
[1995]), then the parametardesignates the impedariceln this case the reflection and the

transmission coefficientR g acemer @NA Tyigpacemer  T€IAtIVE to the particle velocity (or
displacement) are given by:
Z -7 27
1.2.2-48 R, =—t 2 and T, = L
( ) displacemet Zl _I_Z2 displacemet Zl +22

In contrast, if the considered amplitude is thesgrinduced by the wave, which is commonly
measured in marine seismics with the seismic recgior hydrophones (e.g., Sheriff and
Geldart [1995]), then the parameteithe impedancg. In this case the reflection and the

transmission coefficientsR,.. and T, relative to the stress induced by the wave are
given by:

Z, -7 2Z
stress — 2= and stress — 2
Z,+Z, Z,+7Z,

First note that the above analysis and Equatiorsq48) and (1.2.2-49) hold for both P-
waves (replac& byZp) and S-waves (replace byZg).

and R
opposite sign. In contrast the transmission coeffits T
absolute value, their ratio being giveny, .ccne / T

(1.2.2-49) R

Note that the reflection coefficients are of equal absolute value but of

stress displacemat

and T, are unequal in

displacemet
=Z1Z,.
If the impedance increases with the depth, whicucin most of the cases in the earth,

Zy < Z, on Figure 1.2.2-5, the reflection coefficient tela to the particle velocity (or
displacement)R ;. .cemee 1S NEJative in the convention of Equation (1.2.2-4&hich is the

European convention. In order to deal with posite#ection coefficients in most of the cases
the American and Australian convention take theesalnsolute value but the opposite sign
for R in Equation (1.2.2-48).

stress

displacemat

b. Case of oblique incidence

In the case of an oblique incidence the problemme complex. The generated rays
(reflected and refracted) have orientations difierieom the incident ray, and the explicit
expressions of the reflection/transmission coedfits are substantially more complex. The
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orientations of the different rays are explained kematic arguments and the
reflection/transmission coefficients must be datiby dynamic equations.

1.2.2.2.B.b.1 Kinematic aspect: Laws of reflection and refraction

The adopted description is essentially that of KglB001].
First let us introduce the wave vedtor (w/V)n, wherev and « are the velocity and the
pulsation of the wave, andthe normal to the wave front. The vecter is also normal to

the wave front and has a norm equal 1@ , that is to say the product of the pulsation &f th
wave and the reciprocalv of the velocity, also called the wave slowness.

Let us consider a wave intersecting the plane saréd contact between two media. Since the
intersection of the incident wave with the contaatface is the cause of the reflected and
refracted waves, the reflected and refracted wawatd intersect the contact surface together
with the incident wave front. And this must holdaaty time. As a consequence the incident
wave front and the reflected/refracted wave fronistnbe continuous across the contact
surface. As a consequence the apparent slownesag|less the projection of the wave vector,
of the incident wave and of all the generated wdveftfected and refracted) along the contact
surface must be the same, which is illustratedigyre 1.2.2-5

KA
1
ae
; E 9(1) 9(1) e
Medium 1 8 ey RI\ED)E 7O .
wm' N 2P o
: : K® “(2) . 77(2) .
Medium 2 4 AN Ve Vs sp,
2
(2)
95‘
-
TI\Sl)

Figure 1.2.2-5:Sketch of the reflection/refraction of a wavels plane surface of contact
between two elastic media. See detail in the text.
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BOX 1.2.2-3
The laws of reflection and refraction: Historicagects

The law of reflection was known from the ancieneé&ks. It was formulated in the textbook "Elemen
of the famous Greek mathematician, Euclide (aro800 BC), and demonstrated by the Grg

ts
ek

mathematician and engineer Hero of Alexandria @-7D AD) using geometrical arguments and

assuming that light travels along the shortedt.pat

The refraction law first published around 984 by tRersian mathematician, physicist and op
engineer lbn Sahl (c.940-1000) in his treatise Burning Mirrors and Lenses" (e.g., Rashed [199
Wolf and Krétzsch [1995]; Cerantola [2004]) (segte).

T RS sl A ST
B R e A R S
T et A L 5 i Pl (o”
u:ww*#’-‘*ﬂ-’“«f’:’

sty o, ki SO P
o e e

Medium 1
Medium 2

(Left) Facsimile of a page of Ibn Sahl's treatit®wing the discovery of the law of refraction, afiright)
Magpnification of the left top part of this page shiog the modern interpretation. The incident raydaime
refracted ray intersect at points and 7 respectively a normak/G to the interface between the two media
contact. According to Ibn Sahl, the rays verify te&action law if the ratioEd/#C is constant whatever th
incidence angled® . The rectangular triangles/Gc and £G¢ having the common sidg”, this constant ratio is
equal to the ratiosin@? /sin@® of the sines of the angles of refractié¥’ and of incidence 8“ , which is
nothing but the law of sines for refractionzdit and #¢ are identified with the norms of the incident waeetor
K @ and of the refracted wave vecttr® , and the ratioEc/#C with the ratio of the wave velociti&s® /v @ .
However note that Ibn Sahl never explicitly refettte velocities nor to the indices of the mediaeantact.

The law was first rediscovered by the Enghsktronomer and mathematician Thomas Harriot (15
1621) by 1602, but remained unpublished duringlifeéme (e.g., Lohne [1959]; Bruin [1981]). The
the Dutch astronomer and mathematician WillebramndliSran Royen (1580-1626), known as Snelli

and the French philosopher and writer René Dexcdt896—1650) also rediscovered the law. T
former also died before he could publish the lavd @&he latter published it in his Treatise "l

Dioptrique" [Descartes, 1637]. The French lawyed anathematician Pierre de Fermat (1601-16
rejected Descartes' heuristic approach and pulblighd 658 a demonstration of the law based on
principle of extremum time, that bears his name.

In English the law is called "Snell's lawhdain French, "loi de Descartes" or less often deiSnell-
Descartes". In contrast, in spite of the clear r@oriey of their work the names Ibn Sahl and Hatriaoe
unfairly not, or rarely, associated with the law refraction. Considering the independent enorm
contributions of these four brilliant scientists steongly suggest to call the refraction law then"Sahl—

tics
)3];

n

D

60-
n
S,
he
a
65)
the

pus

Harriol-Snel-Descartes refraction law", or in a shorter waylth8D refraction lawn
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More precisely, the incident wave is characteribgdthe wave vector K (case of an
incident P-wave) in red, the reflected waves bywlaee vectors RKS) (for P-wave) in red
and ;K ® (for S-wave) in blue, and the refracted waves gy wave vectorsTKS’ (for P-
wave) in yellow and K & (for S-wave) in green. The continuity of the wdkants imply that

the projectionmr of the incident wave vectorK ,(31’ on the contact surface is equal to the
projection v of the wave vectors corresponding to all theext#d/refracted wavespeing
the point of incidence. The first consequence & #il the wave vectors, as well as all the
corresponding rays, are contained in the sameeplaadled the incidence plane, defined by
the incident wave vector and the normal to the actrgurface at the incidence point

Furthermore, more quantitatively this simply writesterms of the velocities and of the
angles between each wave vector and the normélet@dntact surface (after simplification
by the pulsatior.):

sing? _sindY _sing? _sing? _
Vp(l) Vs(l) VP(Z) VS(Z)

The common value of these projections, usuallyighesed by, is the ray parameter
extensively used in seismic ray theory (e.g., Akd &Richards [1980]; Ben Menahem and
Singh [1981]).

Apart from the fact that the incident ray and B# generated rays (reflected and refracted) are
contained in the same plane, called the incidetereep Equation (1.2.2-50), often called the
law of sines, summarizes quantitatively the lawsediection and refraction (see Box 1.2.2-3
for historical aspects).

(1.2.2-50)

Note that the direction of the incident wave vectof, or ray, and the direction of the

reflected wave vectoEK,(,l) of the same wave type (here the P-wave), or n&ysgmmetric
with respect to the normal to the contact surfazendicated orFigure 1.2.2-5.The angle
between, K9 and the normal to the interface, and the anglerdzen K Y and the normal to

the interface are equal and designated by the setteed)” .

1.2.2.2.B.b.2 Dynamic aspect: General case R and T expression

Many textbooks deal with the classical problem bé& tcomputation of the reflection
/transmission of plane waves at the plane intertsteveen two elastic solids (e.g., Ewing et
al. [1957]; Achenbach [1975]; Miklowitz [1978Rki and Richards [1980Q]Ben-Menahem
and Singh [1998]). These coefficients were firstivceel by Knott [1899] in terms of the
normalized potential amplitudes, the potential;mgehe Helmholtz potentials introduced in
sub-section 1.2.2.1. Later Zoppritz [1919] indepantty derived these coefficients in terms of
the normalized displacement amplitudes. Although iflection /transmission coefficients
are often called the Zoppritz coefficients in thesmological literature, considering the
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enormous contributions of these two brilliant stss we rather recommend to call the
reflection /transmission coefficients the Knott-pdgz coefficients. Here we use the

reflection/transmission coefficients in terms offditude or stress. These coefficients can be
converted in the corresponding coefficients in poéds (e.g., Achenbach [1975]).

Suppose that the plane surface of contact betwkentwo media of Figure 1.2.2-Gs
horizontal, that is to say parallel to the locartBasurface two types of S-wave, exhibiting
contrasted behaviours can be distinguished. Moezigely, the first type of S-wave is
horizontally polarized (along the y-axis) normalhe incidence xz-plane. It is called the SH-
wave (H standing for "horizontal"). The second tyeS-wave is vertically polarized in the
incidence xz-plane. It is called the SV-wave (\hsliag for "vertical").

SH-WAVES SV-WAVES
\

~(1)
/,f' - / bl K fot 7
Ix(l) I\(l) K(I)
¥ y
/1 \Q /l Medium ¢
z Medlu,rn 5 z j%

K® K®

\ \

+—— direction of wave polarization parallel to the particle displacement

direction of wave vector parallel to the direction of propagation

Figure 1.2.2-6:The two types of S-waves in the presence of abotal interface, namely

(Left) SH-waves horizontally polarized normal teethncidence plane (a SH incident wave
only generate a reflected SH-wave and a refrackéav&ve), and

(Right) SV-waves vertically polarized in the plaogincidence (a SV incident wave can
generate not only a reflected SV-wave and a refth&V-wave, but also a reflected P-wave
and a refracted P-wave not represented on thed-fgusimplification).

For reason of continuity of the wave-induced dispfaent and stress an incident SH-wave
cannot generate reflected/refracted P or SV-walvesponly generates a reflected SH-wave
and a refracted SH-wave. In contrast an incidenit 8V-wave can generate P- and SV-waves
by reflection and refraction. Note that for simpi#ition the P-waves, although actually
generated at the interface, are not representddeciRigure for simplification.
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Aki and Richards [1980] give the explicit expressoof the reflection and transmission
coefficients of the SH-wave in displacement:
5.8, = Z%; cosé?%| - Z%Z cosﬁsg
Zg cosfy, + Zg” coty,
2728 cosbl,
Z8 costl), + 22 cosb?)

(1.2.2-51)

S:8 =

where S,S, and S,S, respectively designate the reflection coefficiand the transmission
coefficient of the SH-wave, the first letter desaigng the type of incident wave and the
second letter the type of the reflected/transmittemle. The symbol above each letter
indicates the orientation of the wavefront eithpward (34) or downward &) propagation,
the index H standing for "horizontal" shear-wavéeTsymbolsg$ and 6% indifferently

designate the angles of incidence, reflection amdmission respectively in the medium 1 and
2. Note these equations are very similar to theesponding equations (1.2.2-48) for the case
of normal incidence. Only the impedances are regldoy the angle dependent corrected

impedancesZ{’ cosfY) (i =12 is the index of the considered medium), whichgsa to

the S-wave impedancg{’ of the mediumi times the cosine of the corresponding angle of

incidence, reflection or refraction. Obviously theflection/transmission coefficients for
normal incidence can be recovered by vanishingatigdes (thus the cosines tends to 1) of
incidence, reflection and transmission, which eoasistent result.

Aki and Richards [1980] also give the explicit exggions of the reflection/transmission
coefficients of P- and SV-waves in displacementmiatrix form (using the notations of
Mavko et al. [2003] slightly modified):

PP SP PP SP
(1.2.2-52) PS S5 PSS\

PP $ PP SP

PS SS PS SS

where each element of the matrix in the left-hameimber is a reflection/transmission
coefficient. The first letter designates the typencident wave and the second letter the
type of the reflected/transmitted wave. As for Boqra(1.2.2-51) the symbol above each

letter indicates the orientation of the wavefroither upward € orS) or downward
orS) propagation. The detailed expressions of theioestM andN are the followings:

(1.2.2-53)
-sing? —cosfy sing? cosf?
_ cosgY -singy cosg? -singdy?
1229500 cosB® 7P cos28?  272sin? cosd? 22 cos26?
-2 cos26f Z9 sin26 Z% cos26 -2 sin26%
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(1.2.2-54)
sing? cosgy -singy? - cosf?
cosg) -singy cosgy? -sing?
220sindP cosd? 2P cos20P 2z sinP cosh? 2P cos26y?
Z% cos26y -z9sin280  -zPcos26?  -zPsin26

All the reflection/transmission coefficients obtaith by these equations can easily be
evaluated numerically. In contrast, the exact euplexpressions of the reflection and
transmission coefficients are so complex that itiificult to get further physical insight.

