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independently on the Internet:

Chapter 1 - Some more or less basic notions (and General Introduction)
Chapter 2 - Petroacoustics laboratory measurements
Chapter 3 - Elastic waves in isotropic, homogeneous rocks
Chapter 4 - Elastic anisotropy
Chapter 5 - Frequency/wavelength dependence (impact of fluids and heterogeneities)
Chapter 6 - Poroelasticity applied to petroacoustics
Chapter 7 - Nonlinear elasticity
Chapter 8 - Applications to seismic interpretation
A detailed Table of Content, Nomenclature, Reference List, Subject Index and Author Index
is annexed to each Chapter

Each chapter is published independently as a pdf file. To comply with the rules of copyright
no modification is allowed after the publication on the web, this is the reason why no
information regarding the other chapters, which are subject to changes (e.g. the precise table
of content or expected date of publication), are given in a published Chapter. These updated
data are shown on a dedicated web site: http://books.ifpenergiesnouvelles.fr

This work is dedicated to the memory of Olivier Coussy (1953-2010), who, in the beginning
of his career, enormously contributed to popularizing Poromechanics among petroleum
geoscientists, through numerous fruitful collaborations with IFP Energies nouvelles. At that
time we were incredibly lucky to be witnesses and sometimes actors, with Olivier’s help, in
this revolution.
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GENERAL INTRODUCTION

Petroacoustics, or more commonly Rock Acoustics, is the study of mechanical wave propagation in
rocks. It is one of the most prolific branches of 'Rock Physics', aiming itself to make the link between
the rock response to remote physical solicitations (often by wave methods or by potential methods)
and the physical properties of rocks (such as mineralogy, porosity, permeability, fluid content…).
Rock physics is a very active field, which has early evolved from a sophisticated curiosity for
specialists to a mainstream research topic leading to practical tools now routinely integrated in oil
exploration and exploitation. On the leading edge of this wave, volunteering groups of specialists of
Rock Physics constituting a global community meet during the International Workshop on Rock
Physics (IWRP), involving both industry and academia, and not associated with any formal
organisation or institution, as documented on their website http://www.rockphysicists.org/Home.

After this website, many references on petroacoustics are already available for decades. For the
1990s numerous experimental and theoretical works have accumulated and new books have been
published, for instance 'The Rock Physics Handbook' of Gary Mavko, Tapan Mukerji and Jack Dvorkin,
among the most recommended. So one could fairly ask why a new book in the field?

This book can be considered as a natural continuation of the book entitled 'Acoustics of Porous
Media', co-authored by Thierry Bourbié, Olivier Coussy and Bernard Zinszner, and issued by our
laboratory in 1986 for the French version, and in 1987 for the English version.
However, here the clear guideline is experimentation. In contrast to previous books, all the
techniques, from the most conventional (using piezoelectric transducers) to the most recent spaceage methods (as laser ultrasonics) are detailed. Furthermore the book is mainly based on
experimental data allowing to select the most appropriate theories for describing elastic wave
propagation in rocks. Emphasis on Nonlinear elasticity and Seismic anisotropy are also originality of
the book. A part of the book also focuses on the history of the different sub-fields dealt with, having
in mind that the knowledge of the history of a field contributes to understanding the field itself. For
instance, in spite of the clear anteriority of their work the names of the Persian mathematician,
physicist and optics engineer Ibn Sahl, and of the English astronomer and mathematician Thomas
Harriot are unfairly not, or rarely, associated with the law of refraction, compared to the names of
the Dutch astronomer and mathematician Willebrord Snell van Royen, known as Snellius, and of the
French philosopher and writer René Descartes, as detailed in the first chapter.
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The book is divided into eight chapters.

The first chapter deals with what we call some more or less basic notions that will be used in the
following chapters. Some notions described in this chapter are well know and/or straightforward and
can be found in any classical textbook on Continuum Mechanics or on Acoustics. Some other notions
are unfortunately not commonly appreciated and need to be introduced for studying physics in
geological media. The chapter is divided into three sections. First we introduce Petroacoustics, or
more commonly Rock acoustics, and Geoacoustics, that is to say acoustics of geological media, as
particular branches of Acoustics (section 1.1). Then we give the basics of classical Mechanics in
Continuous Media, including the description of stress, strain and elastic wave propagation, together
with the main deviations from the ideal homogeneous isotropic linearly elastic behaviour, that is to
say heterogeneity, dispersion, attenuation, anisotropy, and nonlinearity possibly with the presence of
hysteresis (section 1.2). Last, because natural media are all but continuous media at many scales, we
describe in section 1.3 the way to adapt the previous descriptions to the case of discontinuous media
with hierarchal structure, such as geological media, with the introduction of fundamental notions
such as Representative Elementary Volume and Continuum Representation in such media. These are
precisely the less obvious notions that are referred to in the title of this chapter.

In Chapter 2, we describe the most common techniques for performing acoustic experiments on
rocks in the laboratory. The chapter is divided into three sections. First we discuss the reliability of
petroacoustic measurements, we introduce the main petrophysical parameters (porosity,
permeability), and we emphasize various experimental cautions (damage, saturation process…)
(section 2.1). Then we introduce the two main types of experiments performed in petroacoustic
laboratories, characterized by contrasted aims. The first type experiment, described in section 2.2,
aims to measure the acoustic properties of geological materials. In this case it is important that the
measured sample is representative of the studied geological formation. Another important aspect is
the physical state of the rock sample. Obviously altered and/or damaged samples must be avoided.
Finally the pressure and temperature state have to be as close as possible to the in-situ condition.
Section 2.3 deals with the second type of experiments in rocks, aiming to better understand physical
phenomena involved in elastic wave propagation, or to study wave propagation on scaled-down
physical models in the laboratory. In this case, temperature and pressure condition, have less
importance, unless these parameters are precisely in the central parameters of the study. The
chosen materials, possibly artificial materials (such as sintered glass beads), can be chosen according
to the purpose of the physical study.

Chapter 3 addresses the dependence of the acoustic parameters (mainly velocity and attenuation) of
geomaterials on their lithologic nature (mineralogy, porosity) and on physical parameters (fluid
saturation, pressure, and temperature). All these relationships are obviously at the height of
applications of petroacoustics to the interpretation of seismic data in a broad sense (i.e.,
seismological data, applied seismic data, acoustic logs data…). As a matter of fact, it is from the
quantitative knowledge of these relationships that we can hope to extract information such as
porosity or saturation state of underground formations.
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In chapter 4 we discuss elastic anisotropy under different points of view but, as in the other chapters,
always more or less in relation with experimental aspects. The chapter is divided into seven sections.
In the first section (4.1), we summarize the history of seismic anisotropy. Section 4.2 introduces the
symmetry principles in physical phenomena, due to the great scientist Pierre Curie, and the way they
can simplify the description of elastic anisotropy. In the next section 4.3 we introduce the classical
theory of static and dynamic elasticity in anisotropic media, and we describe and illustrate the main
manifestations of elastic anisotropy in rock (i.e. directional dependence of the elastic wave velocities,
shear-wave splitting of shear-wave birefringence, and the fact that the seismic rays are generally not
normal to the wavefronts). Because rocks generally exhibit moderate to weak anisotropy strength it
is possible to use perturbation theories to simplify the exact theoretical derivation as described in the
next section (4.4). This is followed by a description of the main causes of elastic anisotropy and the
corresponding rock physics models (section 4.5). In addition to elastic anisotropy, experimental
studies have unambiguously other robust results, namely porous nature (poroelasticity), frequency
dependence (viscoelasticity), or the dependence on stress-strain level (nonlinearity) which lead to
use more sophisticated models as pointed out in the next part (section 4.6). The last section (4.7)
explains how elastic anisotropy alters the seismic response and necessitates the adaptation of
existing seismic processing tools to take into account the anisotropic case. Conversely it also explains
how seismic response can be analyzed in order to characterize the studied rocks.

The dependence of the mechanical properties of geological media with respect to frequency, or
equivalently with wavelength, is illustrated by countless examples at various scales and is discussed
in Chapter 5. This chapter also describes and details the main causes of this dependence. The chapter
is divided into five sections. We start (section 5.1) by distinguishing the geometry-induced, or
extrinsic, frequency/wavelength dependence from the intrinsic one, due to the property of the rock
itself. The rest of the chapter is focused on intrinsic frequency/wavelength dependence. Next we
describe the main causes of intrinsic frequency/wavelength dependence in rocks, which can be
summarized in two words, namely fluids and heterogeneities. In the third section we describe the
frequency/wavelength dependence due to the presence of fluid. It is essentially an anelastic
mechanism (see Chapter 1 section 1.2.3.5), where the energy dissipation (conversion of wave energy
to heat) is due to the viscosity of the saturating fluid. In contrast, the frequency/wavelength
dependence due to the presence of heterogeneities described in section 4 is not due to energy
dissipation but, rather, to energy redistribution from the first arriving coherent waves to the later
chaotic arrivals, or codas, the total wave-field energy being conserved. Finally, instead of specifying
the physical mechanisms involved in the frequency/wavelength dependence, an alternative way is to
phenomenologically describe the mechanical behaviour of rock as done in the last section, by
studying the empirical relation between the applied stress and the resulting strain. We shall see that,
among the large class of phenomenological models, the sub-class of linear viscoelastic models can
closely mimic the behaviour of a broad class of dissipative processes, resulting from rapid and smallamplitude variations in strain due to waves that propagate in rocks.

Chapter 6 deals with the poroelastic description of rock behaviour. In other words the chapter
describes the elasticity of rocks considered as porous media. The chapter is divided into four
sections. First we introduce the general field of Poromechanics, that is to say Mechanics in porous
media, including the sub-fields of Poroelasticity and Poroacoustics, that is to say, respectively,
Elasticity and Acoustics of porous media (section 6.1). Then we give the basics of the classical theory
of poroelasticity, including the description of the stresses and the strains in porous media, of the
static couplings (i.e., change of fluid pressure or mass due to applied stress, or change of porous frame
volume due to fluid pressure or mass change]) and of the dynamic couplings (i.e., viscous and inertial
couplings). The section ends with wave propagation (section 6.2), emphasizing the influence of the
5

presence of macroscopic mechanical discontinuities, that is to say interfaces, and of fluid transfer
through these interfaces on the observed wavefields. The next section (section 6.3) describes the
various sophistications of the initial model imposed by experimental reality, mainly the necessity of
integrating viscoelasticity [mainly due to the presence of compliant features (e.g., cracks, micro
fractures)] and/or anisotropy into the poroelastic model. This leads to a new classification of wave
propagation regimes in fluid-saturated porous media distinguishing four regimes represented in a 
(crack density)- k S (interface permeability) diagram [ k S characterizing the fluid exchange through the
macroscopic mechanical discontinuities (or interfaces)]. The last section explains how poroelastic
signature of rocks can be used to characterize fluid substitution in different context of underground
exploitation (section 6.4).