Fortunately, in the case of weak contrast betwéenmedia in contact, that is to say if

AV,
VTP<<1, Atp«l and as a consequence %«1 (where A(.) designates the
P P P

difference of value of the considered parameteosscthe interface, and a bar (-) above any
parameter the averaging value of the considereahpeter of both sides of the interface), the
reflection and transmission coefficients of the &vej, for instance, greatly simplify. Aki and

Richards (1980) derived simple approximate expoessof the reflection coefficierfP and

of the transmission coefficie®P of the P-wave, which can be re-written in the mmmpact
forms (e.g., Thomsen [1993]; Ruger [1997]; Rasdafm [2000]):

— \2
pp~ 107 +1{AYP —4(§j A—iu}sinzéﬂé% sin’ 6 tar’ 6

(1.2.2-55) 2% 2 Ve ) A i
|5|5:1_£A_ZP +£%sin20+1%8in25 tarf 8
27, 2V, 2V,

where p is the shear modulus. This compact form is comrégrbecause the dependence
with the angle of incidence is ranked by increasing powereaf Indeed, for small angle of
incidence, that is to say fex<1, sin®@=6° andsin®@ tarf 8=8*. So the terms

independent of ¢ in the right-hand members of Equation (1.2.2-55) ahe
reflection/transmission coefficients for normal idence. From the equations corresponding
to normal incidence one has

(1.2.2-56) 5s . 29 -20 _ ZP -z DZ, a6
L. PP = Z(2)+Z(l)_2(z(2)+z(1))/2 ~ZZ_ ]
P P p P p
@ 2 @ @ _70
(1.2.2-57) PP = 22¢ _(Zp2 +Zp1)+(2p2 Zp1)~1_ AZ, |

z@+79"  2(z@9+z®)i2 T 2z,

WhereZS’ designates the P-wave impedance in the mediu = 1,2) and the approximate
equality ( = ) is due to the weak contrast assumption.

All the angle-dependent correcting terms are ewsrctions ofg , at any order, due to the
symmetry of the problem with respect to the plannm to the incidence plane and
containing the incidence point. The termsin® @ in the right hand members of Equation
(1.2.2-55) can be interpreted as the first comgcterm at small angles . For the reflection

coefficient PP it is the classical gradient term with respectsin® @ , which is commonly
used in the study of the variation in the amplituafeseismic reflection Amplitude versus the
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Angle of incidence or source-geophone Offset (@tagice). The technique is commonly
called AVA (for "Amplitude Versus Angle") and AVOqr "Amplitude Versus Offset") in
Applied Geophysics (e.g., Castagna and Backus [1988contrast with the reflectivity at
normal incidence, the gradient term contains inforon on the S-wave through the
parametersVgandy . Because variations of,/V, are often related to variations of fluid

content (see Chapter 6 on Poroelasticity) and/olithology variations, AVO studies can
provide detailed information on lithology and/ar porefill of reservoirs (e.g., see details in
the previous reference).

Note that the gradient term for the approximatednaission coefficient PP is surprisingly
independent of the S-wave parameters, which istmotcase for the exact expression. The
additional correction term irsin® @ tar’ @ for 9 <<1 substantially contributing for large

o . ) AV .
angle of incidence, is equal to the P-wave velocaptrast \7P for both the transmission

P

coefficient PP and the reflection coeﬁ:icienl?d5 )

1.2.2.3 Wavelength, frequency/period and spatial resolution

A. Frequency/period and Wavelength: Definitions

Now let us consider a plane sine wave of singlgudemcyf propagating for instance in the
x-direction, as illustrated by Figure 1.2.2-7. Tieeorded signal at a receiver R is a sine
function u(x, t). In land seismics the receivers are geophandsare sensitive to the particle
velocity induced by the wave (e.g., Sheriff and dael [1995]), which is the recorded
waveform u (%, t). In contrast, in marine seismics, the recordedeform u (%, t) is the
pressure induced by the wave because the seismmétvee is a hydrophone sensitive to
pressure.

The periodT =1/ f of the sine function is the reciprocal of the fregcyf, and is the
smallest time interval on which the periodic funatirepeats its value. The unit for the period
T is the second (symbd). The frequency unit is hertz (symbblz), after the German
physicist Heinrich Rudolf Hertz (1857-1894). A petic vibration of n Hz exhibits n cycles
per second.

The time-varying field of particle velocity, or @m®ure, induced by the wave is also a periodic
field in space as illustrated by Figure 1.2.2Mbre precisely, the sine wave propagating at a
velocity V induces a mechanical perturbation u{xeihibiting a sinusoidal shape for fixed
time t. The spatial period of u(x, t) is called the wavelength , and is linked topleeiodT
and frequencyf of the recorded waveform wt) by the relationA =V T =V /f.
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seismic
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“recorded seismogram
at fixed point R
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Ve, C’g/

wavefield
at fixed time

Figure 1.2.2-7: Link between the wavelength and the period T of seismic wave of
single frequency f=1/T and propagation with theoedl V.

The orders of magnitude of the frequency bandsthadvavelength in the different fields of
geoacoustics are detailed in the next sub-section.

The physical parameteXk is very important for practical applications besaut is closely
linked to the spatial resolution of the method asadibed in the subsection 1.2.3.3. For most
seismic signals, the higher the frequefdyne smaller the wavelengthand the higher is the
spatial resolution. However the higher the freqyenthe smaller is the penetration of the
wave due to attenuation. This will be described Ghapter 5 (frequency effect and
heterogeneity).

From another point of view, high frequency sigreals much more demanding with respect to
sampling. This is due to the Nyquist-Shannon-KokelwWhitaker sampling theorem, or
more concisely the NSKW sampling theorem (after 8wedish communications engineer
Harry Nyquist (1889-1976), the American mathematicand electronic engineer Claude
Elwood Shannon (1916-2001), the Soviet pioneer nformation theory and in radio
astronomy Vladimir Aleksandrovich Kotelnikov (19@2805), and the British mathematician
Edmund Taylor Whittaker (1873-1956). All thessegarchers independently pioneered the
field of sampling theory (e.g., Whittaker [1918]yduist [1924]; Nyquist [1928]; Shannon
[1948]; Kotelnikov [1933)).

Obviously high frequency analog signal necessiteger sampling rate, as a consequence
more space memory and larger processing time, lthanfrequency signals in order to be
reconstructed. In fact, it is unnecessary to owvema the analog signal; the NSKW sampling
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theorem gives the optimum sampling frequency alhgwa complete reconstruction of the
continuous-time function from the digitized functioThe NSKW sampling theorem states that

a band-limited analog signal must be sampled aite fygKkyy at least equal to twice the
highest frequencyf.,4x contained in the spectrum of the input analog a@igthe optimum
sampling rate beinfyskw = 2 fmax-

For instance, the commercial audio Compact Disd3) (Bave a specification of roughly
fnskw= 44kHz sampling rate, which correspond to a maximum rsganted frequency of

specification of roughlfmax = fnskw/2 = 22kHz, which is slightly larger than the

maximum audible frequency by humans (that is to reayghly20kHz ) (see Figure 1.2.2-8
and the corresponding comments). As a consequdngh;fidelity sound systems with

sampling rate higher thayskyw= 44kHz, proposed by some commercial manufacturer, can

be considered as selling points, and are obvioustyess except maybe for music-loving bats
or cats, as illustrated in the next subsection.

Besides, in seismics applied to the oil industry #ampling rate ranges from 2ms to 4ms,
depending on the resolution needed. This correspemch sampling rate in frequency of

fnskw = 250Hz-500Hz, which corresponds to a maximum reconstructeduiaqy of

roughly fmax = fnskw/2 =128Hz-250Hz, which is slightly larger than the maximum
frequency present in recorded seismic signals, (8leeriff and Geldart [1995]).

B. The different frequency/wavelength bands of Geostios!

The frequency bands of geoacoustical measuremeatslustrated by Figure 1.2.2-8. The
whole experimental spectrum roughly covers ten mra@é magnitude, from 1DHz to 16

Hz. Note that for completeness, earth tides (maimplving semi-diurnal processes (e.qg.,
Melchior [1974]) and corresponding to frequencidsttee order of 1§ Hz) and crustal
deformations [with time constants of the order aysito years (e.g., Kobayashi and Yoshida
[2004]; Sato et al. [2007]) and corresponding &mjfrencies of the order of 1®4z to 10° Hz)
have also been included as dynamical mechanicatepses, even if they cannot be
consideredstricto sensuas geoacoustical experiments. With tipioviso the frequency
spectrum covers up to thirteen orders of magnitude.
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Figure 1.2.2-8: The frequency bands of geoacoustics measuremempazed to the
frequency hearing ranges, and the correspondingieagths.

The overall spectrum can be roughly divided iti@é groups:

* The frequency spectrum of global seismology rarfges 10* Hz to 10 Hz,
with three types of waves encountered, namely,(&gwler [1990]; Press and
Siever [2000]; Stein and Wysession [2003]):

- The body waves, corresponding to bulk P- and S-weme characterized
typically by periods of the order of 1s to 10s,responding to frequencies from
10" Hz to 10 Hz,

- The surface waves, that is to say Love and Rayh@Ves, are confined to the
outer layers of the Earth and are characterizettallp by periods of roughly

10s to a few 100s, that is to say to frequencies fa few 1G Hz to 10" Hz, and

- The normal modes are the free oscillations of #mtheand are mainly excited
by large earthquakes. They are characterized typiog periods of the order of
10% s to 18 s, corresponding to frequencies from*#z to 10° Hz.

= The frequency spectrum of applied seismics rougiges from 1bHz to 18 Hz
(e.g., Sheriff and Geldart [1995]; Boyer and Mdr®97]) and covers three types
of experiments, namely :
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- Surface seismics, equivalent to medical echograply transposed at
kilometric scale to probe the earth subsurface. Stheces and the receivers are
located at the surface of the earth. The seisngnass are characterized by
frequencies roughly higher than a few HZH and hardly exceeding 48z,

- Well seismics, using receivers in a well and sesrat the surface (Vertical
Seismic Profile or VSP) or both receivers and sesirm two different wells
(Well-to-Well seismics), is characterized typicatly frequencies from a few 10
Hz to 16 Hz, and

- Sonic logging (acoustic logs), using mostly pideoic sources and receivers
on a probe lowered by a cable into a borehole. @¢e@ waves are P- or S-
waves refracted at the borehole wall and guided ewa{Stoneley, Pseudo-
Rayleigh) frequencies from 161z to 13 Hz.

= The frequency spectrum of ultrasonic laboratory ezxpents is characterized
typically by frequencies of £OHz to 18 Hz. Sources and receivers for rock
acoustics are piezoelectric transducers.

The frequency spectrum of laboratory experiments loa divided into four groups (e.g.,
Bourbié et al. [1987]; Johnson and Rasolofosaof6])9

= Quasi-static stress-strain tests that are perforimedock mechanics and/or
geomechanical laboratories of oil companies, researstitutes or universities.
They are conducted over frequency interval of zeao to a few Hz.

= Torsional oscillator experiments used in a few ersity laboratories and research
institutes. They are conducted over frequency vatesf 0.1 Hz to 100 Hz. This is
close to the frequency interval of seismic experntae

= Resonant-bar experiments used in some researcdtut@stand universities. They
take place over the frequency interval of Hr to 10 Hz, that is to say the
frequency interval encountered in acoustic loggmthe field.

= Dynamic and propagative ultrasonic waves that aszlun the rock acoustics (or
petroacoustics) laboratories of oil companies, aedeinstitutes, or universities.
They are characterized typically by frequencies®@fHz to 16 Hz,

For comparison the frequency hearing ranges of hsnead of a couple of animals are
plotted in the bottom part of Figure 1.2.2-8. Hunfaequency hearing range is typically

considered to be between 20 Hz and 20 kHz. Thigaasignificantly varies with age and

professional hearing damage. Ultrasounds and wmifireds are mechanical vibrations of
frequencies respectively higher and lower than ldadifrequencies. Animals such as
elephants, giraffes and whales use infrasoundsotonanicate even over large distances
(e.g., Garstang et al. [1995]; McComb et al. [2003]Jmecek [2009]). Other animals such as
cats and dogs are able to hear ultrasounds, an@ sthers such as bats use them for
echolocation (e.g., Fenton and Bell [1981]; BardlE§99]).

SOME MORE OR LESS BASIC NOTIONS 1.2-49




PETROACOUSTICS - CHAPTER 1

BOX 1.2.2-4
Time width and Frequency bandwidth — Fourier transform

The frequency content of a time functiany) can be analyzed by Fduaiesformation
(noted FT{.}), after the French mathematician and Physicist Jeptis®aJoseph Fourig
(1768-1830), defined by (e.g., Bracewell [1965]):

=

0 o
FTr{g0}=G(f)= [ g0y e dt « Fr'{G(f)}=gw)= [ G(f) ¢”/*7df .
f designates the frequencyFT'  the inverse Fourier transfarch,Gaf) the Fourier

transform of g(+) . Note that the opposite sign convention for all thestémnpower of the
exponential exist (e.g., Cerveny [2001]). We use the present convetnmistently with
Equations (1.2.2-28), (1.2.2-33), (1.2.2-36) and (1.2.2-40) for instance. The congept is
commonly used in many fields including data processing and analysigeiprocessing and
filtering, antennas designing and using, and differential emuablving, to name a few (e.q.,
Bracewell [1965]).

The general resulfT{g(& 7)}=G(f/&)/|¢| & beinga constant, means that if the tafes|sc

of the functiong(r) is contracted by a factor  (shortening of the plusaion) the frequency
spectrum expands by the factors , and vice-versa. In other wordhidher the pulse th
larger its bandwidth, and vice-versa. As a consequence the aigthats Fourier transform
cannot be stretched or compressed simultaneously, which impliggartainty relation of the
same type as Heisenberg's uncertainty relation in quantum mechanics [De B36i{] [named
after the German theoretical physicist Werner Karl Heisenberg (190141976)
As an example, let us consider the Gaussian function [aftéarnh@us German mathematician

and scientist Johann Carl Friedrich Gauss (1777-1855)], known as thadplfsinction, ang
~(2t/7,)

11}

defined by:g(r) = e

12 7g Is the time width of the
1 S T signal at an amplitude equal

5 Vos /\ to its maximum divided by
—(j - / \ 8.68dB Euler's number [named after
e \Is/) " / \ the Swiss mathematician
0 J aea N and physicist Leonhard

0.2 / ‘ . \ Euler (1707-1783)]

0 . e~2.718 , which roughly
3 2 A 0 i 2 3 corresponds to -8.68dB

2t/ g below the maximum.
Time denendence of the Gaussfunction (” ; j2
ERAR

. -
The corresponding Fourier transform 8 ( /) = 75\/; e , Which is alsp a

Gaussian function. The frequency bandwidth  @ff) at -8.68dB below the maximum is
given by BW =2/(zxry) which is indeed inversely proportional to the time width g (of
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C. Spatial resolution

According to Sheriff [2002] the resolution of a &® in geophysics is the ability to separate
two features that are close together. Similarlyradar science resolution is defined as the
ability to distinguish between targets that areyva@ose (e.g., Skolnik [1970]). In this section
we will see that the spatial resolution is clodeiited with the seismic wavelength.

Applied seismologists distinguish vertical resadatifrom horizontal resolution as illustrated

by the two next sub-sections and the corresponfijuges.

a. Vertical resolution

The spatial resolutiofr, in reflection in a given direction of observatiam,range resolution,
is well known from radar technology and is given[Bgrton and Leonov, 1998]:

(1.2.2-58) R, =Vr /2=V /(2x BW)

wherev is the average velocity of wave propagation inrfedium, isthe time-width of the

source signal, arglw the corresponding frequency bandwidth. Note thatdar science, the
electromagnetic rays can come from any directiorthm aerial half space. In contrast, in
surface-reflection seismics the vertical directisrthe average direction of the seismic rays

and the targets are in the earth subsurface. Bhathy R, will be called here the vertical
resolution.

The second equality=] in the previous equation is due to the classieallt that the time-
width 7, of a pulse signal is inversely proportional to thequency bandwidtiBw of this

signal, as illustrated for a Gaussian signal in Bdk2-4, a good approximation for the pulse
radar signals.

This is also roughly the case for the Ricker sigtla¢ second derivative of the Gaussian
function well-known as the Mexican-hat functiordasommonly used as a wavelet in seismic
modelling for computing synthetic seismograms (eSheriff and Geldart [1995]; Yilmaz
[2001]; Liner [2004]) as illustrated by Fig. 1.292-
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Figure 1.2.2-9 Vertical resolution illustrated by the reflectioh seismic signal (here Ricker
wavelet) at the top and the bottom of a wedge laydight brown pinching out to the left.

The vertical resolution limitR, occurs when the layer is one-quarter of wavelerigitk
(modified after Liner [2004] and Widess [1973])

On this figure, the vertical resolution is illuged by the reflection of a seismic signal,
namely a Ricker wavelet, at the top and the botionbrown solid line) of a wedge layer (in
light brown) pinching out to the left. Because floe special case of Ricker wavelet, as well as
for typical seismic signal in general, the frequebandwidth BW does not differ much from
the central frequencyf,,, of the wavelet. As a consequence the last equatiplies that
the vertical resolution is proportional to the age wavelengtih. More precisely the vertical
resolution limit R,occurs when the layer is one-quarter of wavelergthick, as shown by
Fig. 1.2.2-9. As pointed out by Liner [2004], whiére bed is thinner than this limit the top
and the bottom reflections merge into a single aigDistinct peaks are observed when the
layer is thicker than /4.

b. Horizontal resolution

Let us consider a surface seismics experiment avitbincident source-receivef/;) couple
located at the origin of a trihedron xyz and atfitee surface of a 3D isotropic homogeneous
medium as shown by Fig. 1.2.2-10. Now let us ar®lthe wave reflection at a plane
horizontal interface located at depthnot only through the specular vertical ray Git also
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through non-specular rays such &8 or £4. Although this figure only represents a two-
dimensional cut of the geometrical configuratiome toverall problem is three-dimensional
and exhibits the vertical axis/ (normal to the interface) as an axis of rotationariance.

lZ Rh ~ \IZSA

Figure 1.2.2-10 The horizontal resolution limiR, before seismic migration is equal to the
diameter of the first Fresnel zone

The positions of the pointd and 8 are such that the seismic path difference betwken
vertical rayE# and the oblique rayg4 or £3 is equal toA/4 , a quarter of the dominant
seismic wavelength, which corresponds to a totdl ddference of\/2 in reflection (i.e\/4
for the way down and\/4 for the way back up) and equivalently a timg-d& half a period.
The horizontal disk of diametet® constitutes the first Fresnel zone, of which laé points
interfere constructively for reflection. Only thiportion of the reflector contributes
constructively to the reflection (e.g., Sheriff a@eldart [1995]). Thus the distand® = 43
guantifies the horizontal resolution limit or th&es of the smallest elementary reflector
detectable by the seismic set-up. The explicit esgion of R, can be found by applying
Pythagoras' theorem to the trianglg:

(1.2.2-59) 22 + (R, 12)” =(z+ N 14)
which gives:
(1.2.2-60) (R =4{z+A142 -2} =227 or R =+227

The approximate equality=] holds if we assume that the reflector degths much larger
than the dominant wavelength

All the above description is made before a spetyipé of data processing called seismic
migration (see Box 1.2.2-5). Just as migrationaqdks the diffraction patterns by focusing
the seismic energy on the elementary diffractiomisoccomposing the reflectors, migration

SOME MORE OR LESS BASIC NOTIONS 1.2-53




PETROACOUSTICS - CHAPTER 1

BOX 1.2.2-5

Seismic migration: Concise description and Illasion

N

Seismic migration is a common type of seismic datacessing for imaging (e.g. Yilma
[2001]) that can be simply described in the follogvivay. Suppose that the reflector plotted|on
Fig.1.2.2-10 is replaced by the single point attdep [see Fig. (a)] the only reflected signal
recorded by all the receivers (case of coincideatce and receiver) located at the surface infthe
xy-plane would come from this single diffractionimo Diffraction waves are recorded by all
the receivers and appear as a special diffractidterqm, namely a diffraction hyperbola, on the
seismograms (e.g., Sheriff and Geldart [1995])llestrated by Fig. (b).

[T
T

T
il

(a) The 2D earth model consisting of a single ddfion point, and

(b) The corresponding zero-offset (coincident sewand receiver) seismic section, constituted
of a display along a line of the signals recordsdall the receivers located at the surface
along the x-axis, the vertical axis being the aatitime. The typical figure obtained is the
diffraction pattern (after Yilmaz [2001] and Shéfi2002])

(c) Raw data corresponding to Physical modelingnhafine seismic reflection experiment (zero-
offset) in the laboratory on a scale model immeliseal water tank, and

(d) Same data as in (c) after seismic migratiomwaihg to reconstruct a correct image of the
reflector.

Seismic migration consists in focusing all the rdi€tion energy exactly on the single point H|at
the correct location. Furthermore the plane reflectf Fig.1.2.2-10, as well as any curved
reflector, can be decomposed in an infinite numbiepoints, which can be considered gs
potential diffraction points. Obviously in practidee reflector surfaces are pixelized anhd
decomposed in a finite number of points. The elgary migration operation previously
described is repeated on each individual pointsiciemed as a diffraction point. The main rgle
of migration is to correct for the distorsion antifacts images observed on the raw seismic
sections, as those shown on the data of Fig.(cg Mlin effects are, from one hand the
reconstruction of the true shape of the reflecémrd the correct positioning of these reflectorsg at
their true location in the subsurface, and fromth@ohand to wipe out the remaining diffraction
patterns interfering with the rest of the displ@is is illustrated by Fig.(d) and by the more
detailed laboratory results on seismic imaging withle models in section 2.3.2.3.
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Y (a) Before migration  (b) After 2D migration
in xz- plane
(¢) After 2D migration  (d) After 3D
in yz-plane migration
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Figure 1.2.2-11: Improving horizontal resolution by migrationuiditrated by the collapsing
of the Fresnel zone by 2D and 3D migration (modifiter Liner [2004]).

also tends to substantially squeeze the Fresnel abfigure 1.2.2-10 into a smaller zone of
the dimension of a half of the dominant wavelengtthe plane containing the seismic rays
involved in the processing, as illustrated by Aig.2-11. Fig 1.2.2-11a shows a top view of
the Fresnel zone in the plane of the reflectorhef previous figure before migration. The
diameter of the zone quantifies the resolution tlion the size of the smallest elementary
reflector detectable by the seismic set-up befoigration. After two-dimensional seismic
migration in the vertical xz plane the diametertlod Fresnel zone is squeezed along the x-
axis down to the theoretical limit valuge/2 (e.g. Yilmaz [2001])as shown by Figl.2.2-11b.
The limit of the zone resolved by seismics is nogkr a circle but an ellipse of aspect ratio

(i.e. minor axis divided by major axisez(/\IZ)/«/Zz/\ :‘ZSA' Fig 1.2.2-11c shows a
Z

similar result for migration in the yz-plane nowtlwthe resolution zone squeezed along the y-
axis. After 3D migration the Fresnel zone is s@eeein all the azimuthal directions and
collapse to a disk-shaped resolution zone of diametughly equal to the theoretical limit
value A /2 as shown by Fig 1.2.2-11d.

In conclusion, subject to relevant seismic progesgsuch as seismic migration), we have
seen that the vertical and horizontal spatial tégwils are roughly equal to a fraction of the
dominant seismic wavelength quantified for all the frequency bands of geoatious
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measurements in section 1.2.2.3. We emphasizedthigis the case for typical seismic

signals, as for the classical Ricker wavelet, bseahe corresponding frequency bandwidth
BW does not differ much from the central frequenidpwever, more correctly seismic time

resolution, as in radar science, is essentiallgrd@hed by the time-width (or pulse width) of

the source signal, and thus by the correspondiequéEncy bandwidth as described by
Equation (1.2.2-58) and the corresponding comsent

1.2.3 Heterogeneity, dispersion, anisotropy and atteanati continuous media

Most of classical textbooks in mechanics start §guaning a homogeneous isotropic linearly
elastic medium. These are only convenient assumptio order to simplify the theoretical

derivations. In detail most natural media, includigeological media, do not strictly verify

these simplifying assumptions, at least weakly. Tirechanical properties can vary with
parameter as different as the observation painthe direction of observation, or the

frequency among others. In this sub-section wendefhe characters that deviate from the
ideal homogeneous isotropic linearly elastic betavi

1.2.3.1 Heterogeneity

According to Etimonline, the adjectivehdmogeneotis comes from the Latin adjective
"homogenes!' and from the Greek adjectivdhdmogené$ meaning "of the same kind", itself
a combination of the prefiXhomo-" (coming from the Greek adjectivdhdmo$, meaning
"same”, and the Greek nougehos" , meaning "kind, gender, race, stock". The iguHity"
of the noun "homogeneityis the usual suffix forming abstract nouns frodjeatives (here
"homogeneous; meaning "condition or quality of being..." The nde 'heterogeneotis and
"heterogeneity are the contrary of the words"homogeneotis and ‘homogeneity”
respectively, and are constructed by substitutiregprefix ‘hetero* (coming from the Greek
adjective hetero$, meaning "different™).