The perfect linear relation between stress and strain is often a convenient simplification in most real
media, but does not reflect experimental reality. In fact, nonlinear elasticity is a pervasive
characteristic of rocks, mainly due to the presence of compliant porosity (e.g., cracks,
microfractures), but not only, and is addressed in Chapter 7. The chapter is divided into six parts.
First we introduce the multiple aspects of nonlinear science and briefly introduce the history of
nonlinear elasticity (section 7.1). Then we give the basics of nonlinear elasticity. This include the
description of stresses in the presence of finite deformations, that is to say Cauchy stress relative to
the present configuration and Piola-Kirchhoff stress relative to the reference configuration.
The classical third order nonlinear elasticity (implying expansion of the elastic deformation energy to
the third power of the strain components) is detailed in the static case and in the dynamic case,
especially wave propagation (section 7.2). Section 3 describes the main experimental manifestations
of nonlinear elasticity, namely the stress-dependence of the velocities/moduli, the generation of
harmonic frequency not present in the source frequency spectrum, and wave-to-wave interaction
(section 7.3). Then we detail the two main fields of nonlinear elasticity in rocks (section 7.4), namely
nonlinear acoustics (i.e., the study of wave of finite amplitude) and acoustoelasticity (i.e., the study
perturbative waves in statically pre-stressed media). In the next section we introduce the most used
sophistications of the nonlinear elastic model, namely the higher order nonlinear models and
nonlinear hysteretic models of Preisach type. Associated to Kelvin's description in eigenstresses and
eigenstrains, the last approach demonstrates that there seems to be no limit in the sophistication of
the models with media exhibiting simultaneously dispersion/attenuation, anisotropy, and
nonlinearity possibly with the presence of hysteresis (section 7.5). In the last section (section 7.6) we
illustrate how the multiple ramifications of nonlinear response of rocks may affect various areas of
research in Geosciences. These include Rock mechanics, and more generally speaking material
science, where the nonlinear response of material may be used for characterization purposes, and
Seismology, where the spectral distorsion of seismic waves has to be considered. The
characterization of material property change by monitoring the nonlinear response may be valuable
(e.g., changes due to fluid saturation, to stress variations or to damage induced by fatigue…).

Finally, in Chapter 8, we describe some case histories showing practical applications of each of the
theories introduced in the previous chapters. The chapter is divided into four sections. In the first part
(section 8.1) we deal with fracture characterization from the analysis of seismic anisotropy. Section
8.2 illustrates the application of Poroelasticity theory to seismic monitoring of subsurface
exploitation with Hydrocarbon Reservoir monitoring and CO2 geological storage. This will be
followed in the section 8.3 by the exploitation of the scattered seismic wavefields for the
characterization of heterogeneity in the subsurface. The last section (8.4) illustrates by field examples
how the principle of nonlinear elasticity can be exploited for inverting the stress state in the
subsurface.
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Lastly, we wrote the book as if it were the book we wished we had available on our shelf at the time
we were newcomers in the field. That is why we make it freely downloadable on the internet in order
to facilitate sharing our experimental and theoretical expertise of these last decades with the
community, and above all to encourage young newcomers to the fascinating field of Petroacoustics.
We hope that some readers will actually experience as much pleasure as we experienced when
writing this book.

Rueil-Malmaison, April 2014
Patrick Rasolofosaon and Bernard Zinszner
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NOMENCLATURE
The notations div , grad , curl and  2 designate the divergence, gradient, curl and
Laplacian operators, namely in Cartesian coordinates:
div Ψ 

 x   y  z


x
y
z

    
grad  
,
,

z 
 x y
  y  x 
  z   y
 x  z
curl Ψ  

,

,


z
z
x
x
y 
 y

 2 

 2
x 2



 2
y 2

 2



z 2

The real and imaginary parts of a complex quantity are indicated by:
Real part

=



R

Imaginary part

=



I

or Re 
or Im 




A dot above a quantity denotes a derivative with respect to time
The brackets . denotes averaging over the texture distribution and over a Representative
Elementary Volume of the rock sample
The norm

.

of an arbitrary tensor A of rank 4 is the euclidian norm defined by

2

A  Aijkl Aijkl (with implicit summation on the repeated indices)
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Symbols
The nomenclature below does not include the multiple constants used in the text. These are
generally represented by the Characters A, B, C... a, b, c...etc.

a
c

radius of cracks idealized as oblate ellipsoides of revolution
half-thickness of cracks idealized as oblate ellipsoides of revolution

C

stiffness tensor

C

stiffness matrix

C*
C ''

complex stiffness matrix
real part of the complex stiffness matrix
imaginary part of the complex stiffness matrix

C

effective stiffness tensor

Cijkl

components of the elastic stiffness tensor C

CIJ

components of the stiffness tensor C in two-index (or Voigt) notation

C (m)

stiffness tensor of the intact rock matrix (m)

C

short notation for cos  , that is to say the cosine of an angle 

C'

C (background ) stiffness tensor of the background medium
C IJ

components of the effective stiffness tensor C in two-index
(or Voigt) notation

C ( ISO)

isotropic effective stiffness tensor

C (Voigt )
EJ

effectictive stiffness tensor of Voigt

I ijkl

components of the identity tensor I of rank 4

K

wave vector

K ( ISO)

effective bulk modulus of an isotropic medium

K (m)

bulk modulus of the intact rock matrix (m)

M P( c )

P-wave modulus of the material contained in the cracks (c)

M P( m )

P-wave modulus of the intact rock matrix (m)

M S( c )

S-wave modulus of the material contained in the cracks (c)

M S( m )

S-wave modulus of the intact rock matrix (m)

Youg's modulus in direction J
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M PREF

P-wave reference modulus

M qP

quasi-P wave modulus

M qSV

quasi-SV wave modulus

M P* , S1, S 2

complex moduli of P, S1 or S2 wave

n

number of fractures per unit length in the direction normal
to the fracture planes
unit vector in the direction of propagation

n
ni

components of the unit vector n in the direction of propagation

N

number of cracks per unit volume

QP, S1, S 2

phase quality factor of P, S1 or S2-wave

r

position vector

R (x')


rotation of angle  about an axis x'

R xyz XYZ

rotation bringing the initial frame xyz to the position of the final
frame XYZ

 Rxyz XYZ ij  rij

ij components of the rotation matrix corresponding to the

rotation R xyz XYZ
S

compliance tensor

S

compliance matrix

S

effective compliance tensor

Sijkl

components of the elastic compliance tensor

S IJ

components of the compliance tensor S in two-index (or Voigt) notation

SN

individual normal compliance of a single fracture

ST

individual tangential compliance of a single fracture

S

short notation for sin  , that is to say the sine of an angle 

S (background ) compliance tensor of the background medium
S ( frac )

additional compliance tensor due to fractures

( frac )
Sijkl

components of the additional compliance tensor due to fractures

(m)
Sijkl

components of the compliance tensor of the intact rock matrix (m)

( frac )
S IJ

components of the additional compliance tensor due to fractures in two-index
(or Voigt) notation
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S

(Reuss)

effectictive compliance tensor of Reuss

S P* , S1, S 2

complex phase slowness of P, S1 or S2-wave

t
ui

time
displacement vector
components of the displacement vector u

U

particle displacement vector

VP

P-wave or longitudinal wave velocity in an isotropic medium

VP( c )

P-wave velocity in the material contained in the cracks (c)

VS

S-wave or shear wave velocity in an isotropic medium

VP, S1, S 2

phase velocity of P, S1 or S2-wave

VS( m )

S-wave velocity in the intact rock matrix (m)

P
Vvertical

P-wave phase velocity in the vertical direction

S
Vvertical

shear-wave phase velocity in the vertical direction

VP(0i )

P-wave phase velocity in the vertical direction in the

u

VTI constituent number i of a compound medium
(i )
S0

V

S-wave phase velocity in the vertical direction in the
VTI constituent number i of a compound medium

VP*, S1, S 2

complex phase velocity of P, S1 or S2-wave

W (, , )

Orientation Distribution Function (ODF) of the crystallographic texture

Wlmn

coefficients of the expansion of the Orientation Distribution Function (ODF)
W (, , ) of the crystallographic texture in generalized Legendre functions

Zlmn ()
x1 , x2 , x3

components of the position vector r

ZN

overall normal compliance of fractures

ZT

overall tangential compliance of fractures

Z ij

components of the fracture compliance tensor

Zlmn ()

generalized Legendre functions



crack aspect ratio,
second anisotropy parameter of Thomsen for P-wave in VTI media
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 ( )

function depending on the azimuth  and generalizing the second anisotropy
parameter  of Thomsen in the case of media of arbitrary anisotropy type


 (i )

effective second anisotropy parameter of Thomsen for P-wave

ik
 x , y , z

second anisotropy parameter of Thomsen for P-wave in the
VTI constituent number i of a compound medium
components of Kroneker identity tensor of rank 2
generalization of Thomsen's anisotropy parameter  in the case of
arbitrary anisotropy type

C ( frac )

perturbation stiffness tensor induced by fractures

CIJ( frac )

components of the perturbation stiffness tensor induced by fractures


 ( )

in two-index (or Voigt) notation
first anisotropy parameter of Thomsen for P-wave in VTI media
function depending on the azimuth  and generalizing the first anisotropy
parameter  of Thomsen in the case of media of arbitrary anisotropy type


ε

effective first anisotropy parameter of Thomsen for P-wave
strain tensor

 (i )

first anisotropy parameter of Thomsen for P-wave in the
VTI constituent number i of a compound medium

 ij

two-index components of the strain tensor ε

J

components of the strain tensor  in one-index (or Voigt) contracted notation

N

dimensionless overall normal compliance of fractures

T

dimensionless overall tangential compliance of fractures

 x , y , z

generalization of Thomsen's anisotropy parameter  in the case of
arbitrary anisotropy type



(m)
ij

components of macroscopic strain associated with the intact rock matrix (m)

 ij( frac )

compnents of additional macroscopic strain due to the presence of fractures



third rotation angle, or intrinsic rotation angle, of Euler

(i )

volumetric proportion of constituent number i of a compound medium



shear-wave anisotropy parameter of Thomsen, or SH-wave moveout
parameter in VTI media



effective shear-wave anisotropy parameter of Thomsen

 (i )

shear-wave anisotropy parameter of Thomsen in the VTI constituent
number i of a compound medium
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 (IJCD )

compression/distorsion (CD) coupling coefficient corresponding to a distorsion
in the plane normal to the direction J when unit uniaxial stress is applied in the
direction I

 (IJSD )



shear/dilatation (SD) coupling coefficient corresponding to uniaxial strain in
direction J when unit shear stress is applied in plane normal to the direction I
Kelvin-Christoffel tensor

 ij

components of Kelvin-Christoffel tensor 

x ,  y , z

additional anisotropy parameters in the case of arbitrary anisotropy type

( ISO)

effective shear modulus of an isotropic medium

 (m)

shear modulus of the intact rock matrix (m)

J

shear modulus in the plane normal to direction J

ij

Poisson's ratio corresponding to an elongation in direction j when uniaxial
stress is applied in direction i

ij( S )

Poisson shear (S) ratio corresponding to distorsion in the plane normal to

direction j when shear stress is applied in the plane normal to direction i
 angular frequency
density