A medium exhibitsheterogeneity with respect to a given physical property (etasir
electromagnetic wave velocity, electric or therrm@hductivity, mechanical strength...) and to
corresponding measurement accuracy, if this prgppends on the observation point P at
the considered accuracy level, the other paramegaraining fixed. The medium is said to be
heterogeneouswith respect to the considered physical property tlee considered
measurement accuracy. In the opposite case theumeshhibitshomogeneityand is said to
be homogeneouswith respect to the considered physical propertytree considered
measurement accuracy. In the special case of aceule physical property is elastic wave
velocity, density and/or impedance.

Note that, if the accuracy level of physical measugnts were infinite, any real material
would be virtually heterogeneous with respect ty ahysical property due to possible
infinitesimal spatial variation of the physical pegties resulting from possible infinitesimal
spatial variation of the local physical conditiqesg., stress, temperature...). Correlatively, for
instance, because the major mineral constituentsai® have densities roughly ranging from

220kg /nT to 3500kg /N7 (e.g., Bass [1995]; Clark [1966)), if the accuréevel of density
measurement were not better than roughly 60%, ack formation would be virtually
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homogeneous with respect to density. That is whygeneral, the specification of the
accuracy level of the physical measurement to bbsidered is important.

1.2.3.2 Anisotropy

The noun isotropy"” is derived from the Greek word$s8”, meaning same, andrdpos'
meaning direction. Note that the nousmnisotropy"is defined as the negative of the noun
"isotropy’, with the Greek privative prefian-, meaning not or without.

A medium exhibitsanisotropy with respect to a given physical property (etasbr
electromagnetic wave velocity, electric or therrmahductivity, mechanical strength...) and to
corresponding measurement accuracy, if this prgmkspends on the direction of observation
at the considered accuracy level, the other pammhaemaining fixed. In this case the
medium is said to banisotropic with respect to the considered physical propertyhat
considered accuracy level. In the opposite casendtdium exhibitgsotropy,and is said to be
isotropicwith respect the considered physical propertyhatdonsidered accuracy level. In the
special case of acoustics the physical propertelastic wave velocity, density and/or
impedance.

As for heterogeneity, if the accuracy level of phgs measurements were infinite, any real
material would be virtually anisotropic with respéa any physical property due to possible
infinitesimal directional variation of the physicgbroperties resulting from possible

infinitesimal directional variation of the physicadnditions (e.g., stress ...). Correlatively, for
instance, because the directional dependence oéldstic wave velocities hardly exceed
roughly 50% in the major mineral constituents afk®(e.g., Babuska and Cara [1991)), if the
accuracy level of velocity measurement were naebéban roughly 50%, any rock formation

would virtually be isotropic with respect to elastvave propagation. Here again we
emphasize the necessity of specifying the accuea®} of the physical measurement.

Some authors used the terrasolotropy and aeolotropic (e.g., Love [1944]; Stoneley
[1949]), instead ofnisotropyandanisotropicrespectively, but both of these terms are now
guite uncommon.

Because heterogeneity and anisotropy are somegmeseously mixed up, Figure 1.2.3-1
illustrates the difference between heterogeneity amisotropy with respect to elastic wave
propagation [Gassmann, 1972]. Four elastic medelled from (a) to (d) are considered,
namely (a) an isotropic and homogeneous medium,a(b)isotropic but heterogeneous
medium, (c) a homogeneous but anisotropic mediumgd #&d) an anisotropic and
heterogeneous medium. All exhibit an increase efwWave velocity with depth. On the right
part of each cartoon, a seismic source is locatedid&depth of each medium and different
snapshots of the seismic wavefronts at regular iimwrval are plotted, together with the
corresponding seismic rays. In homogeneous medragsponding to cases a and c, all the
seismic rays, that is to say the lines normal towavefronts, are straight lines and are all the
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wavefronts corresponding to a given case are hagtiotfrom each other, the homothety
centre being the source point. Note that the ampat wavefronts are practically elliptical in

the special case c, with horizontal velocity snmraflean the vertical velocity. This is

uncommon in sedimentary rocks in which seismic pgappe generally faster in the horizontal
direction than in the vertical direction, as desed in Chapter 4. Elliptical anisotropy is a
special class of seismic anisotropy (e.g. Helb&8H]).

Isotropic and homogeneous Isotropic and heterogeneous

~” ~ - "=

A

@

depth

RE EERd ES

anisotropic and homogeneous anisotropic and heterogeneous

Figure 1.2.3-1 lllustration of the difference between hetenmogjey and anisotropy in elastic
media with the special cases of (a) an isotropit lammogeneous medium, (b) an isotropic
but heterogeneous medium, (c) a homogeneous bwotespic medium, and (d) an
anisotropic and heterogeneous medium (modified &tssmann [1972]).

In heterogeneous media, corresponding to cased d,ahe seismic rays are curved lines due
to the refraction of the waves. Due to the velodaityrease with depth, the curvature of the
seismic rays is oriented upward. In the directiclose to the vertical direction the parts of the
wavefronts shallower than the source are closérdsource than the corresponding parts the
wavefronts roughly symmetrical with respect to sloeirce and deeper than the source. This is
also due to the velocity increase with depth. Nibt@t at depths close to the source the
wavefronts are not substantially different in ispic media (cases a and b). The same can be
noted in anisotropic media (cases ¢ and d). Thauesto the fact that depth variation is not
sufficient to allow velocity heterogeneity to exiita notable signature in the elastic
wavefronts.
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The heterogeneous, anisotropic, dispersive or @dtere characters of a medium are not
absolute characters of the medium but are relatviéhe considered physical phenomenon,
and to the scale of observation, namely to thetielavavelength A for elastic wave
propagation.

Regarding anisotropy, for instance cubic crystaks igotropic with respect to optical or
electromagnetic waves but anisotropic with resgecelastic waves (e.g., Voigt [1910];
Sirotine and Chaskolskaya [1975]; Nye [1985]). Rdgay anisotropic rocks, Rasolofosaon
and Zinszner [2002] observed that the elaatisotropy and the hydraulic anisotropy are
closely correlated in some rocks, especially wheesé physical properties shdne same
cause (e.g., layering, fractures). In contrastsame other rocks, hydraulic properties and
elastic propertiesare clearly uncorrelated, which highlights the idiffties for estimating
permeability anisotropy from elastic anisotropyacks.

Regarding the characteristic scale of the phenomenamely the wavelength for wave
propagation, for instance a crystal does not belratiee same manner with Electromagnetic
X-ray commonly used for crystallography, of wavegts around 0.1nm, and with
Electromagnetic visible light waves of wavelengtsighly from 0.44m to 0.&m. X-ray
diffractometers can detail the arrangement of atdofstypical dimension ~0.1nm) in
crystals, allowing to identify the crystal symmete/g., Hammond [1997]; Rhodes [2000]).
In contrast, crystals behave as homogeneous ampsotmedia with optical waves (e.g., Born
and Wolf [1986]; Nye [1985]).

With respect to elastic waves, a 1D stratified medwith isotropic constituents behaves as
an anisotropic medium if the elastic wavelengtis much larger than the thicknesses of the
constituent layers (e.g., Bruggeman [1937]; Rizerdto [1948]; Riznichenko [1949]; Postma
[1955]; Helbig [1958]; Backus [1962]). If the elastvavelength/A is much smaller than the
thicknesses of the constituent layers the mediumave as a vertically heterogeneous
medium composed of isotropic layers. This modehigssen by Helbig [2009] to illustrate the
close link between anisotropy and dispersion asiléetin section 1.2.3.3.

1.2.3.3 Dispersion

The noun "@persion”comes from the Latin nourdispersid, meaning a scattering. Note
that, in contrast with the nourariisotropy’, the noun "@persion"is not defined as the
negation of another noun.

A medium exhibits dispersion with respect to a physical property involving wav
propagation (i.e., elastic or electromagnetic wavepagation), and to the corresponding
measurement accuracy, if the physical property ni@gpeon the wavelengtih\ at the
considered accuracy level, the other parameteraingémg fixed. In such case the medium is
said to bealispersivewith respect to the physical property at the comr®d accuracy level. In
the opposite case the medium does not exhibit eapedsion and is said to beon-dispersive
with respect the considered physical property atdbnsidered accuracy level. In the special
case of acoustics the physical properties congidare elastic wave velocity, density or
impedance (see Boxes 1.2.3-1 and 1.2.3-2)
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The inducedlispersionis extrinsic (or of geometric type) if the velgcdependence on the

wavelengthA is due to geometrical effects (for instance lengtithe sample, radius of a

borehole, thickness of a plate..Such type of dispersion is exhibited by waves pgapag

in waveguides, for instance the guided elastic waweboreholes encountered in acoustic
logging (e.g., Paillet and White [1982]; White [ or the guided electromagnetic or

optical waves in the different waveguides composi@itcommunication and radar antenna
systems (e.g., Mahmoud [1991]; Okamoto [2000]).eNihiat such kind of dispersion is not
necessarily associated with attenuation.
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BOX 1.2.3-1
Group velocity, phase velocity and dispersion: €isa description andg
[llustration

Let us consider the behaviour of a wave paekeq t) during its propagation illustrated by the figu

below in a dispersive medium (figure on the lefithaside) and in a non-dispersive medium (figure
the right-hand side). The figure displays the wealdfamplitudeu(x, t) for

‘ DISPERSIVE MEDIUM ‘ ‘ NON-DISPERSIVE MEDIUM ‘
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Variation in time of a wave packet, group velogityd phase velocity in a dispersive medium (on
left hand side) and in a non-dispersive mediumtf@nright hand side) for five time values td t).
Note the change of shape of the waveform duringiiygagation in the dispersive medium.

any distance from the source but for fixed tinte heret; to ts. For instance, the functioo( x, t) for

fixed timet, often called a snapshot in seismics [Sheriff,2200ould correspond for fixed tinteto the
shape of a vibrating string in one dimension ahwshape of the surface of a pond in two dimenisio|
which a pebble has been thrown. In a dispersiveimedhe maximum of the envelope of the wa

packet (materialized by the red dots and referefgethe position?f to £5), travels at the grouy

h
velocity Vgr, different from the phase velocit\//IO of an individual peak within the wave packi

(referenced by the position@ to % and materialized by the green dots). In the cameimil case]

h
VP <Vgr(the red dots travel faster than the green dotkijctwis not a rule. Because the velocity
each individual peak, or each phase, or more gxat#ach frequency component is different from
velocity of the other frequency components, thepshaf the wave packet changes during

re
on

the

of
he
the

propagation in a dispersive medium. In contrasthon-dispersive media (figure on the right-hgnd

h _ r
side) all the frequency components travel at theesapeedvp =V9 (the red dots and the gree
dots travel at the same speed). As a consequeach#pe of the wave packet is unchanged during
propagation. A more detailed mathematical desompit proposed in Box 1.2.3-2.

N
the
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BOX 1.2.3-2
Group velocity, phase velocity and dispersion: jmeal description

Let us consider the wave pack€tx, t) as a superposition of waves of different amplitadd frequency,
according to the following equation:

u(x t) :j_*°°u<k) exp{ ifwk)t- k{} dk
whereU (k) is the Fourier transform (FT) of the functiarfx, t) for fixed timet (see Box 1.2.2-4 ; notg

that in that box the conjugate variables for thewére the timd and the frequencfy In contrast, here

Note that in general, that is to say in dispersnedia, the angular frequeney= 2nf is a function of
1.2.2.1).

narrow band centered &. This is the case for the signals of Box 1.2.3dl & most of the cases i

practice where the central frequendy of the carrier signal, that is to say the higtgtrency signal

modulated in amplitude, is much larger than thgudemncy of the envelope of the wave packet or
amplitude-modulation signal. As a consequence Rbarier spectrum amplitud® (k) only takes

notable values over a narrow band centeredyat ooO/Vph(ooo) , Where &y, = 21 is the angular
frequency of the carrier signal arwph(wo) the phase velocity at this frequency. Thus theetson

relation can be developed in the vicinity kf

dw

at0=ati)| ] (k)

which inserted in the integral definition af x, t) leads to [Dieulesaint and Royer, 1974]:

u(x )= % | x V" ( ) 10)
dw

where V' (kj) :[E} and Qg = w(kg) - koV9'(ky) . The previous equation shows that t
k=k,

wave packet travelled the distan€" (k) t during the timet with the velocityV 9" (k,) , called the

near a stationary point, such as the so-calletstaly phase method, steepest descent method dles
point method can be found in classical textbookpbysical mathematics (e.g., Morse and Feshh
[1953)).