SV-wave moveout parameter in VTI media
σ
stress tensor

 ij

two-index components of the stress tensor σ

J

components of the stress tensor  in one-index (or Voigt) contracted notation

 I ,  II , III

principal stresses




M S( m )
M P( m )

ratio of S-wave and P-wave moduli of the intact rock matrix (m)



second rotation angle, or nutation angle, of Euler
first rotation angle, or precession angle, of Euler



dimensionless crack density parameter
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Acronyms
HTI
ISO
MON
NMO
ODF
ORT
SH
SV
TI
TRI
VTI

transverse isotropy or transversely isotropic with a horizontal symmetry axis
isotropic
monoclinic
normal move-out
Orientation Distribution Function
othotropic or orthorhombic
shear wave polarized in horizontal direction
shear wave plorarized in a vertical plane
transverse isotropy or transversely isotropic
triclinic
transverse isotropy or transversely isotropic with a vertical symmetry axis
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4 - ELASTIC ANISOTROPY
" Ut tensio sic vis
tamen dissimiliter prout dissimilis iter" §
Robertus J. Arts

The genesis (sedimentation, tectonics, etc...) of geological media (Paterson and Weiss [1961];
Allen [1984]) often favours directions of the space (gravity, stress or flow directions for
instance), which often renders such media anisotropic with respect to various physical
properties [Anderson, 1989]. In other words, the physical properties of these media depend on
the direction of investigation. Such directional dependence is called anisotropy with respect to
the considered physical property, as introduced in Chapter 1. This is particularly true for
elastic properties (e.g., Babuska and Cara [1991]; Helbig [1994]).
This chapter deals with elastic anisotropy from different points of view but, as in the
other chapters, always more or less in relation with experimental aspects. First, we
summarize the history of seismic anisotropy. Then we introduce the symmetry principles in
physical phenomena, due to the great scientist Pierre Curie, and the way they can simplify the
description of elastic anisotropy. In the next section we introduce the classical theory of static
and dynamic elasticity in anisotropic media, describe and illustrate the main manifestations of
elastic anisotropy in rock (i.e. directional dependence of the elastic wave velocities, shearwave splitting of shear-wave birefringence, and the fact that the seismic rays are generally not
normal to the wavefronts). Because rocks generally exhibit moderate to weak anisotropy
strength it is possible to use perturbation theories to simplify the exact theoretical derivation
as will be described in the next part. This will be followed by a description of the main causes
of elastic anisotropy and the corresponding rock physics models. In addition to elastic
anisotropy, experimental studies give unambiguously other robust results, namely porous
nature (poroelasticity), frequency dependence (viscoelasticity), or the dependence on stressstrain level (nonlinearity) which lead to use more sophisticated models as pointed out in the
next part. The last part explains how elastic anisotropy alter the seismic response and

§

Anisotropic Hooke's law, a rough translation would give "As the Tension ("Extension" or more generally
"Strain"), so the Force (or more generally "Stress"), however in a different way according to the direction".
Quoted by Mensch and Rasolofosaon [1997] and published in the epigraph of Arts [1993] in the form of the two
anagrams
"ceiiinosssttuv,
addeeeiiiiiiiiillmmmnoprrrsssssttttu"
freely modified from Robert Hooke's "De potentia restitutiva"[1678], quoted by A.E.H. Love [1944].
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necessitates the adaptation of existing seismic processing tools to take into account the
anisotropic case. Conversely it also explains how seismic response can be analyzed in order to
characterize the studied rocks.

4.1 A brief history of seismic anisotropy
The development of a theoretical understanding of anisotropic elasticity and all the related
implications, especially in wave propagation has its origins in the first decades of the 19 th
century. Important figures in the history of Physics and Mathematics, such as G.R. Hamilton,
G. Green, and W. Thomson (Lord Kelvin) to name a few, realized that in principle the
velocity of propagation of elastic wave could depend on the direction of propagation. In his
history of the first 100 years of elastic anisotropy Helbig [2003] distiguished four periods., as
illustrated by Figure 4.1.1-1 containing milestone references, and the corresponding authors
and date of publication .
The first period, is called the “prehistoric” period in the last reference and mainly
distinguished by the pioneering works of Hamilton [1837] and McCullagh [1837] on ray
theory. According to Helbig [1994] both of these authors were the first to introduce the
usefull concept of slowness surface that is so conveniently linked with various wave
characteristics, such as the direction of wave normal and ray, and the trace slowness along an
interface, itself closely linked with the reflection law and the Ibn Sahl–Harriot-Snell–
Descartes (IHSD) refraction law (see Box 1.2.2-3 in Chapter 1). More generally, William R.
Hamilton (1805-1865) is well-known for his remarkable contributions in classical mechanics,
in optics and in algebra. For instance, during his first years he created and developed the
theory of geometrical optics, based on the use of a characteristic function, bearing his name
and completely developed in his Third Supplement to an Essay on the Theory of Systems of
Rays [Hamilton, 1837].
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Figure 4.1.1-1: The first 100 years of elastic anisotropy after Helbig [2003], slightly modified
by Helbig and Rasolofosaon [2004].
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The second period is the “elasticity” period with the remarkable contributions of Green
[1838], Thomson [1856] and Christoffel [1877], among others, on the theory of anisotropic
elasticity. George Green (1793-1841), initially a humble miller of Nottingham UK, is a
famous British mathematical physicist. He is the Green of Green's functions and Green's
theorem and many more. He is often considered as the founder of "Cambridge School" of
natural philosophers, of which Kelvin (to whom we owe the rediscovery of much of Green's
work), Rayleigh, Maxwell, Lamb are some of the best known - but by no means the only examples. Green [1838] also happens to be the first who gave the analytical expression of the
elastic strain energy characterized by 21 elastic constants in arbitrarily anisotropic media…
enunciating in passing for the first time the principle of conservation of work (e.g., Helbig and
Rasolofosaon [2004]). William Thomson (knighted as Lord Kelvin) (1824-1907)) was a
famous British mathematical physicist and engineer, mostly known for his work on
thermodynamics, electricity and magnetism. His theoretical paper of 1856 on the
mathematical theory of elasticity, was much ahead of his time and was unfortunately not
understood by his contemporaries. It was unearthed and reviewed over hundred years later
(e.g., Mehrabadi and Cowin [1990]; Helbig [1994] and Helbig [1996]). Kelvin introduced
representations of the stress the strain and the elastic tensor in a coordinate-free form. As
pointed out by some authors (e.g., Helbig [1996]; Helbig and Rasolofosaon [2000]), Kelvin’s
ideas allows to efficiently handle many problems of the theory of elasticity and far beyond, as
illustrated by recent contributions. For instance Carcione [2007] uses Kelvin’s representation
to describe the behaviour of media exhibiting attenuation/dispersion and anisotropy. There
even seems to be no limit in the sophistication of the models using Kelvin’s representation in
porous elastic media [Helbig and Rasolofosaon, 2009] or in media exhibiting simultaneously
dispersion/attenuation, anisotropy, and nonlinearity possibly with the presence of hysteresis
(e.g., either in non-porous media: Rasolofosaon [2009]; or in porous media: Rasolofosaon
[2011]). Christoffel [1877] and Kelvin [1878] independently derived the elastic-wave
equation for anisotropic media, known as the Kelvin-Christoffel equation, from which the
directional dependence of the velocities are obtained (see section 4.3.3). In fact, as pointed out
by Helbig and Thomsen [2005], Kelvin was the first to formulate these equations,
unfortunately in his overlooked paper of 1856. Thus the solution of the anisotropic wave
equation is often attributed to Christoffel [1877].
The third period is marked by the application of anisotropy to “seismology”. After Helbig and
Szaraniek [2000] the beginning of research on the application of elastic anisotropy to
seismology, commonly called seismic anisotropy, can be precisely fixed in early 1896 with
the first official appointment of a professor of geophysics, namely Maurice Rudzki. Maurycy
Pius Rudzki (1862-1916) assumed this professor position in 1895 at the Jagiellonian
University of Cracow. Early he stated that his research would be directed at seismology, and
primarily at the propagation of seismic waves in anisotropic media, on which topic he
published regularly during the next 20 years until his untimely passing in 1916. After a bit
more than half a century later the study of seismic anisotropy has brought important
contribution to global seismology (e.g., Anderson [1989]). The presence of anisotropy in
nearly all the main “radial layers” composing the Earth from the upper crust to the inner core,
except the lower mantle and the outer core, is now clearly established (e.g., Savage [2006])
and led for instance to the first isotropic and anisotropic global earth model, called the
Preliminary Reference Earth Model (PREM) [Dziewonski and Anderson, 1981] (see Box
1.3.3-1 in Chapter 1).
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Seismic anisotropy in global seismology is still a key issue, but since the 1950s, and more
markedly after the 1970s, an overhelming number of contributions in the field of hydrocarbon
exploration, open the last and still on-going “exploration” period. As pointed out by Helbig
and Thomsen [2005], since that time there is hardly an issue of a geophysical journal without
at least one article on anisotropy, and exploration meetings often have several sessions on
seismic anisotropy. Clearly seismic anisotropy has evolved from a sophisticated curiosity for
specialists to a mainstream research topic leading to practical tools now routinely used in oil
exploration and exploitation (e.g., Thomsen [2002]; Grechka [2009]). Since 1982, on the
leading edge of this wave, volunteering groups of specialists of seismic anisotropy
constituting a global community meet during the International Workshop on Seismic
Anisotropy (IWSA). According to Crampin and Gao [2009], the idea was initiated by Evgeny
Chesnokov and Stuart Crampin who organized, with the authoritative help of the Russian
academician Magnitsky, the two first workshops in Russia (i.e., 1WSA held in 1982 in
Suzdal, and 2IWSA in 1986 in Moscow). The IWSA involves both industry and academia,
and is not associated with any formal organisation or institution. Since the 3IWSA in 1988 it
is organized every two years alternatively in Europe [i.e., 4IWSA in Edinburgh (UK), 6IWSA
in Trondheim (Norway), 8IWSA in Boussens (France), 10IWSA in Tützing (Germany)] and
in North America [i.e., 3IWSA held in Berkeley (US), 5IWSA in Banff (Canada), 7IWSA in
Miami (US), 9IWSA in Camp Allen (US), 11IWSA in Saint John’s (Canada), 13IWSA in
Winter Park (US)] with some notable exceptions [i.e., 12IWSA held in Beijing (China),
14IWSA in Perth (Australia), 15IWSA in Bahrain in the Persian-Arabian Gulf, and 16IWSA
in Natal (Brazil)]. These workshops usually cover all aspects of seismic anisotropy in a broad
sense and its implication and applications from global seismology to seismics oriented toward
earth exploration and exploitation.
.