In non-dispersive media the angular frequenrys independent of the wave numbey or equivalently
the phase velocity/ PN does not depend on the frequency. As a consequbacghase lag due to
travel distancex is equal to ~wx/VP" and is proportional to the frequency. Lastly thspdrsion
relation simply write{:oo(k) —(u(ko)]/( k- Ig)) =wy/ Kk or equivalently
w(K) =(1)(|<0)+Vph( k- I@) (note that it is an exact equality “=" and not @pproximate equality

“="). As a consequence the group velodi'hgr is equal to the phase velocft)glph and is independen
of the frequency.

the conjugate variables atee space variabbeand the wave numbér, but the formulation is identical).

the wavenumberk:oo/Vph, where VP is the frequency-dependent phase velocity (se&osef

Let us assume that the Fourier spectrum amplitug@k) slowly varies withk and is non-zero over a

=)

U

the

group velocity. More detailed considerations on itrethematical methods used here for the integration

ad
ach

—
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In contrast, the induceatispersionis intrinsic if the velocity dependence on the elangth/A

is due to the medium of propagation itself exclgdany of the aforementioned geometrical
effects. Such type of dispersion is always assediatith attenuation (see next sub-section)
and is exhibited by viscoelastic models (see Chapten Frequency dependence) or Biot
poroelastic model (see Chapter 6 on Poroelastifotyinstance.

Here again we insist on the fact that the intrirmicextrinsic character of dispersion is not
absolute but relative to the considered physicalhpmenon, and to the scale of observation,
namely to the elastic wavelengthfor elastic wave propagation.

The dispersion is said to be normal if shorter ewgths travel slower than longer
wavelengths. In other words normal dispersion accduthe group velocity decreases with the
frequency, or equivalently increases with the weargth [Bourbié et al., 1987]. Conversely, if
high frequency components travel faster than theetoones, the medium is anomalously
dispersive. The dispersion is said to be inversenomalous, and the group velocity increases
with the frequency. This is the case for any visgstic medium [Bourbié et al., 1987], as
detailed in Chapter 5 on Frequency dependence.

Lastly, as pointed out by Helbig [2009], dispersiamd anisotropy which may appear as
disjoint phenomena are closely linked. More prdgiday considering a common independent
variable, namely the wave vectét , the vector normal to the wavefront with length
proportional to the wave number, linked to the wavelength, to the frequencyf and to

the wave velocityy by the relations k= 2nf/V =2n/A (see also sub-section

1.2.2.2.B.b.1). Anisotropy and dispersion are sinthé dependences of the velocityn the
direction and on the length, respectively, of trevevvectoK.

1.2.3.4 Attenuation

According to Etimonline, the nourattenuation”is derived from the verb'attenuate” itself
coming from the Latin worddttenuatus"(meaning "enfeebled, weak"), preterit of the Latin
verb"attenuare" (neaning'to make thin, lessen, diminish").

A medium exhibits attenuation with respect to wave propagation (i.e., elastic o
electromagnetic wave) at a given measurement acguifahe amount of energy transported
per unit time by the wave, or the energy flux of thave field, crossing a fixed unit surface
parallel to the wave front, that is to say the nafithe Umov-Poynting-Heaviside vectbr

(see 81.2.2.2 and box 1.2.2-2) decreases durmgpgation at the considered accuracy level,
the other parameters remaining fixed. In such tasenedium is said to kegttenuativewith
respect to wave propagation at the considered acgulevel. In the opposite case the medium
does not exhibit any attenuatioand is said to b@&on-attenuativewith respect to wave
propagation at the considered accuracy level. B gpecial case of acoustics the wave
considered are elastic waves.
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The inducedattenuationis extrinsic (or of geometric type) if the enemgcrease is due to is
due to geometrical effects. This is caused by th@rdhation of the wavefront induced by
local heterogeneities (defocusing of the wave rayghese scales. Note that the energy flux
of the wave field can also increase locally duelacal focusing of the seismic rays. In
contrast, the inducedttenuationis intrinsic if the energy decrease is due tortredium of
propagation itself excluding any geometrical effect

As for dispersion we insist on the fact that theeimsic or extrinsic character of attenuation is
not absolute but relative to the considered physpteenomenon, and to the scale of
observation, namely to the elastic wavelenfytior elastic wave propagation.

Intrinsic dispersion and intrinsic attenuation ag independent in causal systems, such as
physical media. A system is causal if it is unaoleespond to a solicitation force before this
latter is applied. The frequency dependences oflitgersion function and of the attenuation
function are necessarily linked by the Kramers-Kgorelations (e.g., Aki and Richards,
[1980]) through a Hilbert transform as detaileddhapter 5 on Frequency dependence. This
has been checked experimentally in various masebg Pouet and Rasolofosaon [1993]
using wide bandwidth experimental system such s laltrasonics, as illustrated in 82.3.3.3.

1.2.3.5 Elasticity (linear, nonlinear possibly with hysteresis) and Anelasticity

According to Etimonline, the adjectiveelastic' is coined in French since 1650s as the
adjective €lastiqué as a scientific term to describe gases, fromnttoelern Latin adjective
"elasticu$ and from the Greek adjectivelasto$, meaning "ductile, flexible". The adjective
"linear" comes from the Latin wordlihearis’, meaning "belonging to a line", the latter
coming from the Latin nounlihea' meaning "string, line". Lastly the noumysteresi$ is
derived the ancient Greek wordorépnoic (hysteresis)variously meaning "deficiency,
shortcoming, or lagging behind".

The medium exhibitselasticity, or an elastic behaviour, if it instantaneously deforms
reversibly under stress at the accuracy level ef measurement, the other parameters
remaining fixed. In such case the medium is saithéelastic at the considered accuracy
level

In other words, in such media the stress is anyandunction of the strain at the considered
accuracy level. If this functional dependence medir the medium exhibilhear elasticity
and the medium is said to beearly elasticat the considered accuracy level. Otherwise one
deal withnonlinear elasticityand the medium considered is said tabalinear elastiat the
considered accuracy level. Furthermore if thesstistrain curve between an initial state A
and a final state B depends not only on the statasd B but also on the stress history at the
considered accuracy level, the stress-strain @ tgaexhibit stress-history dependence, path-
dependence drysteresisat the considered accuracy level. The medium @ teelbehysteretic
(see Chapter 7 on nonlinear elasticity) at the icemed accuracy level. Hysteresis
phenomenon is encountered in various fields, inodmechanics, physics (friction,
ferromagnetic and ferroelectric hysteresis, supstaotivity, supercooling), hydrology (soil-
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moisture hysteresis), economics, chemistry, biology name a few (e.g., O'Donnagain
[2004]; Bertotti and Mayergoyz [2006]).

The noun anelasticity"is defined as the negative of the nowtasticity’, with the Greek
privative prefix an-, meaning not or without. A medium exhibi@nelasticity if the
deformation reversibly depends on the time rateh@inge of stress as well as on the stress
itself (e.g., James [1989]) at the considered amulevel. In such case the medium is said to
be anelasticat the considered accuracy lewiscoelastic media (see Chapter 5 on Frequency
dependence) are examples of such media. Due tasieNiéy, the medium recovers its
original shape if the stress is removed. Time ddpeoe means that the strain response to an
applied stress is not instantaneous. It takesefitithe for the strain to reach its equilibrium
value for a given stress.

According to Etimonline, the adjectivelastic' comes from the Latinplasticus and from

the Greek. plastiko” meanirg "able to be molded, pertaining to molding", itsaiming from
“plasto$ meaning "molded," and fronpfasseifi meaning “to mold". A medium iplastic, or
exhibits ‘plastiaty” if its strain response to an applied stresdbath time dependent and
irreversible at the considered accuracy level (elgmes [1989]). Time dependence means
that the strain continuously changes with time wauthreaching an equilibrium level for a
given stress. Due to irreversibility, the mediursocatlo not recover its original shape if the
stress is removed, even after long times. Note déhalve a certain level of applied stress
virtually any real material more or less exhibigels type of behaviour. Such stress levels are
seldom reached in mechanical wave phenomena buidlear explosions or big earthquakes
not too far from the sources.

Lastly, regarding all these deviations from theaideomogeneous isotropic linearly elastic
behaviour, all the mixed behaviours are possibla. iRstance Carcione [2007] describes
media exhibiting attenuation/dispersion and anggntr Attenuation/dispersion, heterogeneity
and anisotropy are dealt with by Cerveny et alOBJ0There even seems to be no limit in the
sophistication of the models with media exhibitisgnultaneously dispersion/attenuation,
anisotropy, and nonlinearity possibly with the rese of hysteresi®asolofosaon, 2009].

1.3 Physics in real media — Hierarchical structure @eological media and
continuum mechanics in such media

In the previous section all the fields (displacemeatrain, stress ...) and physical properties
(density, elastic moduli, velocities...) were assdnto be continuous and even analytic
functions of both time and space variables (excdpt limited number of surfaces of
discontinuities, see for instance 81.2.2.2 on entibn/transmission at interfaces). However
real media, which are composed of atoms and maecale all but continuous media. In this
section we first describe how to make the link leswthis ideal mathematical view point and
the physical view point. Then we show how to addg@ ideal mathematical tool to the
description of mechanics, first in simple real needhen in more complicate media such as
geological media.
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The section is organized in the following way. Fire introduce the specificity of physics in

real media and the continuum representation of snetia. Then we introduce a particular
class of complicate real media, namely geologicatlimm We show the specific hierarchical
structure (multi-scale heterogeneity) of geologiceddia and their continuum representation
for mechanics.

1.3.1 Physics in simple real media and continuum reptasen

This sub-section is inspired by Challande [2004¢réHwe shall consider only simple real
media, such homogeneous fluid (liquid or gas), hgemeous amorphous solids or
monocrystals.

In mathematics a point, although not given a pedefinition as any primitive notion, is a
geometrical element of vanishing dimension, i.e.has no length, area or volume (e.g.,
Hartshorne [2000]). In physics, material points énavfinite dimension. A physical material
point is a sphere of diameter mudarger than the nanoscopic scabeof the interatomic
distances in solids or of the mean free path iregas order to ensure the stability of the
averages of all the considered quantities (strstiress, elastic constant and density) of the
mechanics of continuous media. In other wordssthbility of theses averages means that the
spatial evolution of these quantities is "slowet'tree scale of the material point than at the
nanoscopic scale.

A quick estimation of the nanoscopic scalean be made. In solids is the size of inter-
atomic distances, that is to say of the order Bt,,,. ~ 0.1nm (e.qg., Kittel [1967]). In gases
the molecular volume at normal conditions of pressand temperature is 22.4 drand
roughly contains’=6.022x16° atoms,s being Avogadro number [after the Italian chemist
LorenzoRomano Amedeo Carlo Avogadro (1776-1856)]. Herevtbed "atom" is taken in a
generic sense to designate the smallest unit irgése which may in fact be two atoms in
diatomic gas (such as nitrogen, oxygen or hydrofjgnang, 2001]. As a consequence each
atom of gas occupies an average volume of 37.2%d6r which corresponds to an average
distance between each atom of gas @~3.3nm. In liquids, which exhibit an intermediate
state between the gas and the solids, the interatdmtancew is of the order of the
interatomic distance in solids. For instance, wa cansider liquid water of densitd,
~10°kg/m® at normal condition of pressure and temperatuhe. Tnolecular weight of water
being M,~18g/mole, the average volume occupied by a molecofe water is

M,

~ 29.9x10° m® (w being Avogadro number) which corresponds to an ameer
interatomic distance ab~3.1nm, which is quite comparable to the averagauddce between
atoms in gases.

The same reasoning has to be applied to the timable. More precisely, we previously
emphasized the non-vanishing size of the physicateral point. Similarly the physical
instant of timet must have a non-vanishing "duration", typically ahularger than
characteristic time of molecular phenomena, fotanse the average duration between two
successive collisions of gas molecules in Browmantion (after the Scottish botanist Robert
Brown (1773-1858)) (e.g., Rosser [1982]; Huang [4N0classically denoted collision time
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in statistical mechanics, is of the order of ~ 0.1ns (e.g., Huang [1987]; Bloch [2000]) in
gases (such as nitrogen, oxygen or hydrogen) atadaronditions, but is function of pressure
and temperature.