4.2 Anisotropy and Curie's symmetry principle

In the first lines of his famous paper of 1894 on the symmetry principle in physics, written in
french [P. Curie, 1894], Pierre Curie (see Box 4.2.1-1) writes “I believe that it would be of
interest to study physical phenomena with allowance for symmetry consideration so common
for crystallographers” and further adds “Physicists often use conditions following from
symmetry but, as a rule, neglect the rigourous definition of the symmetry of the phenomenon
under consideration since such conditions are often simple and a priori almost obvious”.
As pointed out by Shubnikov [1956], these remarks have not lost their validity more than a
century later. For instance when geophysicists talk about “axial symmetry”, they usually
refer, without being aware of it, to only one of the five types of symmetry groups preserving
rotational invariance, as will be detailed in sub-section 4.2.2-1 and illustrated by Figure 4.2.21.
In this section we focus on two central - but by no means only – results of this paper, namely
Curie's symmetry principle and Curie's limit groups of symmetry and their practical
implications in the study of elastic anisotropy.
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BOX 4.2.1-1-1

Pierre Curie (1859-1906) and his work outside the field of radioactivity
The name of the French physicist Pierre Curie (1859-1906) is often systematically
associated with the name of his wife the Polish physicist and chemist Marie
Sklodowska-Curie (1867-1934), and joined together in a common glory for their work
on radioactivity (e.g., see Website of the Institut Curie on Pierre and Marie Curie:
http://www.curie.fr/fondation/musee/marie-pierre-curie.cfm/lang/_gb.htm ).
In contrast much less is known about the remarkable pioneering-work of Pierre Curie
before this period (e.g., Hurwic 1995), including the discovery of piezoelectricity with
his brother Jacques, the demonstration of the change of magnetic properties with
temperature (in particular, the temperature above which a material ceases to be
ferromagnetic is now known as Curie point), the construction of delicate, and now
commonly used instruments, to assist his experiments (balances, electrometers,
piezoelectric crystals ...), and an advanced theory on symmetry. In the whole work of
Pierre Curie the brevity of the descriptions strongly contrasts with the depth of the
reflections. As pointed out by Shubnikov (1956) the complete collection of his papers
(P. Curie, 1908) is contained in 610 pages including 61 articles, which represents an
average of only 10 pages per article, each article containing major contributions as will
be illustrated with Curie's paper of 1894 written in french (P. Curie, 1894).

Facsimile of the two first pages of the book on the complete collection of Pierre Curie’
papers (P. Curie, 1908)
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4.2.1 Curie's symmetry principle and some consequences for elastic anisotropy
Ahead of his contemporaries, Curie was the first to realize the difference between the
symmetry of a medium and the symmetry of its physical properties. The present section is
focused on the work of Pierre Curie on the symmetry of physical phenomena. Curie's
symmetry principle, illustrated by the Fig.4.2.1-1, generalizes to any physical phenomena
Neumann's principle initially restricted to crystal physics [Voigt, 1910].

Figure 4.2.1-1: Original and modern formulations of Curie's principle of symmetry on
physical phenomena.
The original direct formulation of the principle can be translated in english in the following
way: "...if certain causes yield known effects, the symmetry causes must be contained in the
generated effects...". In modern language this means that, if we designate by Gcause#i the
symmetry group of the cause number i (i=1 to n), the intersection of the n symmetry groups
of all the causes is a sub-group of the symmetry group Geffect of the observed effects, or
mathematically:
(4.2.1-1)

Gcause#1 Gcause#2 Gcause#3 ....  Gcause#n  Geffect

In other words, and more concisely, the effects are more symmetric than the causes, which
leads to a minimalistic direct formulation fixing a lower bound for the effects.
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Figure 4.2.1-2: Curie's principle of symmetry on physical phenomena.
Fig. 4.2.1-2 illustrates more explicitly Curie's symmetry principle with all the causes on the
left part of the figure and various physical phenomena on the right part of the figure. The first
cause is obviously the considered medium itself. The other causes can be as various as the
presence of additional fracture systems, applied fields (stress, electric or magnetic fields), or
temperature variations. All the causes must be identified in order for the principle to be
applicable. The observed effects can be any physical phenomenon (elastic, electrical,
hydraulic, thermal etc...) which illustrate the generality of the principle.
The corollary of the principle is formulated in the following way: "...if the known effects
manifest certain dissymmetry (lack of symmetry elements), this latter must be contained in
the causes which generated these effects ...". In modern language this means that if one of the
observed effects lack a symmetry element (e.g, a symmetry axis or a plane), necessarily one
of the causes lack this symmetry element. In other words, and more concisely, the causes
cannot be more symmetric than the effects, which leads to a maximalistic formulation fixing
an upper bound for the symmetry of the causes.
In order to figure out more clearly Curie's principle in action we shall give one practical
example of its direct principle and one of its corollary.
Figure 4.2.1-3 considers an isotropic medium of symmetry G1 corresponding to Curie's limit
group   m , for which any plane is a symmetry plane and any axis is a symmetry axis (see
next sub-section). This was the first cause. The second cause is the applied stress field which
is assumed triaxial. Such a stress field can be put in a one-to-one correspondence with an
ellipsoid, namely Lamé’s stress ellipsoid (e.g., Fung [1994]), characterized by three
symmetry planes orthogonal to each other and leading to an orthorhombic symmetry group
G2 designated by mmm in the international notation (e.g., Hahn [1983]). Obviously both G1
and G1 share the three symmetry planes orthogonal to each other. In other words the
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symmetry groups G1 G2 of all the causes is also orthorhombic. As a consequence an
initially isotropic medium, when tri-axially stressed, cannot be less symmetric than
orthorhombic. This result was derived by Nur [1971] in less direct alternative way and was reestablished by Johnson and Rasolofosaon [1996] using Curie's principle.

Figure 4.2.1-3: Curie's symmetry principle in action. A initially isotropic medium when triaxially stressed cannot be less symmetric than orthorhombic.
Here, once again we emphasize the generality of Curie's principle. The results hold for any
physical property and are completely independent of the rock model and of the strength of the
stress field, as pointed out in the last reference.
Figure 4.2.1-4 gives an example the corollary of Curie’s principle. The considered example
concerns the piezoelectric effect, experimentally demonstrated by Pierre Curie and his brother
Jacques [P. Curie and J. Curie, 1880]. Piezoelectricity is the property of a material to become
electrically polarized when mechanically stressed (e.g., Cady [1946]; Dieulesaint and Royer
[1974]; Nye [1985]; Ikeda [1996]). Examples of natural piezoelectric materials are quartz,
tourmaline, topaz, or Rochelle salt (sodium potassium tartrate tetrahydrate). Under stress, the
observed effect is an electric polarization, represented by a polar vector. A polar vector has
the symmetry of a right circular cone at rest (see detail in the next section 4.2.2), characterized
by an axis of rotational invariance (i.e. the axis of the cone) and an infinite number of
symmetry planes (i.e. any plane containing the cone axis), but no center of symmetry. As
illustrated by Figure 4.1.1-1 and the corresponding comments, the corollary of Curie’s
symmetry principle is that if one of observed effects lack a symmetry element (here a center
of symmetry), necessarily one of the causes lack this symmetry element. The two causes of
the observed phenomenon are the applied stress and the considered medium itself. Because
the stress, as any symmetric tensor of rank 2, can be put in a one-to-one correspondence with
an ellipsoid, namely Lamé’s stress ellipsoid (e.g., Fung [1994]), as a consequence the stress
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exhibits a center of symmetry. As a consequence the remaining cause, namely the medium,
must lack a center of symmetry. The result that piezoelectric media must lack a center of
symmetry is well-known in crystal physics (e.g., Dieulesaint and Royer [1974]; Sirotine and
Chaskolskaya [1975]; Nye [1985]).

Figure 4.2.1-4: The corollary of Curie's symmetry principle in action. A piezoelectric medium
medium necessarily lacks a center of symmetry.

In practice, given the symmetry of the causes, Curie’s principle allows to qualitatively predict
the minimum symmetry of the effects and to simplify the formulation of the problem for
further quantitative analyses. For instance, in seismic anisotropy the most complex symmetry
exhibited by an arbitrarily but uniformly stressed medium (initially isotropic) is orthorhombic.
And an unstressed Vertical TI medium cannot be more complex than orthorhombic when triaxially stressed if one the eigenstress direction is vertical, and than monoclinic when
uniaxially stressed. All these results are completely independent of the stress level and of the
rock model.
Lastly, a fertile concept initiated by Curie is that of symmetry breaking (modern terminology
not used by him). In one of his last paragraphs Curie explains that the dissymmetry, or more
clearly the lowering of the symmetry group (symmetry breaking in modern language) of the
medium is what “creates the phenomenon”. Symmetry breaking now plays a central role in
many branches of modern physics (e.g., see Website of Stanford Encyclopedia of Philosophy:
http://plato.stanford.edu/ ).
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4.2.2 Curie's limit group and symmetry of geological media
4.2.2.1 Curie's symmetry group or limit group of symmetry
Another major result of Curie's paper of 1894 is the introduction of non-crystallographic limit
groups of symmetry, now called Curie's groups of symmetry and including infinite-fold axes
of symmetry [Curie, 1894]. The seven Curie's symmetry group are illustrated by Fig. 4.2.2-1
in the form of a table. The designations of each symmetry class are listed in the two first
colums, with the international notation of Hermann-Mauguin in the first column and
Schoenflies notation in the second column (e.g., Sirotine and Chaskolskaya [1975]; Nowick
[1995]). In order to facilitate the identification of each class some simple examples of each
class are given in the two next columns, with classical geometrical illustrations (i.e., cones,
cylinders and spheres) in the third column and laymen examples in the fourth column. The
different symmetry elements are detailed in the fifth column, and the last column gives some
geophysical examples illustrating each class.
The seven classes are grouped into two systems. The “cylindrical” system gathers the five
classes exhibiting a single axis of rotational invariance and the “spherical” system the two
classes characterized by an infinite number of axes of rotational invariance.
Regarding the “cylindrical” system, Curie realized, ahead of his contemporaries, the essential
difference between the electric field symmetry  m (of a cone at rest) and the magnetic field
symmetry  / m (of a rotating cylinder). The electric field vector is a polar vector which
exhibits an axis of rotational invariance, parallel to the electric field vector, and an infinite
number of symmetry plane (i.e. any plane containing the infinite-fold axis). For instance the
force vector and the velocity vector share the same symmetry as the electric field vector. The
magnetic field is an axial vector or a pseudo-vector, and also exhibits an axis of rotational
invariance parallel to the magnetic field vector. However it exhibits a single symmetry plane
perpendicular to the symmetry axis. For instance the moment vector of a force, or the torque
vector, and the rotation vector share the same symmetry as the magnetic field vector.
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Figure 4.2.2-1: The seven non-crystallographic limit group of symmetry or Curie's symmetry
groups characterized by at least an infinite-fold symmetry axis, including five classes in the
cylindrical system and two classes in the spherical system. Each class is referenced by its
international notation (2nd column) and Schoenflies notation (3rd column), sketched in the 4th
column, and illustrated by a simple example in the 5th column and by geophysical examples in
the last column (modified after Hahn [1983]).
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The lowest symmetry class of the “cylindrical” system, is noted  and is characterized by
just an axis of rotational invariance. It is the symmetry of a rotating cone and a simple
geophysical example is the flow velocity field in the vicinity of a hurricane eye. The fourth
symmetry class is noted 2 , corresponding to the symmetry of a twisted cylinder, exhibits an
axis of rotational invariance (i.e. the axis of the cylinder) and an infinite number of symmetry
axes of order 2 perpendicular to the infinite-fold axis.
The chosen geophysical example is particle displacement field corresponding to the lowest
toroidal or twisting mode 0 T2 of free oscillation of the earth, which are mainly excited by
large earthquakes (e.g., Lay and Wallace [1995]; Shearer [1999]). The last symmetry class,
noted  / m m , corresponding to the highest symmetry , is the symmetry of a cylinder at
rest. It is characterized by an axis of rotational invariance, parallel to the axis of the cylinder,
an infinite number of symmetry planes (i.e. any plane containing the infinite-fold axis), and a
symmetry plane normal to the cylinder axis. Let us note in passing that there are five classes
of symmetry exhibiting an axis of rotational invariance, and not a single one. The Transverse
Isotropy (TI) symmetry commonly considered in the geophysical literature (e.g., Thomsen
[1986]; Tsvankin [1996]), illustrated by thinly layered media with randomly distributed
constituents, belongs to the class  / m m . Note that the term “transversely isotropic” was
first coined by Love [1892], according to Helbig and Thomsen [2005].
The “spherical” system is composed of two symmetry classes. The lowest symmetry class is
noted   , and is characterized by a double infinity of axes of rotational invariance but no
symmetry plane. In other words, any axis is an infinite-fold symmetry axis. This is the
symmetry exhibited by an isotropic gyrotropic or active material (elastic or optical). The
polarization of an elastic or optical wave propagating in a gyrotropic material rotates during
the propagation (e.g., Sirotine and Chaskolskaya [1975]; Haussühl [1983]). Optical gyrotropy
was discovered in quartz by the French mathematician, physicist, astronomer and politician
François Arago (1786-1853) in 1811 (e.g., Arago [1811]; Rosmorduc [1988]).
Acoustical gyrotropy, the analog of optical gyrotropy, has been investigated later, since the
1960s (e.g., Andronov [1960]; Portigal D.L. and Burstein E. [1968]), and much later in the
seismic frequency band by Obolentseva [1992] (more details on seismic gyrotropy can be
found in Chichinina [1998]).
For the highest symmetry class, noted  m , any axis is an axis of rotational invariance and
any plane is a symmetry plane. Here again let us note that there are two isotropic symmetry
classes, and not a single one. The Isotropic (ISO) symmetry commonly considered in the
geophysical literature, illustrated by an elastic medium with randomly oriented and distributed
constituents, belongs to the class  m .
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4.2.2.2