The "duration" of the physical instant of continuumechanics is mucharger than the
molecular time scale;, in order to ensure the stability of the averagealbthe considered
guantities (strain, stress, elastic constant amsitlg of the mechanics of continuous media
over the time "duration” of the physical instamt.otther words, the stability of theses averages
means that the temporal evolution of these quanstdre "slower" at the scale of the physical
instant than at the molecular time scatg The frequencies involved in conventional
continuum mechanics and acoustics hardly exceelld1zQin ultrasonic experiments, which
corresponds to a period of 100ns, a time scale rarger than the molecular time scale

Im~ 0.1ns
This last value can roughly be obtained by dividimg mean free path,, ..., of a molecule,

that is to say the average distance covered by lacome between the successive collisions
with other moving molecules in Brownian motion, e root mean square veloci¥g,,s of

a molecule. The mean free path,. ..., corresponds to the numbeiof cells of dimension

equal to the average interatomic distaws&.1nm crossed between two collisions:

wZ

(1.3.1-1) Lyeepan =n@m= 5

atomic

. . w .
the number of cellsn being approximated bB— the ratio between the average

atomic

interatomic distances and the characteristic dimension of a molecul®

atomic*

This roughly
gives(L)=0.1nm.

Theroot mean square velocityg,s of a molecule can be obtained from classical kinet

theory of gases (e.g., Jeans [1960]; Huang, 1987inking the absolute temperatufe, a
property at the bulk level, to the average (trarmhal) kinetic energy per molecule

%mmolecu,e(vRMs)z, which is a property at the individual moleculede (M, ... P€INg the

mass of an individual molecule):

1 3 _ 3k T, _ 3|%deal asTK
(131_3 E Miolecule (VRMS )2 = E kB TK or VRMS B m ) M r:ole

ks =1380x10°JK™  and Ryeuqgs =8314Imole’ K™ being respectively Boltzmann

constant (after the Austrian physicist Ludwig EdlBoltzmmann (1844-1906)) and the molar
universal or ideal gas constant, these two quastitbeing linked by the relation

Kg = Ryeaigas/ v ( 'is Avogadro number). This leads ¥g,,s =480m/s for oxygen gas at

standard condition of temperature, that is to $ay 293.15 K (corresponding to 20 °C). As
a consequence the molecular time scale is given by L IVrus =0.1ns as previously
mentioned.

free path

SOME MORE OR LESS BASIC NOTIONS 1.3-67




PETROACOUSTICS - CHAPTER 1

As pointed out by Challande [2004], both of the \abthreshold conditions in time and in
space have to be fulfiled in order to make thedmtoons of continuum mechanics
representative of the experimental reality. Fottanese, applying continuum mechanics to
study the interaction between the upper most lagethe earth atmosphere on satellites can
lead to erroneous results because the mean freeptite molecules (.. .., becomes of the

order of the macroscopic dimensions. The samet&tuaccurs at the nanometer-scale for
the problem of fluid flow in nanotubes. Here agtia mean free path of the fluid molecules
are comparable to the diameter of the nanotubeshwimplies that continuum mechanics is
not applicable.

In contrast with the scale of description of coatim mechanics in simple media, for
continuum mechanics in rocks the scale of desorips considerably larger and does not
consist in a single scale but a hierarchical stinecof multiple scales as detailed in the next
sections.

1.3.2 Specificity of the geological media: the hieraretistructure

Figure 1.3.2-1 illustrates the wide range of scafegeological media characterized by a
hierarchical structure. In contrast to biologicaédia, such as wood (e.g., Bucur [1995],
Bucur and Rasolofosaon [1998]) exhibiting "introisiscales of heterogeneity with the
cellobiose molecules, the fibrils, the cell wadisd the annual rings, the description of the
heterogeneity scales of geological media is offesely linked to the field of investigation,
for instance reservoir engineering (e.g., Krausaletf1987]), sedimentary geology (e.g.,
Miall [1991]), geomorphology (e.g., Griffiths an8toke [2008]) or hydrology (e.g.,
Huggenberger and Aigner [1999]).

In a classification clearly oriented toward the aggion of reservoir rocks Krause et al.
(1987) suggest the following hierarchical structaf¢he heterogeneity scales:

= Microscopic scale: it is the smallest scale, thalescof the microscopic
observations in petrography on thin sections oepmsts (e.g., Williams et al.
[1954]; Zinszner and Pellerin [2007]), namely thmle of the grains and the
pores. The typical size is smaller than 1 mm.

= Mesoscopic scale: it is the scale of petrophysiceasurements (porosity,
permeability, capillary pressure curves, ultrasoue&ocities,) and lithofacies
studies on samples in the laboratory (e.g., Bousti@l. [1987]; Gluyas and
Swarbrick [2004]; Zinszner and Pellerin [2007]% typical dimensions are larger
than 1 cm, but substantially smaller than 1 m.
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Figure 1.3.2-1: The hierarchical structure of geological media ib&img multi-scale
heterogeneity (modified after Krause et al. [1987])

= Macroscopic scale: it is the scale of the ‘eleraetypical of interwell distances
which determine how a reservoir drains and wheranstance hydrocarbons are
not recovered. It is basically the scale of thiocks’' used in the numerical
simulations of oil reservoir performance (e.g., Bgw{1983]; Chavent and Jaffre
[1986]; Watts [1997]; Fanchi [2006]), for instan@nd is typically larger than 1
m, but smaller than a few 100m.

= Megascopic scale: it considers elements of fieldewicharacter, such as
compartments or hydrocarbon traps (e.g., Selle@§l.9Gluyas and Swarbrick
[2004]) which are typically larger than 1 km butesf smaller than a few 10 km.

= (Gigascopic scale: it is a scale added in this witris the regional scale and also
the scale of basin modelling (e.g., Doligez e{H86]; Schneider et al. [2000]).
It is typically larger than 10 km

As pointed out by Bucur and Rasolofosaon [1998}, dbove classification is not standard.
For instance, some authors use gigascopic for megas and megascopic for macroscopic
(e.g., Haldorsen and Damsleth [1993]). Note thatalker than the microscopic scale, the
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nanoscopic and sub nanoscopic scales are chastictest the molecular scale (typical
smaller than the nanometre i.e. 210) and have been omitted for brevity.

Lastly, various references discuss the dynamicdhef genetic processes that form the
sedimentary stratigraphic units in a hierarchy aftthb spatial and temporal scales by
combining and integrating different methods (esgpdimentological, geophysical,
geochemical, morphostratigraphical) . (e.g., Aigeteal. [1999]; Heinz and Aigner [2003]).

1.3.3 Representative Elementary volume, Continuum reptaten of
geological media and Mechanics in such media

1.3.3.1 Local Representative Elementary Volume (REV)

This sub-section is largely inspired by Bourbi@le{1987] and Zinszner and Pellerin [2007].

Application of the macroscopic laws of physics twqus media assumes that these media are
continuous, in other words that physical valuesrgpity, permeability, saturation) can be
defined at each point as a differentiable functainthe point considered. Discontinuity
however is the fundamental characteristic of a re@slken when idealized as a simple porous
medium saturated by a single fluid, since at aessalaller than the pores a point is either in
the solid constituent or in the porous space. Tihwge take the variable “density” as an
example, the density can be equal to the solidijeosto the fluid density, depending if the
considered point is in the solid constituent or the porous space. The problem of
discontinuities is quite common in physics, but wirakes the rocks so special is that the
dimensions of the minimum volumes to be taken adoount in order to include the effect of
these discontinuities may vary considerably in ghme medium, depending on the property
considered.

Two different approaches are used to define looagberties: firstly, the notion of
Representative Elementary Volume (REV) which cdesisassigning to a point in space the
value of the petrophysical property measured ow&rtain volume surrounding this point.
Secondly, the notion of Random Functions, whichstgis in considering the porous medium
as the result of a random phenomenon charactdmssthtistical methods. The REV
approach has a number of drawbacks, one of the ohogius being that it is poorly suited to
coping with macroscopic discontinuities (e.g. lalyeits) since the REV method converts
these discontinuities into continuous variationsisTis the more intuitive approach, however
and will therefore be the only one described, wlahaphasising the fact that the Random
Functions approach leads to much more productiveldpments, in geostatistics for example
(e.g., Matheron [1971]; Journel and Huijbregts @@ Dubrule [2003]). Note that
guantitative definition of the size of the REV haeen proposed in mechanical engineering
using numerical and statistical approacteag., Kanit [2003], Kaniet al.[2003]).
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To define this Representative Elementary Volumeng@ames also called the Minimum
Homogenisation Volume, although this term seenfsetbecoming obsolete), we can take for
example the case of density in a rock sample, tatesd by an alternating sub-centimetric
laminations of clay and sand particles, as illusttdoy Fig. 1.3.3-1.

grains & pores laminations
3
‘E‘ average density
o (mm scale) :
> 2 N D000
2 2 : average
E density
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Z 1
&
REV,
0 ;
-5 -4 -3 2 -1
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Figure 1.3.3-1 Plot of the density of a rock as a function o tiheasurement scale (in log
scale) showing the sizes of the Representative &iésmy Volumes (REV) at the millimetre
scale (REY) and at the pluri-centimetre scale (RfVand the corresponding average
densities. Measurement points are diamonds. Etvars correspond to the height of the
diamonds, thus quantifying measurement accuracyaseCof alternating sub-centimetric
laminations of clay and sand particles.

Starting from a point chosen at random, for insgam the sandstone part, if we draw a
number of concentric spheres of increasing diameter can measure the change in the
average density according to the sphere diameigrlB.3-1 shows a plot of the average
density of the sphere, that is to say the totalshzdsnaterial contained in the sphere divided
by the volume of the sphere, as function of theespldiameter, simply called the scale of
observation, in logarithmic scale. On the examplens on Fig. 1.3.3-1, the starting point is
located in a pore; as a consequence the initiasilemalue is the density of the saturating
fluid, water in this case. As the sphere diameaterdases the investigated volume integrate
more and more solid grains, which explain the peegive increase of the average density
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with the scale of observation. At the accuracy lefethe measurement, quantified by the
height of the diamonds materializing the measurérpemts, we reach a mean density value
of the rock for spheres of diameter slightly smraltean 1 millimetre. Using this method, we
can calculate the volume required to obtain a stablue of the variable at the considered
accuracy leveland thereby define a first local Representativeri€letary Volume REY. For

the density variable, the order of magnitude of themeter is 1 to 3 grain diameters in the
well-sorted intergranular spaces. As soon as theusostructure becomes more complex (as
in some limestone rocks, for example), the dimensibthe local REV may be very large
compared with that of the petrological grain

If we go on the process of increasing the diamefethe concentric spheres the average
density is no longer constant but varies again dphere diameters larger than a few
millimetres, in the case considered. In fact, asgphere diameter increases the investigated
volume integrates heterogeneities at a larger scaieh as the alternating sub-centimetric
laminations of clay and sand particles in the casesidered. At the considered accuracy
level, we reach a second stable value of the densityploeres of diameter slightly larger than
a few centimetres and thereby define a second IBeglresentative Elementary Volume
REV,.

The common centre of all the spheres on which thsipal property is averaged and on
which the size of the local REV is deduced is fixedhe medium. That is why we talk of a
"local" REV, in contrast with an "overall" REV thaill be introduced in sub-section 1.3.3.3.
In this last case the centre of the concentric gghean have any position in a volunge of
the geological medium.

Note that at for the definitions of heterogenedwpjsotropy, dispersion and attenuation (see
81.2.3) the notion of Representative Elementaryud@ (REV) is relative both to a given
physical property and to the corresponding measemn¢m@ccuracy.

Obviously, if the accuracy level of physical me&snent were infinite, no stable value of the
corresponding physical property would be reachesdlas&onsequence no REV could virtually
be found for any real material. CorrelativelythE measurements are not accurate enough to
be sensitive to the measurement scale, any volumendion would be apparently
representative of the physical property at the iclmmed accuracy level. That is why, here
again, the specification of the accuracy levelhaf physical measurement to be considered is
important.

The above simple example illustrates the hieraatistructure of the different REV for the
considered parameter "density".

Furthermore, as pointed out by Bourlg€al [1987], for the same very simple medium, a
clear variation in REV dimension for the “densifydrameter and for another parameter such
as “the fluid saturation”, in the case of the medliis saturated by several fluids. Thus when a
physical phenomenon, for instance elastic wave ggapon, involves not a single physical
property of the medium but several, such as deraity elastic moduli for elastic wave
propagation (EWP), the Representative Elementaiyie REVEwp to be chosen at a given
scale is the largest of the REV associated to phghical property.
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Lastly, in the empirical definition of the REV, wmplicitly accepted that above a certain
investigation radius, the value of the studied afale stabilises at the considered accuracy
level (at least over a dimensional interval) anat tin REV can therefore be determined for
the property concerned. Frequently, however, tHeegaof some properties of natural media
do not exhibit this stabilisation. When the invgation volume increases, the value of the
characteristic varies continuously. It is no longessible to define a REV, with the previous
common meaning. This is the case for self-similadia, exemplified by some fractured
formations, of which the structure reproduces ftdating the scale change (see examples and
link with REV in Zinszner and Pellerin [2007]), axonsequence no REV can be found.

1.3.3.2 The hierarchical structure of geological media andeismic resolution

The procedure described in the previous sub-sect@onbe applied at much smaller
and much larger scales and is illustrated by Fi§.312.
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Figurel.3.3-2: The evolution of the average density as a fonctif the measurement scale
and of the heterogeneity scale of geological mddmasurement points are diamonds. Errors
bars correspond to the height of the diamonds, guasitifying measurement accuradior
convenience the wavelength bands of the compldt®fsgeoacoustical measurements and
ultra-high frequency acoustic measurements (orofdpe figure) can be compared with the
measurement scale (on the bottom of the figured(fieal after Krause et al. [1987]; Bourbié
et al. [1987]; Zinszner and Pellerin [2007]).
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As previously, we still focus on the density of tinedium. Note that the whole experimental
spectrum has considerably increased and now cawarsy orders of magnitude, roughly
seventeen orders of magnitude (from the molecutates10m to the global earth scale
slightly smaller than 10n).

As in the previous sub-section we plot the averdgasity of the medium over a sphere of
increasing diameter (the centre of the concenfpiteses of investigation being randomly
chosen in the saturating fluid) as a function ¢f Htale of investigation (that is to say the
diameter of the investigation sphere) in log scalae measurement points are diamonds, and
measurement accuracy is quantified by the heighih@fdiamonds. Note that when the scale
is larger than say hm/km the sphere of investigateaches the surface of the earth. In these
cases we compute the average density only ovgratieof the investigation sphere contained
in the earth. Note that, in contrast with Fig..2:3, the nanoscopic and sub nanoscopic
scales, which are characteristic of the molecuates(typical smaller than the nanometre i.e.
<10°m), are represented.

If we start from the latter scale the fluctuatiaighe average density are very large when the
size of the investigation sphere is smaller tharttolecular scale. If a very large number of
molecules are included in the investigation sphtieeevolume required to obtain a stable value
of the density variable is reached. We have reathedepresentative Elementary Volume
(REV) at a scale much above the molecular scaighly around 18m. The average density
is simply the density of the single saturatingdlufhs pointed out at the end of the previous
sub-section, if the rock is saturated by severatlfl other fluctuations of the average density
are observed at a larger scale with possibly a stawilization of the average density when
reaching a new larger REV (not considered in tlyziig).

The variations of the average density at the goanm® scale and at the scale of the laminations
(typically from 10°m to 10'm) with two REVs have been already detailed in phevious
sub-section.
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BOX 1.3.3-1

Structure of the Earth's interior and Preliminarneference Earth Mods
(PREM)

The structure of the Earth's interior is known lsynoainly by seismology, in particular
its spherically symmetric structure with 3D smarjorbations (e.g., Musset and Khan
[2000]). Apart from the small 3D perturbations tfaglial structure of the earth was
known by the 1930s from famous seismologists sichaold Jeffreys (1891-1989),
Beno Gutenberg (1889-1960), Inge Lehmann (1888-19@3d Keith Bullen (1906
1976). The nomenclature of the subdivisions of EHagth's interior is due to the lattgr
geoscientist.
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(Right) The spherically symmetric structure of tBarth's interior, (Middle) The majol
discontinuities exhibited by the Earth's interi@nd (Left) Depth dependence Bfwave
velocity and S-wave velocity, density after the FRE

From the surface to the centre of the Earth tHerént layers are the crust (~10-~70Km

thick), the mantle (~2800km thick), the outer c¢r8200km thick), and the inner core
(~1500km thick). The major discontinuities have rbeédiscovered by majof
geophysicists, such Andrija Mohorovicic (1857-1936) the crust/mantle boundary
Beno Gutenberg for the mantle/outer core boundand Inge Lehmann for th
boundary between the outer core and the inner &aeh of these major discontinuitig¢s
bears the name of its discoverer. The inversioa lofige set of seismological data led|to
the Preliminary Reference Earth Model (PREM), whishthe first complete ang
consistent model of a radial earth for differenygbal parameters, such the P-wave and
S-wave velocities, the density and the attenuat[®zsewonski and Anderson, 1981].
This model exhibits a rough systematic increasehef density with the depth, wit
abrupt variations at the main inner boundarie®thiced previously.
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From pluri-decimetric scale to the hectometric scéypically the scale of the well logs)
fluctuations of the average density with increasstgle of observation can be due, for
instance to alternating succession of formatidndifterent types (e.g. sandstones and shale)
but following one another repetitively with moreless regularity. If the investigation sphere
include a sufficient number of constituent layamsew stable value of the average density is
reached for spheres of diameter typically largantimany layers and thereby define a new
REV at the macro scale, that is to say around a retres to a decametre in the case
considered. The average density is simply theamesrock density at the macro scale. The
example shown on the figure corresponds to anratiem of sandstone beds and shale beds
of centimetric to decimetric size. Because theedsahdstone sequence is followed by a more
compact carbonate sequence at larger depth thegevetensity tends to slightly increase
when the investigation sphere start to include nam@ more carbonate beyond the size of the
REV at the macroscale.

At the megascale, that is to say fronf i to a few 18m, the variation of the average
density of sedimentary formations with the scaleirofestigation can be computed from
typical depth dependence curves of the densigediments (e.g., Faust [1951]; Gardner et
al. [1974]). Note that at these scales the demdithhe sediments continuously increases with
depth. As a consequence the curve of the averaggtyl@ersus the scale of observation does
not exhibit any stabilization. In other words,gtrio longer possible to define a REV, with the
previous common meaning.

The same phenomenon is observed at the next lacgér or gigascopic scale. The variation
of the average density of the earth with the soélmvestigation can be computed from the
large-scale structure of the Earth's interior descr for instance by the so-called Preliminary
Reference Earth Model (PREM) of Dziewonski and Asda [1981], extensively used in
Global geophysics (see Box 1.3.3-1). The curvehaf $cale dependence of the average
density computed from this model monotonously iases and exhibits slope discontinuities
due to the presence of the major discontinuitieh@e Earth's interior. As a consequence the
curve of the average density versus the scale sfrohtion does not exhibit any stabilization.
In other words, here again it is not possible tingea REV, with the previous common
meaning. The last point of the plot correspondthelargest scale, that is to say the Earth's
radius, and to the average density of the Edfrtt,is roughly 5500 kg/fn
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Because the spatial resolution of acoustical methodyeneral is roughly equal to a fraction
of the dominant wavelength we have also plotted on the top of the previogsirgé the
wavelength bands of the complete set of geoac@lsteasurements and hypersounds and
ultra-high frequency acoustic measurements, fdamee in the domain of Scanning Acoustic
Microscopy (SAM) operating in frequencies betwedl® MHz and 2 GHz (e.g., Briggs
[1992]; Briggs and Arnold [1996]). The comparisogtween the typical wavelength band of
geoacoustical measurements (see Figure 1.2.2-8h&ndorresponding comments) and the
different scales of heterogeneity of geological redsee Figure 1.3.2-1 and the
corresponding comments) straightforwardly allowsasing the type of measurement that is
appropriate to resolve a considered heterogenedgles For instance mesoscopic
heterogeneities can be resolved by ultrasonic ndstholn contrast, macroscopic
heterogeneities can hardly be resolved by convealisurface seismics but can easily be seen
by acoustic logs and well logging methods in gelnera

1.3.3.3 Overall Representative Elementary Volume (REV)

In the two previous sub-sections the common cevftial the spheres on which the physical
property is averaged and on which the size of dwall REV is deduced is fixed in the
medium considered. If the concentric spheres amnteced on another point the size of the
new local REV, if it exists at this point, is notaessarily equal to the size of the previous
local REV.

In the present sub-section the centre of the spHeraghe analysis of the local REV vary in a
given volumey of which the size is much larger than the sizeéhef local REV. In case a
local REV for the physical property consideredgdascribed in the previous subsections, can
be defined at each point of one can define an overall REV an for the physical property
under consideration. The size of this overall RE\8imply the largest size among the sizes
of the local REV corresponding to all the pointscof Obviously, by definition, at any point
of Q the size of the local REV is smaller than or eqoahe size of the overall REV. That is
to say, at any point of) the curve of the physical property under consiti@naversus the
scale of observation (as illustrated by Figure3t133.exhibits a stabilization for scales larger
than the size of the overall REV, however smalemn the size of the next larger overall
REV.

Note that, at the considered level of measuremeotracy, the stabilization value of the
physical property is not necessarily identicaldthithe points of) . If the stabilization value is
identical for all the points @i, the medium is said to be homogeneous with regpetiie
physical property considered (at the consideredracy level) and at a scale equal to the size
of the overall REV. If this is not the case, thedmen is heterogeneous with respect to the
physical property considered (at the consideredracy level) and at a scale equal to the size
of the overall REV (for detailed descriptions oin@geneity and heterogeneity in continuous
media see § 1.2.3.1, and in geological media se241

In the following, for brevity, instead of "overaREV" we shall simply use "REV", the
adjective "overall" being omitted but always imglicWe also assume that a level of
measurement accuracy is given.
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1.3.3.4 Continuum representation of geological media

In the case where the scale length characteridtith® experiment, namely the elastic
wavelengthl , in natural media, such as geological medianush larger than the size of the
largest Representative Elementary Volumes REY common to all the physical properties
involved in elastic wave propagation, namely thexsity and the elastic moduli of the
medium (after sub-section 1.2.2.1), a continuunmtaggntation of the analyzed medium can
be achieved with physical material points of theef the REWgest. The size of this point
is much larger than the size of the physical poingimple real media (see detail in section
1.3.1), and depends on the scale of observation.

Regarding the time variable, we know from sectidh Il that the physical instant of tirhén
simple real media must have a non-vanishing "domati typically much larger than the
molecular time scale=0.1ns. We can keep the same duration for the physistdnt of times
t in simple real media and in natural media, sucheadogical media.

1.3.3.5 Characteristic lengths and representative samples

A. Characteristic lengths

We can understand the importance of the notionE¥ ”imension, which is a fundamental

characteristic when studying a physical propertgedlogical media. We can also appreciate
that a second type of characteristic dimensiomwlved: dimensions related the physical
phenomenon itself. In the following lines we wiBeiempirical definitions to describe notions
which would require a more rigorous approach. Havewe consider that by so doing we

will provide a few basic ideas, necessary in théddfto correctly interpret the results of

acoustical experiments. Failure to respect the itond concerning the characteristic lengths
is the main cause of numerous experimental errdeading to apparently inconsistent

acoustical behaviour.

The three types of dimension to be taken into agtare represented diagrammatically on
Figurel.3.3-3

— The characteristic dimension of sample homogenit a property and in a given
petrophysical state. The REV dimension gives anm@apmation of this dimension (d on the
diagram). In practice, accurate measurement of thimeension involves the use of
(geo)statistical methods (range of the variogramgkample) (e.g., Matheron [1971]; Journel
and Huijbregts [1978]; Dubrule [2003]) but we wilbt develop this point since we have not
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described the Random Functions method. We canfirersee the limits of our qualitative
approach, but in fact it is often sufficient to elgtthe largest risks of error.

— The characteristic dimension of the physical pine@anon itself. The simplest example
amongst the properties described in sub-sectio2.B.2s that of the wavelengik of elastic
waves.

— The sample size C. In a given experiment, thagatteristic length is always easy to find!

However, it generates challenging practical prolsleminen, in order to perform a rigorous
analysis of the other characteristic dimensionsy la&ge samples are required.

'.J"r;"“jI 4 Characterisitic (typical) dimen-

'L,___j ;f\ \:} sion of the petrophysical state
MV,L_ of the sample (e.g. the porous
( N = ks g media at a given gas saturations):

- REV diameter, correlation length,
> i size etc.
Homogeneity scale.

Characterisitic (typical) dimen-
sion of the physical phenom-
enon investigated.

Wavelength, diffusion length.
Investigation scale.

f#‘_._-‘-‘“‘\ ;

e Size of the sample (or path
C length).

N ol

Figure 1.3.3-3: Diagrammatic representation of various typeshafracteristic dimension in
a petrophysical experiment.

B. Notion of valid sample

Acoustical measurements in the laboratory are tédetwo main reasons:

— To characterise a geological formation by medrsslionited number of samples, combining
their individual properties in up-scaling processebest define the layer parameters.
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— To study the relations between acoustical praggeend other petrophysical properties in a
particular geological formation.

In both cases, the sample must satisfy certaindiliconditions. Firstly, it must be
homogeneous and implicitly its volume must be mualger than the REV for the
phenomenon considered (in other words>€d, using the notation given on Fig. 1.3.3-3).
The need for a homogeneous sample is quite ob\dmee, if we are studying the relations
between the physical properties A and B and theptaims the combination of two parts of
properties Al, B1 and A2, B2, the measurement tesil be a combination of relations
A1B1 and A2B2 which is difficult to generalise! Theeasurement must also have a physical
meaning, in other words the REV dimension must leey vsmall compared with the
characteristic length of the physical phenomenangostudied.