Hierachical link between Curie's symmetry groups and the crystallographic
groups. Symmetry groups in Geological media

4.2.2.2.1 Hierachical link between Curie's symmetry groups and the crystallographic groups.
Figure 4.2.2-2 illustrates the hierarchical link between the seven Curie's symmetry groups,
described in the previous sub-section, and the 32 crystallographic groups (e.g., Haussühl
[1983]; Tilley [2006]), with the least symmetric triclinic group 1 (lacking any symmetry
element) in the bottom of the figure to the most symmetric isotropic  m (exhibiting any
symmetry element: any axis is an axis of rotational invariance, and any plane is a symmetry
plane) in the top of the figure. The name of each symmetry group is written inside a disk.
The multiplicity of each sub-group, as defined in group theory (e.g., Wooster [1973]; Joshi
[1982]; Hamermesh [1989]), is indicated on the left part and on the right part of the figure.

Figure 4.2.2-2: Hierachical link between the seven non-crystallographic limit group of
symmetry or Curie's symmetry groups and the crystallographic groups, from the least
symmetric triclinic group 1 in the bottom of the figure to the most symmetric isotropic
 m in the top of the figure (modified after Sirotine and Chaskolskaya [1979]).
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As for Curie’s limit groups in the previous sub-section, all these symmetry groups can be
gathered in nine systems, each system being bounded by a closed curve dashed line on the
figure. The two systems gathering Curie’s symmetry groups, namely the “cylindrical” ‘or
“transversely isotropic” system and the “spherical” or “isotropic” system have been studied in
the previous sub-section, and are more symmetric than any of the seven remaining systems
gathering the crystallographic groups. The seven crystallographic systems are the triclinic, the
monoclinic, the orthorhombic, the trigonal, the tetragonal, the hexagonal and the cubic
systems.
The cubic (or isometric) crystallographic system is a crystal system where the unit cell is a
cube, the unit cell being the smallest divisible unit of a mineral that possesses the symmetry
of the mineral. It gathers the 5 cubic groups, namely m3m , 432 , 43m , m 3 and 23 , each
exhibiting at least four 3-fold axis of symmetry.
The hexagonal crystal system is a crystal system where the unit cell is hexagonal. Seven
crystallographic groups, namely 6 , 6 , 6 / m , 622 , 6mm , 6 m2 and 6 / mmm compose this
system, each exhibiting at least a 6-fold axis of symmetry.
The trigonal crystal system gathers the 5 symmetry groups, namely 3 , 3 , 32 , 3m and 3m ,
each exhibiting at least a 3-fold axis of symmetry.
Seven crystallographic groups, namely 4 , 4 , 4 / m , 422 , 4mm , 42m and 4 / mmm compose
the tetragonal crystal system, each exhibiting at least a 4-fold axis of symmetry.
The orthorhombic crystal system gathers the 3 symmetry groups, namely 222 , mm2 and
mmm , each exhibiting at least either three 2-fold axes of rotation or one 2-fold axis of
rotation and two symmetry planes.
The monoclinic crystal system is composed of three symmetry groups, namely 2 , m and
2 / m , each exhibiting at least a 2-fold axis of symmetry or a symmetry plane.
Finally, the triclinic crystal system gathers two symmetry groups, namely 1 and 1 , exhibiting
no symmetry element and a center of symmetry respectively.
The description that follows is excerpt from Sirotine and Chaskolskaya [1975]. More details
can be found in this reference. The links between the different groups are also represented
diagrammatically on Figure 4.2.2-2. More precisely, the different symmetry groups of the
same system are connected by heavy dashed lines, as the groups 1 and 1 of the triclinic
system, or the groups m and  of the isotropic system. A symmetry group of a given
system is downward connected with its sub-groups belonging to another system by light solid
lines. For instance the isotropic symmetry group m ( of which any axis is an axis of
rotational invariance and any plane a symmetry plane) is connected with its transversely
isotropic sub-group  / mm (characterized by an axis of rotational invariance and an infinite
number of symmetry planes containing this axis) by a light solid line. In some cases three
light solid lines connect a group and its sub-group. For instance the orthorhombic symmetry
group 222 (characterized by three 2-fold axes mutually perpendicular) is connected by three
light solid lines to its monoclinic sub-group 2 (characterized by a single 2-fold axis). The
reason is that there are three possible orientations for the 2-fold axis, along one of the three
coordinate axes.
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4.2.2.2.2 Symmetry groups in Geological media
The overall symmetry of geological media is influenced by three main factors, namely:
-

-

-

the rock fabric, that is to say the spatial and geometric configuration of all the
elements that compose the rock (e.g., Sander [1930] and [1970]) and more generally
the presence of heterogeneous rock components or structures (e.g., layering) spatially
organized at scales smaller than the elastic wavelength,
the presence of the mechanical defects, that is to say fractures, cracks, grain joints
etc… (e.g., Jaeger et al. [2007]), due to paleo-stresses or created/ opened by present
stress, and
the present stress field (e.g., Zoback [2007])

Regarding rock fabric and more generally spatially aligned structures, according to Paterson
and Weiss [1961], only some of the symmetry groups of Figure 4.2.2-2 may be encountered
in sedimentary rock and igneous rock fabrics. The common types of symmetry to be expected
are isotropic, transversely isotropic, orthotropic, monoclinic and triclinic, as illustrated by
Figure 4.2.2-3. Note that without the presence of fractures/cracks, or more generally any
mechanical defect, the orthotropic (orthorhombic) symmetry is seldom encountered.

Figure 4.2.2-3: Symmetry types of rock fabric in sedimentary rocks and igneous rocks
(modified after Paterson and Weiss [1961]). The symmetry types are introduced in the two
previous sub-sections.
With respect to elasticity, the fractures/cracks, or mechanical defects in general, can be
idealized either by elastic models with fractures with non-welded (linear slip) interfaces (e.g.,
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Schoenberg and Douma [1988]; Schoenberg and Sayers [1995]), or by elastic models with
aligned ellipsoidal cracks (e.g., Hudson [1980] and [1991]), as illustrated by Figure 4.2.2-4,
and more generally by elastic models with multiple families of such fractures or cracks (for
details see the last reference and section 4.6).

Figure 4.2.2-4: Two idealizations of an initially elastic isotropic model with a single family
of aligned fractures (figure on the left) or with a single family of aligned cracks (figure on the
right). Note that both models exhibit an axis of rotational invariance normal to the fracture
plane or to the plane aligned with the cracks, which results in the overall transversely
isotropic symmetry.
In the presence of a single family of aligned fractures/cracks the medium exhibits transverse
isotropy with symmetry  / mm (after Figure 4.3.2-4 and the corresponding comments),
characterized by an axis of rotational invariance (normal to the fracture/crack plane), an
infinite number of symmetry planes (normal to the fracture/crack plane and containing the
infinite-fold axis), and a symmetry plane parallel to the fracture/crack plane (see Figure 4.2.21 and the corresponding comments in sub-section 4.2.2.1).
In the presence of multiple families of aligned fracture/cracks, five symmetry cases are
possible:
- Isotropic symmetry m (any axis is an axis of rotational invariance and any plane is
a symmetry plane) in the presence of a great number of crack/fracture families
arbitrarily oriented,
- Transversely isotropic symmetry  / mm , characterized by an axis of rotational
invariance, an infinite number of symmetry planes containing the infinite-fold axis),
and a symmetry plane normal to this axis, in the case where the fracture/crack planes
of all the families are parallel. Obviously the axis of rotational invariance is normal to
the fracture/crack plane.
- Orthotropic (orthorhombic) symmetry mmm , characterized by 3 symmetry planes
mutually perpendicular, in the case where the families of fractures/cracks are
characterized by only two or three different directions of the normal to the
fracture/crack plane, mutually orthogonal. The symmetry planes are parallel to the
fracture planes.
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-

Monoclinic symmetry m , characterized by a single symmetry plane, in the case where
the families of fractures/cracks are characterized by two different directions of the
normal to the fracture/crack plane, not orthogonal. Thus the symmetry plane is the
plane defined by the two normal directions.

-

Triclinic symmetry 1 , characterized by a center of symmetry, in the presence of more
than two, but limited number of fracture/crack families.

Regarding the stress field itself, assumed overall uniform, the corresponding symmetry type
cannot be lower than orthorhombic, more precisely mmm with three symmetry planes
mutually perpendicular (see Figure 4.2.1-3 and the corresponding comments). Thus if  I ,
 II and  III designate the principal stresses (we impose no hierarchy on these stress
values), three symmetry cases are possible:
- Isotropic symmetry m in the case of an isotropic state of stress, that is to say if

I  II  III
-

Transversely isotropic symmetry  / mm , in the case of a bi-axial state of stress, that
is to say if I  II  III , and

-

Orthotropic (orthorhombic) symmetry mmm , in the case of a tri-axial state of stress,
that is to say if I  II  III .