For experiments concerning elastic waves, the veaggth A must be compared with the
REV. The cases studied are the following:

— If A is significantly larger than the diameter of thidume, then the vibration will exhibit
macroscopic homogeneous behaviour insensitive toasgopic discontinuities in the porous
medium. Valid experimental results can be deducedhfthe characteristic values of the
medium studied.

— If A has the same order of magnitude as this representdimension, we observe
scattering phenomena which radically change theawiebr of the wave in the porous
medium.

— If Ais significantly smaller, the porous medium “noden exists” as such and the analysis
must be repeated at a much smaller scale: the mettiube studied consists of individual
grains and pores.

More detailed considerations on the frequency deégece of the elastic properties of rocks
due to the presence of heterogeneities will beddaarChapter 5 on Frequency dependence.

In conclusion, to perform good acoustical experitagit is important to respect certain basic
validity conditions:

— the sample must be homogeneous;
— the relations of scale C >>d and>>d must be respected.

Apart from practical considerations, there argoriori no special difficulties in satisfying
these conditions, as long as the REV does not daryg the experiment. This is not always
the case, however, and we may be faced with acdiffproblem when varying a parameter
such as saturation. For instance low saturationsimsome cases generate REV values much
greater than that of the porosity as such: durmgxeriment, the REV may therefore vary to
such an extent that the entire experiment coulehaidated [Cadoret, 1993].

An example of this type of situation is given below
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C. Variation in REV dimensions during an experimexiample of water/air saturation

Figure 1.3.3-4Cadoretet al, 1995] represents water/air saturation maps obdaby X-ray
tomography (e.g., Wellington and Vinegar [1987]nZiner and Pellerin [2007]) on a 6 cm
diameter rod of bioclastic limestone (porosigy= 0.28, permeability K = 300 mD). The
saturation maps, b, ¢ illustrate the same sample “slice” during dryifddne most striking
feature is the location of high gas (air) saturai a single area on magwater saturation
Sw = 0.96) whose area increases on rhasw = 0.92) which shows a number of new
occurrences. Still from the qualitative point oéwj, it is clear that the REV corresponds to
the entire section (6 cm diameter) for mapA detailed quantitative analysis would be
required to determine whether the REV of sectias still equal to or slightly less than its
diameter.

Maps a and b can be explained by considering that drying isiedrout by drainage (see
Chapter 2 § 2.1.3.3.2), the air (non-wetting flueXpels the water (wetting fluid); a process
during which the non-wetting fluid invades the passpace following the path determined by
the series of the largest pore access radii. /gt &nters the sample through the largest access
radius intercepted by the sample surface, credtiaginique region of mag (we can see on
mapa the first rare breakthroughs responsible for theoair regions on map

Saturation mapa andb are therefore representative of an “initial dragiaghenomenon for
which the REV first corresponds to the entire sanplecreasing only progressively as the
saturation in non-wetting fluid increases.

In contrast, mapc (Sy = 0.61) shows that the air saturation distributien virtually
homogeneous. The characteristic dimension of RE¥laose to that corresponding to the
porosity as such (i.e. about a few grain diametdisis is due to the fact that, at this stage in
the drainage process, the non-wetting fluid hasded nearly all the pores and the saturation
variations “only” concern microscopic changes ia thenisci.

In this drying experiment, therefore, the REV varieonsiderably from a dimension
equivalent to the entire sample for low air satoret up to a dimension of several grain
diameters at high saturations.

Map d illustrates another phenomenon, which is extremmgiportant when interpreting
petrophysical measurements. This map strictly spwads to the same section as najs ¢
and the water saturation {S= 0.92) is identical to that of mam The distribution of air
saturations is nevertheless radically differeng $imall quantity of air present in the rock is
regularly distributed such that the REV dimensi®m ifew grain diameters. This is due to the
fact that the air was drawn into the sample ineyaidifferent way, using a “depressurisation”
process similar to imbibitions (chapter 2 §2.13)3After the capillary rise of water in the
dry sample (see Chapter 2 82.1.3.3.3), the airagrpssively evacuated through a series of
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depressurisation phases under increasing vaculdlowén each time by repressurisation to
atmospheric pressure.

Water Saturation

Figure 1.3.3-4: Water/air saturation map for the same sliceio€lastic limestone. Maps a,
b and c correspond to water displacement using yangirprocess. For map d, water
displacement occurred via a “depressurisation” @sedafter Cadoret al.[1995]).

(the speckled patterns at the scale visible on g ara not a sign of variation of saturation
but an experimental noise).
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This is a clear illustration of the principle wheye in experiments involving multi-phase

equilibria, the fluid displacement method may haxéremely important consequences on the
location of the fluids and therefore on the petyspbal characteristics. The quantitative
saturation data alone is far from being sufficiendescribe the state of a sample.

D. Consequences of REV variation during an experimease of seismic velocities of
samples in water/gas saturation

The relations between the seismic wave velocitied the gas saturation are extremely
valuable when interpreting reservoir seismics. Sdaimratory results may appear to be
contradictory, producing different types ofwé Sw relations depending on the experiments
and not corresponding to the values predicted byBibt-Gassmann equation (see Chapter 6).
This phenomenon illustrates the practical consecpeif the previous remarks. Some data
extracted from Cadoret al.[1995] are given below.

The results shown on Figure 1.3.3cbncern elastic wave velocities measured using the
resonant bar technique (8 2.2.2) applied to a laegaple (length 100 cm, diameter 6 cm).
This method consists in bringing the sample inBDn@ance in extension or torsion mode. The
resonance frequency is such that the half wavetersggiequal to the bar length (or to an
integer fraction of this length). Sonic frequenay the kilohertz range) wave velocities can
therefore be measured extremely accurately onvoltknes of pluridecimetric dimension.

In this experiment, the air saturation variationrsvedotained using the two methods described
in the previous paragraph: drying and depressioisaNote that the lowest water saturation
which can be obtained easily by depressurisatioeqgsal to the Hirschwald coefficient
(82.1.2.3.2), which explains why the lowest saioret in the depressurisation series are
approximately 0.65. The results are quite clear:

— Concerning the shear wave, we observe that thé flisplacement method used has no
effect whatsoever on the velocity. The S-wave vigjo@/s on the graph) decreases slowly
and regularly as the water saturation increaseompliance with the theory, the shear
modulus is unaffected by the presence of fluid (dredlefore the fluid displacement method).
We only observe a density effect due to the higieter content.

— The situation is quite different for the E-waweocities (Ve on the graph) similar at this
stage of the analysis to compression waves. Whersdturation variation is obtained using
the depressurisation method, the experimental trefwdws excellent agreement with the
predictions of the Biot-Gassmann equation: as tléemwcontent increases, the E-velocity
decreases regularly (density effect). It is onlyewhhe last air bubbles have disappeared (total
saturation) that the sudden increase in saturdltidyincompressibility causes in a correlative
increase in velocity. In contrast, when the satamavariation is obtained by drying, the
velocities no longer follow the Biot-Gassmann eguatand vary progressively between
minimum values at around Sw = 0.8 and the maximafevat Sw = 1.
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Figure 1.3.3-5: Variations in velocitie¥g andVs ((Ve, Vs on the graph) according to the
water saturation. Resonant bar method. The sataraéiriation is obtained by two different
methods (drying, depressurisation). After Cadoret.1995].

The saturation maps shown on Figure 1.3&xplain this behaviour. When the saturation
varies by depressurisation, the REV measuring adesin diameters (millimetric) is very
small compared with the wavelength (metric). Thevevésees” a homogeneous medium and
the result of the experiment has an intrinsic ptalsvalue. When the saturation variation is
obtained by drying, however, at high values @f the REV is large (pluricentimetric, Figure
1.3.3-4 a and b) so the wave “sees” two medja<3 and { < 1) and the velocity measured
is the result of a kind of average between theaoreés of the two media. The experiment has
no intrinsic value and its result cannot be upstadée other situations. The effect of REV
variation on the result of an experiment is quleacin this example concerning elastic waves
but, obviously, it may be observed with all theesttypes of petrophysical experiments. It is a
major cause of interpretation error.

1.3.4 Heterogeneity, anisotropy,
hysteresis in geological media

attenuation/dispersiamnlinearity and

The main deviations from the ideal homogeneousape linearly elastic behaviour, that is
to say heterogeneity, dispersion, anisotropy atehaation have been unambiguously defined
for ideal continuous media in section 1.2.3. Irs thection we describe how to adapt the
previous definitions to the case of natural mesliech as geological media.

In the case where the scale length characteridtith® experiment, namely the elastic
wavelengthl, in natural media such as geological media, ishrarger than the size of the
largest Representative Elementary Volumes REM common to all the physical properties
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involved in elastic wave propagation, namely thexsity and the elastic moduli of the
medium (after sub-section 1.2.2.1), a continuunmiaggntation of the analyzed medium can
be achieved with physical material points of thee0f the REWgest. The size of this point
is much larger than the size of the physical poingimple real media (see detail in section
1.3.1), and depends on the scale of observation.

Regarding the time variable, we know from sectidh Il that the physical instant of tirhén
simple real media must have a non-vanishing "domati typically much larger than the
molecular time scale~0.1ns. We can keep the same duration for the physistdnts of time
t in simple real media and in natural media, sucheadogical media.

At these space and time scales any property ofntledium involved in elastic wave
propagation, namely the density and the elasticuinodan be represented by continuous
functions of space and timéhereforewhen we talk about a physical property at a certai
scale we actually refer to the corresponding contimous function representing the
considered physical property, associated with physal material points of the size of the
RE\/Iargest-

As a consequence, provided the continuum represemtaf the medium at the considered
scale,all the definitions and descriptions of the behaviors deviating from the ideal
homogeneous isotropic linearly elastic behaviour géen for continuous mediain section
1.2.3 (heterogeneity, anisotropy, dispersion, attenuationelasticity (linear or nonlinear
possibly with hysteresis)) remain valid but are riative to the scale of observation.

For instance, regarding heterogeneity, the gerredlidefinition in natural media is the
following: "A medium exhibitsheterogeneityat a given scale with respect to a given
physical property (elastic or electromagnetic waebcity, electric or thermal conductivity,
mechanical strength...) and to a corresponding uneaeent accuracy, if this property
depends on the observatiphysical point P at this scaleat the considered accuracy level
the other parameters remaining fixed. The mediusaid to beheterogeneouat this scale
with respect to the considered physical propertythat considered accuracy level. In the
opposite case the medium exhildiemogeneityand is said to beomogeneouat this scale
with respect to the considered physical propertythat considered accuracy level. In the
special case of acoustics the physical properteglastic wave velocities and density."

Regarding anisotropy, the generalized definition niatural media is the following: "A
medium exhibitanisotropyat a given scalewith respect to a given physical property (etasti
or electromagnetic wave velocity, electric or thalmonductivity, mechanical strength...) and
to a corresponding measurement accuracy, if thapegty depends on the direction of
observatiorat this scaleandat the considered accuracy level, the other paeietmaining
fixed. In such case the medium is said toamésotropicat this scalewith respect to the
considered physical property at the correspondecyur@acy level. In the opposite case the
medium exhibitsanisotropy,and is said to banisotropicat this scalewith respect to the
considered physical property at the correspondecyur@acy level, In the opposite case the
medium exhibitsisotropy, and is said to besotropic at this scale with respect to the
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considered physical property. In the special casaocoustics the physical properties are
elastic wave velocities and density."

A natural medium exhibitslispersionat a given scale with respect to a physical property
involving wave propagation (i.e., elastic or eleatagnetic wave propagation), and to the
corresponding measurement accuracy, if the phygogberty depends on the wavelength
N\ at this scaleandat the considered accuracy levéhe other parameters remaining fixed. In
such case the medium is said todigpersiveat this scalewith respect to the considered
physical property at the considered accuracy lewelthe opposite case the medium do not
exhibit any dispersignand is said to beion-dispersiveat this scale with respect the
considered physical property at the consideredracguevel. In the special case of acoustics
the physical property is elastic wave velocity, signand/or impedance.

Lastly, a natural medium exhibitattenuationat a given scale with respect to wave
propagation (i.e., elastic or electromagnetic waateq given measurement accuracy, if the
amount of energy transported per unit time by tlagey or the energy flux of the wave field,
crossing a fixed unit surface parallel to the wéeat, that is to say the norm of the Umov-
Poynting-Heaviside vectd?P (see §1.2.2.2 and box 1.2.2-2) decreases durbpppgation at

the considered accuracy level, the other parameteraining fixed. In such case the medium

is said to beattenuativeat this scalewith respect to wave propagation at the considered
accuracy level. In the opposite case the mediuns doeexhibit any attenuatiat this scale

and is said to benon-attenuativeat this scalewith respect to wave propagation at the

considered accuracy level. In the special casecotistics the wave considered are elastic
waves.
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