The derivation of the overall symmetry due to three above causes is just a matter of applying
Curie’s symmetry principle, detailed in sub-section 4.2.1 and illustrated by 4.2.1-2. Note that
the special case of a initially isotropic medium tri-axially stressed, illustrated by Figure 4.2.13, have been already considered in that sub-section.
For clarity we shall analyze another example of application of Curie’s symmetry principle,
illustrated by Figure 4.2.2-5. One considers an initially isotropic medium containing a single
family of vertical fractures which is tri-axially stressed. Following the method described in
the sub-section 4.2.1, the process is done in two steps, namely first enumerate all the causes of
the physical phenomenon and the associated symmetry elements, in the sense defined in that
sub-section, and then find the symmetry elements shared by all the causes.
There are three causes: namely the medium (G1) itself, the single family of parallel fractures
(G2) and the stress (G3).
The medium is initially isotropic with the symmetry m (any axis is an axis of rotational
invariance and any plane is a symmetry plane). The single family of parallel fractures exhibits
the transversely isotropic symmetry  / mm , characterized by an axis of rotational invariance
(of arbitrary azimuth) , an infinite number of symmetry planes containing the infinite-fold
axis), and a symmetry plane normal to this axis. The applied stress is “vertically” tri-axial of
orthotropic symmetry mmm , characterized by 3 symmetry planes mutually perpendicular,
one of the planes being horizontal.
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Figure 4.2.2-5: Curie's symmetry principle in action. A initially isotropic medium containing
a single family of vertical fractures when tri-axially stressed cannot be less symmetric than
monoclinic..
The only symmetry element shared by the three causes is the horizontal plane defined by the
normal T to the fracture planes and one of the principal stress direction N . As a consequence
the effects, for instance any physical property, in particular the elastic properties (not just
linear elastic properties, but also nonlinear effects) are at least monoclinic with the symmetry
m . As pointed out previously all these results are completely independent of the stress level
and of the rock model. As a consequence the linear elastic property of the medium sketched
by Figure 4.2.2-5 is defined by a maximum of 12 non-vanishing coefficients, as detailed on
Figure 4.3.2-4 and the corresponding comments.
Curie’s principle allows deducing the minimum symmetry level of a physical phenomenon
due to multiple causes, given the symmetry of the causes. As a consequence, regarding elastic
properties, it gives the maximum number of linear elastic constants characterizing a system
such as the one illustrated by the left part of Figure 4.2.2-5, using Figure 4.3.2-4 and the
corresponding comments.
Note that Curie’s principle leads to a minimalistic direct formulation. The physical property
can be characterized by less constants than that deduced from this principle. For instance, on
Figure 4.2.1-3 and the corresponding comments, Curie’s principle allows to deduce that an
initially isotropic medium when tri-axially stressed cannot be less symmetric than
orthorhombic. However Nikitin and Chesnokov [1981] and Rasolofosaon [1998b], using two
different approaches, demonstrated that an initially isotropic medium when tri-axially stressed
is not characterized by 9 independent elastic coefficients, as conventional orthorhombic media
(see Figure 4.3.2-4 and the corresponding comments), but by only 6 independent coefficients.
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All these examples illustrate the powerfulness of Curie’s symmetry principle applied to the
study of the symmetry of the physical phenomena in geological media. The application of this
symmetry principle is strongly recommended in order to simplify the formulation and the
quantitative analysis of the addressed problem. The detailed description given above should
greatly help to put Curie’s principle into practice.

4.3 Seismic anisotropy, the classical theory
4.3.1 Stress, strain and Voigt's notation
The detailed descriptions of the stress and of the strain can be found in sections 1.2.1.1 and
1.2.1.2 of Chapter 1 and do not need to be reported here.
The single index notation or contracted-index notation of Voigt for the strain tensor and for
the stress tensor were defined respectively by equation (1.2.1-16) and by equation (1.2.1-25)
and is illustrated by Figure 4.2.1-1. and are repeated here only for convenience:
  1 ;  22   2 ;  33   3
(4.3.1-1)  11
 23   4 ; 13   5 ; 12   6
Or in a more compact way [Helbig, 1994]:

   1 ;  22   2 ;  33   3
and  11
2 23   4 ; 213   5 ; 212   6


 I  ij ;  J   2  kl   kl with I , J  1, 2,..., 6 and i, j, k , l  1, 2,3
(4.3.1-2) 
I  iij  1  ij  9  i  j  ; J  k kl  1  kl   9  k  l 






The strain tensor and the stress tensor are mapped to two single-column matrices of
dimension 6. Note the absence of the factors 2 for the components (23), (13) and (12) of the
stress tensor, compared to the corresponding components of the strain tensor.
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Figure 4.3.1-1: Voigt's convention for indice contraction

As pointed out in Chapter 1 the reprensation is not a true tensorial nor a vectorial mapping, in
contrast to the so called Kelvin representation (Cowin [1987]; Helbig [1994]). However
Voigt's mapping and notation have become standards and the corresponding elastic constants,
described in the next sub-section, are those available in standard tables of constants (e.g.,
Aleksandrov [1961]; Bechmann [1966]) and found in any classical textbook on crystal
acoustics (e.g., Auld [1973]; Dieulesaint and Royer [1974]). That is the reason why we adopt
here this representation in the following, unless mentioned.
Regarding the strain matrix in Voigt representation, the three first components
 I ( I  1, 2,3) correspond to elongations of the rock sample, that is to say a change of the
dimension of the sample without any change of shape along the coordinate axes
I ( I  1, 2,3) , as illustrated by Figure 4.3.1-2. In other words a rectangular-parallelepiped
sample (with six rectangular faces parallel to the coordinate planes) remains a rectangular
parallelepiped with different dimensions. The relative length variation of the sample along a
coordinate axis is equal to the corresponding component of the elongation in this direction as
shown in Equation (1.2.1-11) and in the corresponding comments.
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Figure 4.3.1-2: Voigt's convention for the strain
In contrast the three last components 4 ( 223 ) , 5 ( 213 ) and 6 ( 212 ) correspond to
distorsions inducing changes of the shape of the sample in the coordinate planes 23 (yz), 13
(xz) and 12 (xy) respectively. The faces of the parallelepiped are no longer rectangles but
parallelograms. As shown by Equation (1.2.1-15) and the corresponding comments, in the
side of the parallelepiped parallel to the considered coordinate plane the induced angular
deviation from a right angle is precisely equal to the distorsion strain in this plane.
Regarding the stress matrix in Voigt representation, the three first components
I ( I  1, 2,3) correspond to normal stress or uniaxial stress along the coordinate axes
I ( I  1, 2,3) , as illustrated by Figures 1.2.1-2 Chapter 1 and 4.3.1-3. The three
lastcomponents 4 ( 23 ) , 5 ( 13 ) and 6 ( 12 ) correspond to shear stresses in the
coordinate planes 23 (yz), 13 (xz) and 12 (xy) respectively.

Figure 4.3.1-3: Voigt's convention for the stress
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4.3.2 Anisotropic version of the generalized Hooke's law
4.3.2.1 Strain-stress and stress-strain relations, and elasticity matrix.
The most general linear relation between the components  ij of the stress tensor and the
components  kl of the strain tensor is given by Equation (1.2.1-30) of Chapter 1, and can be
written as a stress-strain relation or strain-stress relation in non-contracted notations, as
follows:
(4.3.2-1)

 ij  Cijkl  kl

ij  Sijkl kl with

and

i, j, k , l  1, 2,3

where Cijkl and Sijkl are the components of the stiffness tensor and of the compliance tensor.
These tensors are inverse of each other, that is to say such that:
1
Cijmn Smnkl  Iijkl  il  jk  ik  jl
(4.3.2-2)
2
1
where Iijkl  il  jk  ik  jl are the component of the identity tensor of rank 4, the  s
2
being the components of the unit tensor of rank 2 or Kronecker tensor (defined by ij  1 if









i  j , and ij  0 if i  j ).
The version of Equation (4.2.2-1) in contracted notation is:
(4.3.2-3)

I  CIJ  J

and

 I  SIJ  J with

I , J  1, 2,...,6

where CIJ and S IJ are the components of the stiffness matrix and the compliance matrix in
Voigt notation. These matrices are inverse of each other, that is to say:
(4.3.2-4)

CIJ S JK  IK

The relations between the components of the stiffness/compliance tensor with contracted and
with non-contracted indices are the followings (e.g., Helbig [1994]):
(4.3.2-5)
CIJ  Cijkl ; SIJ  2  ij  2  kl  Sijkl with I , J  1, 2,..., 6 and i, j, k , l  1, 2,3


I  iij  1  ij  9  i  j  ; J  k  kl  1   kl   9  k  l 











Because of the symmetry condition ( Chapter 1 Eq.1.2.1-33) the stiffness matrix and the
compliance matrix of dimension 6×6 are symmetric. As the consequence they are
characterized by 21 (=6+5+4+3+2+1) independent coefficients in the most general case
(triclinic).
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We gave in Chapter 1 §1.2.1-3 the physical interpretation of all the elastic coefficients of
isotropic linearly elastic media. Here we aim to do the same for arbitrarily anisotropic media.
Although the physical interpretation of the elastic coefficients Cijkl and Sijkl , with noncontracted indices, is not straightforward, the elastic constants CIJ and S IJ , with contracted
indices, are more easily interpretable. For this, let us consider two thought experiments
sketched by the two next figures.

Figure 4.3.2-1: Physical interpretation of the third column of the compliance matrix of
Hooke's law. Case of a uniaxial stress along the 3-axis or Z-axis.

First let us consider a rock sample submitted to an uniaxial stress along a coordinate axis, say
along the 3-axis (i.e., 3  0 and I  0 for I  3 ) , as illustrated by Figure 4.3.2-1. After
Equation (4.2.2-3) the induced deformations are given by:
(4.3.2-6)

 I  SI 3 3 with

I  1, 2,...,6

The third component 3  S33 3 of the induced strain is the induced elongation along the 3axis, and the coefficient S33 is simply uniaxial strain induced per unit axial stress in the
direction 3. Thus S33 can be interpreted as the inverse of Young’s modulus, or Young’s
compliance, in the direction 3.
As in the case of isotropic media, anisotropic media when uniaxially stressed in a given
direction tends to change of dimension in the perpendicular direction. After Equation (4.3.23), and in a way similar to Equation (1.2.1-38), one has:
ELASTIC ANISOTROPY

Page 4.3-24

PETROACOUSTICS – CHAPTER 4

(4.3.2-7)



S
S
1

  13  31 and  2   23  32
3
S33
3
S33

The opposite of the ratio between the radial strain 1 (respectively  2 ) in direction 1
(respectively in direction 2) and the axial strain 3 is a Poisson’s ratio 31 (respectively

32 ), Thus the ratio S13 / S33 (respectively S23 / S33 ) can be interpreted as the opposite of
Poisson’s ratio 31 (respectively 32 ), that corresponds to an elongation in direction 1
(respectively in direction 2) when uniaxial stress is applied in direction 3.
Additional counterintuitive effects, not observed in isotropic media, are the induced distorsion
strains  4 , 5 and 6 in the three coordinate planes under uniaxial stress:
(4.3.2-8)

4  S43 3 ;

5  S53 3 and 6  S63 6

In other words words a rectangular-parallelepiped sample (with six rectangular faces parallel
to the coordinate planes) cannot remain a rectangular parallelepiped under uniaxial stress
along a coordinate axis. The faces of the parallelepiped are no longer rectangles but
parallelograms. As shown by Figure 4.3.1-2 and the corresponding comments, the induced
angular deviations from a right angle are equal to 4 ( 223 ) , 5 ( 213 ) and 6 ( 212 )
in the coordinate planes 23 (yz), 13 (xz) and 12 (xy) respectively. Thus, after Equation (4.3.27), S43 , S53 and S63 can be interpreted as the distorsion angles induced in planes 23 (yz),
13 (xz) and 12 (xy), respectively, per uniaxial stress in the direction 3 (z). We call this effect a
coupling effect between compression and distorsion. If we define  (IJCD ) as the
compression/distorsion (CD) coupling coefficient corresponding to a distorsion in the plane
normal to the direction J when uniaxial stress is applied in the direction I, one has the
relations:
(4.3.2-9)

(CD )
;
S43   31

(CD)
(CD)
and S63  33
S53   32

By considering two similar uniaxial-stress experiments along the coordinate axes 1 (x) and 2
(y) it is possible to straightforwardly give the physical interpretations of all the compliance
coefficients S IJ (with J  3 ) corresponding to the left part of the compliance matrix of
Figure 4.3.2-1. For instance, S22 can be interpreted as the inverse of Young’s modulus, or
Young’s compliance, in the direction 2, and S12 / S22 is the opposite of Poisson’s ratio  21
corresponding to an elongation in direction 1 when uniaxial stress is applied in direction 2. In
the same way, S61 can be interpreted as the distorsion angle 6 ( 212 ) induced in planes
the 12 (xy), per uniaxial stress in the direction 1 (x).
In order to interpret all the remaining compliance coefficients S IJ (with J  4 )
corresponding to the right part of the compliance matrix, let us consider a rock sample
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submitted to a shear stress in the coordinate plane 12 (i.e., 6  0 and I  0 for I  0
for I  6 ) , as illustrated by Figure 4.3.2-2. After Equation (4.3.2-3) the induced
deformations are given by:
(4.3.2-10)

 I  SI 6 6 with

I  1, 2,...,6

Figure 4.3.2-2: Physical interpretation of the sixth column of the compliance matrix of
Hooke's law. Case of a shear stress in the 12-plane or xy-plane.
The sixth component 6  S66 6 of the induced strain is the induced distorsion in the 12plane of stress, and the coefficient S66 is simply the distorsion angle induced per unit shear
stress in the 12-plane. Thus S66 can be interpreted as the inverse of the shear modulus 3 , or
in the normal to the direction 3, that is to say the 12-plane.
Additional counterintuitive effects, not observed in isotropic media, are the induced distorsion
strains 4 ( 223 ) and 5 ( 213 ) in the two coordinate planes perpendicular to the 12-plane
of the imposed shear stress. This effect is similar to the Poisson effect with the change of
sample size in a direction perpendicular to the uniaxial stress direction. The main difference
here is that we are dealing with distorsion strains and not elongation or uniaxial strains. That
is why we call this effect a Poisson S effect, S standing for shear. In a way similar to Equation
(4.3.2-7), we can define the Poisson S coefficients as follows:
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(4.3.2-11)

(S )
31


4 S44

6 S66

and

(S )
32


5 S55

6 S66

(S )
(S )
where 31
(respectively 32
) is a Poisson S ratio, that corresponds to distorsion in the
plane normal to direction 1 (respectively to direction 2) when shear stress is applied in the
plane normal to direction 3. Thus the ratio S44 / S66 (respectively S55 / S66 ) can be interpreted
(S )
(S )
as Poisson S ratio 31
(respectively 32
).

Furthermore additional counterintuitive effects, not observed in isotropic media, are the
induced elongation or uniaxial strains 1 ,  2 and 3 in the three coordinate directions under
shear stress:
(4.3.2-12)

1  S16 6 ;

2  S26 6 and 3  S36 6

In other words a rectangular-parallelepiped sample (with six rectangular faces parallel to the
coordinate planes) necessarily exhibits change of dimension along the three coordinate axes
under shear stress in a coordinate plane. Thus, S16 , S26 and S36 can be interpreted as the
uniaxial strain induced in the direction 1 (x), in the direction 2 (y) and in the direction 3 (y),
respectively, per shear stress in the 12-plane (xy-plane). We call this effect a coupling
between shear and dilatation. If we define  (IJSD ) as the shear/dilatation (SD) coupling
coefficient corresponding to a uniaxial strain in the direction J when shear stress is applied in
the plane normal to the I, one has the relations:
(4.3.2-13)

( SD )
;
S16  31

( SD )
( SD )
and S36  33
S26  32

Because of the symmetry of the compliance matrix ( S IJ  S JI with
I , J  1, 2,...,6 ) the
coefficients characterizing the coupling between shear and dilatation, introduced in Equation
(4.3.2-13) and the corresponding comments, are equal to the corresponding coefficient
characterizing the coupling between compression and distorsion, introduced in Equation
(4.3.2-9) and the corresponding comments. For instance one has:
(4.3.2-14)

S16  S61 

( SD)
(CD)
31
 13

the general result being:
(4.3.2-15)

 (IJSD)   (JICD) .
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This simply means that the uniaxial strain measured in the direction J per unit shear stress
applied in the plane normal to the direction I, namely  (IJSD ) , is equal to the distorsion in the
plane normal to the direction I per unit uniaxial stress in the direction J, namely  (JICD ) .
Finally, using the more explicit new coefficients, the compliance matrix simply writes:

(4.3.2-16)

 1
 E
 1
 12

 E1
 13

 E1
S
  (CD )
 11

 (CD )
 12


(CD )
 13



 21
E2



31
E3

( SD )
11

 (21SD )

1
E2



32
E3

( SD )
12

 (22SD )

1
E3

( SD )
13

 (23SD )

 (21CD )

(CD )
 31

1
1

 (21S )
2

 (22CD )

(CD )
 32

(S )
12
1

1
2

 (23CD )

(CD )
 33

(S )
13
1

 (23S )
2





 23
E2

( SD ) 
 31


( SD ) 
 32 

( SD ) 
 33


(S ) 
31 
3 

(S )
32

3 
1 

3 

Note that, in this form the compliance matrix does not seem to be symmetric. However the
symmetry is straightforwardly re-established by noting the following relations:

(4.3.2-17)

ij

E
 i
 ji E j

;

ij(CD)   (jiSD)

and

ij( S )
 (jiS )



i
j

This completes the physical interpretation of all the compliance coefficients with contracted
indices.
The physical interpretation of the compliance coefficients with non contracted indices, can be
made in two steps. The first step is to contract the indices by using the relation (4.3.2-6)
between the components of the stiffness/compliance tensor with contracted and noncontracted indices. Then we use the physical interpretation detailed above.
 (23S )
For instance and after Equation (4.3.2-5), S1213 is equal to S65 / 4 , which is equal to
4 2

after Equation (4.3.2-16). Thus S1213 can be interpreted as a quarter of the product of the
Poisson S ratio  (23S ) , corresponding to a distorsion in the plane normal to direction 3 under
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applied shear stress is in the plane normal to direction 2, and of the shear compliance 1/ 2 in
the plane normal to the direction 2.
Let us consider another example. For instance S1322 is equal to S52 / 2 after Equation (4.3.2CD )
5), and is equal to  (22
/ 2 after Equation (4.3.2-16). Thus S1322 can be interpreted as a half
of the distorsion in the plane normal to the direction 2 per unit uniaxial stress applied in the
direction 2.

This completes the physical interpretation of all the compliance coefficients.
The physical interpretation of the stiffness coefficients is quite similar. Let us consider two
“dual” thought experiments corresponding to those considered on Figures 4.3.2-1 and 4.3.2-2.
More precisely, instead of considering the strains induced by imposed uniaxial stress (Figure
4.3.2-1) or shear stress (Figure 4.3.2-2), we shall consider the stresses necessary to produce a
uniaxial strain in a coordinate direction or a distorsion strain in a given coordinate plane.
First let us impose a uniaxial strain along a coordinate axis, say along the 3-axis (i.e., 3  0
and  I  0 for I  3 ). After Equation (4.3.2-3) the stress necessary to produce such a strain
is such that:
(4.3.2-18)

I  CI 3 3 with

I  1, 2,...,6

The stress necessary to produce unxiaxial strain is not uniaxial but arbitrary, with both normal
components (i.e., 1 ,  2 and 3 ) and shear components (i.e.,  4 , 5 and 6 ). In other
words the stress matrix is not diagonal, that is to say the coordinate axes are not eigen axes of
stress. The coefficients C13 , C23 and C33 are the normal stresses in the direction 1, 2 and 3,
respectively, necessary to induce a unit uniaxial strain in the direction 3. In addition to the
normal stresses, the shear stresses to be applied in the planes normal to the 1-axis , 2-axis and
3-axis per unit uniaxial strain in the direction 3 are equal to C43 , C53 and C63 respectively.
Similarly, let us consider a second thought experiment. We impose a distorsion strain in the
12-plane (i.e., 6  0 and  I  0 for I  6 ). After Equation (4.3.2-3) the stress necessary to
produce such a strain is such that:
(4.3.2-19)

I  CI 6 6 with

I  1, 2,...,6

Here again, the stress necessary to produce a distorsionl strain is not a pure shear stress but is
arbitrary, with both normal components (i.e., 1 ,  2 and 3 ) and shear components (i.e.,  4 ,

5 and 6 ). In other words the stress matrix is not diagonal, that is to say the coordinate axes
are not eigen axes of stress. The coefficients C46 , C56 and C66 are the shear stresses in the
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planes normal to the 1-axis , 2-axis and 3-axis, respectively, necessary to induce a unit
distorsion strain in the 12-plane. At the same time, in addition to the shear stresses, the normal
stresses to be applied along the 1-axis , 2-axis and 3-axis per unit distorsion strain in the 12plane are equal to C16 , C26 and C36 respectively.
The physical interpretation of the remaining stiffness coefficients is straightforwardly
obtained by considering other thought experiments, either imposing a uniaxial strain along
another coordinate axis, or a distorsion strain in another coordinate plane. More precisely, the
coefficients CIJ with J  3 refer to a uniaxial strain experiment along the direction J. And
the physical interpretation of the coefficients CIJ

for fixed J  3 and I  1, 2,...,6

is

obtained by replacing 3 by J in the physical interpretation of the coefficients CI 3 given
above in the comments of equation (4.2.2-18). Similarly, the coefficients CIJ with J  4

refer to a distorsion strain experiment in the 23-plane for J  4 , in the 13-plane for J  5 ,
and in the 12-plane for J  6 . And the physical interpretation of the coefficients CIJ for
fixed J  4 and I  1, 2,...,6 is obtained in the same way as for interpretation of the
coefficients CI 6 for I  1, 2,...,6 given above in the comments of equation (4.3.2-19).
This completes the physical interpretation of all the stiffness coefficients with contracted
indices.
The physical interpretation of the stiffness coefficients with non-contracted indices, can be
made in two steps. The first step is to contract the indices by using the relation (4.2.2-5)
between the components of the compliance tensor with nontracted and with non-contracted
indices. Then we use the physical interpretation detailed above.
For instance and after Equation (4.3.2-5), C1213 is equal to C65 . C1213 refers to a distorsion
strain experiment in the 13-plane. It is one of the components of the stress to be applied to the
rock sample per unit distorsion strain in the 13-plane. These components are the normal stress
components C1113 ( C15 ) , C2213 ( C25 ) and C3313 ( C35 ) along the direction 1, 2 and 3
respectively, and the shear stress components

C2

3 (1 C
3

) , 4C1313
5 ( C55 ) and

C1213 ( C65 ) in the plane normal to the direction 1, 2 and 3 respectively, all of them being
understood per unit distorsion strain in the 13-plane.

Let us consider another example. For instance C1322 is equal to C52 after Equation (4.3.2-5).

C1213 refers to a uniaxial strain experiment in the direction 2. It is one of the components of
the stress to be applied to the rock sample per unit uniaxial strain in the direction 2. These
components are the normal stress components C1122 ( C12 ) , C2222 ( C22 ) and

C3322 ( C32 ) along the direction 1, 2 and 3 respectively, and the shear stress components
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C2322 ( C42 ) , C1322 ( C52 ) and C1222 ( C62 ) in the plane normal to the direction 1, 2 and
3 respectively, all of them being understood per unit uniaxial strain in the direction 2.
This completes the physical interpretation of all the stiffness coefficients.

4.3.2.2 Rotation of the elasticity tensor
( z)
( y)
Elementary 3D rotations R (x)
 , R  and R  respectively of angle  ,  and  about the

coordinate axes x, y and z, respectively are defined by:
(4.3.2-20)
0
0 
1
 cos  0  sin  
 cos  sin  0 



( y) 
(x) 
( z) 
R    0 cos  sin   , R   0
1
0  and R     sin  cos  0 
 0  sin  cos  
 sin  0 cos  
 0
0
1 





The most general rotation from an initial reference frame xyz to a final frame XYZ without
any deformation can defined by the so-called three Euler angles, namely the precession angle
 , the nutation angle  and the intrinsic rotation angle  illustrated by Figure 4.3.2-3. It is
the combination of three successive rotations.
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Figure 4.3.2-3: The three Euler angles  ,  , and  characterizing the most general rotation
in 3D from an initial reference frame xyz in green to a final reference frame XYZ in red (see
detail in text).

More precisely, the starting reference frame is xyz (in green). The first rotation R (z)
 of angle

 about the z-axis brings the reference frame xyz to the position of the frame x’y’z’ (in blue).
Then the second rotation R (x')
 of angle  about the x’-axis brings the reference frame x’y’z’
to the position of the frame x’’y’’z’’ (in purple). Finally the last rotation R (z'')
of angle 

about the z’’-axis brings the reference frame x’’y’’z’’ to the position of the final frame XYZ
(in red).
The overall rotation R xyz XYZ is the combination of the three rotations in the order stated
above:
(4.3.2-21)

R xyz  XYZ  R (z'')

R (x')


(z)
R

 CC  C S S

   SC  CC S

S S


S S 

C S 

C 

C  C S  C S
C  CC  S S
C  S

we let C  cos  , S  sin  , C  cos  , S  sin  ,

where, for conciseness,

C  cos  and S  sin  .
Any vector u in the coordinate system xyz rotated to the final coordinate system XYZ is
transform in the vector u ' such that:
(4.3.2-22)

u '  R xyz XYZ u



or in terms of the components ui'  Rxyz  XYZ

ij u j

The generalization to tensors of rank 4, can be illustrated with the stiffness tensor and with the
compliance tensor (e.g., Auld [1973]; Dieulesaint and Royer [1974]; Nye [1985]; Helbig
[1994]).
The components Cijkl and Sijkl in non-contracted notation of the stiffness tensor and of the
compliance tensor, respectively, in the initial coordinate system xyz are linked to the
'
'
corresponding components Cijkl
and Sijkl
in the final coordinate system XYZ by the
relations :




 
 

 
 

 
 




'
 Cijkl
 Rxyz  XYZ
Rxyz XYZ
Rxyz XYZ
Rxyz XYZ Cmnpq
im
jn
kp
lq

(4.3.2-23)
 '
 Sijkl  Rxyz  XYZ im Rxyz XYZ jn Rxyz XYZ kp Rxyz XYZ lq Smnpq

When dealing with the components of the stiffness tensor and of the compliance tensor in
contracted notation the relations are more complicate although still easy to compute. The
complication comes from the fact that in Voigt representation the compliance matrix and the
stiffness matrix are not true tensors as previously pointed out. A specific technique, first
developed by Bond [1943], must be used. The stiffness matrix C and the compliance matrix
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S in the initial coordinate system xyz are linked to the stiffness matrix C ' and the
compliance matrix S ' in the final coordinate system XYZ by the relations :

(4.3.2-24)

C'  MCMt

S'  NS Nt

and

where:

 r112
r122

2
2
 r21
r22
 2
2
r32
(4.3.2-25) M   r31
r r
r r
 21 31 22 32
 r11r31 r12 r32

 r11r21 r12 r22
and:

(4.3.2-26)



2r21r22 

2r31r32  .
r22 r31  r21r32 

r12 r31  r11r32 

r12 r21  r11r22 

r132

2r12 r13

2r11r13

2
r23

2r22 r23

2r21r23

2
r33

2r32 r33

2r31r33

r23r33

r23r32  r22 r33

r23r31  r21r33

r13r33

r13r32  r12 r33

r13r31  r11r33

r13r23

r13r22  r12 r23

r13r21  r11r23

r132

r12 r13

r11r13

2
r23

r22 r23

r21r23

2
r33

r32 r33

r31r33

2r23r33

r23r32  r22 r33

r23r31  r21r33

2r13r33

r13r32  r12 r33

r13r31  r11r33

2r13r23

r13r22  r12 r23

r13r21  r11r23

 r112
r122

2
2
 r21
r22
 2
2
r32
N   r31
 2r r
2r22 r32
 21 31
 2r11r31 2r12 r32
 2r r
 11 21 2r12 r22



Note that for conciseness we let rij  Rxyz  XYZ

2r11r12




r21r22

r31r32
.
r22 r31  r21r32 

r12 r31  r11r32 

r12 r21  r11r22 
r11r12

ij .

In the next subsection we shall see that in media exhibiting symmetry elements the
corresponding stiffness/compliance matrix expressed in a coordinate system related to these
symmetry elements have many vanishing coefficients. However when rotated to an arbitrary
coordinate system the stiffness/compliance matrix may exhibit substantially more nonvanishing coefficients.
For instance, let us consider the strongly anisotropic Angers slate considered by Martin et al
[1992] (Chapter 2 section 2.3.2.3) or Varade et al. [1996] (Chapter 2 section 2.3.3.3) of
stiffness matrix in units of GPa:

(4.3.2-27)

0
0
0 
139.49 32.51 18.91


0
0
0 
 32.51 139.49 18.91
 18.91 18.91 71.65
0
0
0 
C
.
0
0
15.88
0
0 
 0
 0
0
0
0
15.88
0 


0
0
0
0
53.49 
 0
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The rock symmetry is transversely isotropic with an axis of rotational invariance parallel to
the z-axis, as detailed in the next sub-section. After the rotation defined by Euler angles
  0 ,   27 and   15 , the rotated stiffness matrix C ' writes:

(4.3.2-28)

137.05 29.99 22.72 4.72 9.14

 29.99 109.39 35.86 26.45 0.78
 22.72 35.86 67.66 0.64 0.17
C'  
26.45 0.64 33.16 2.55
 4.72
 9.14
0.78 0.17 2.55 24.31

3.48 3.79 1.72 14.10
 4.49

4.49 

3.48 
3.79 
.
1.72 
14.10 

46.02 

Note that the rotated matrix C ' apparently exhibits the most general symmetry with all its
non-vanishing components, although the actual symmetry is much higher (transverse
isotropy). This is a general result. The stiffness/compliance matrix have a simple reduced
form only in the coordinate system with axes aligned with symmetry elements of the medium.

4.3.2.3 Hierarchical relation between the elastic symmetry systems
In section 4.2.2 we described the link between the 32 crystallographic groups and the 7 noncrystallographic limit group of symmetry or Curie’s limit groups and pointed out their
hierarchal structure illustrated by Figure 4.2.2-2. We also described in detail Curie’s principle
on the symmetry of physical phenomena, briefly summarized by the concise formulation: “the
effects are more symmetric than the causes”, as shown by Figure 4.2.1-1. As illustrated by
Figure 4.2.1-2, in the case the only cause of the observed physical phenomenon is the medium
itself, any physical phenomenon (elastic, electrical, hydraulic, thermal etc...), considered as an
observed effect, is more symmetric than the medium itself. In other words and in
mathematical language, this means that the symmetry group of the medium is a sub-group of
the symmetry group of the physical property.
For instance, media of symmetry belonging to the hexagonal system (including all the
different hexagonal symmetry groups) and transversely isotropic media (of symmetry
belonging to one of the four Curie’s limit groups characterized by an axis of rotational
invariance as shown on Figure 4.3.2-4) are associated to the same elasticity symmetry system,
namely the transversely isotropic system. Note that this is mainly due to the so called
Hermann-German theorem (Hermann [1934]; German [1945]) as explained in Box 4.3.2-1.
The main consequence of Curie’s symmetry principle is that the number of the symmetry
groups associated with the elastic properties is less than the number of symmetry groups
associated with the medium itself.
This is illustrated by Figure 4.3.2-4 which can be considered as a “projection” of Figure 4.2.22 on the space of the elastic tensors. More precisely, Figure 4.3.2-4 illustrates how different
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symmetry systems from the “crystallographic” point of view of Figure 4.2.2-2 can be
associated to the same elasticity symmetry class.
Based on the symmetry of the elasticity tensor the total number of symmetry classes for
elasticity can be reduced to eight (e.g., Forte and Vianello [1996]; Chadwick et al. [2001];
Bona et al. [2004]; Helbig [2008]) as illustrated by Figure 4.3.2-4. This figure shows the
hierarchical relation between the eight symmetry classes for elasticity.
Each class is represented by a box put in relation with other boxes with solid lines, each line
starting from an elastic class of low symmetry and finishing at the next class of higher
symmetry. The least symmetric triclinic class is in the bottom of the figure and the most
symmetric isotropic in the top of the figure. In each box are displayed the conventional
patterns of the stiffness or compliance matrix in Voigt notation as introduced in section
4.3.2.1. The notation conventions are given in the bottom right of Figure 4.3.2-4. All the
symmetry groups, introduced in Figure 4.2.2-2 and belonging to a given symmetry class of
elasticity are listed in the bottom of the corresponding box. The overall elasticity symmetry of
the class is given next to the name of the class. For instance the transversely isotropic
symmetry class for elasticity exhibits the overall symmetry  / mm , characterized by an axis
of rotational invariance, an infinite number of symmetry planes containing the infinite-fold
axis), and a symmetry plane normal to this axis (see Figure 4.2.2-1 and the corresponding
comments in sub-section 4.2.2.1).
On the bottom right of the compliance/stiffness matrix are given two numbers. The number
on the top is the number of coefficients characterizing the corresponding compliance/stiffness
matrix according to classical textbooks on crystal acoustics (e.g., Auld [1973]; Dieulesaint
and Royer [1974]). Using relevant rotations, the number of non-vanishing coefficient can be
reduced to the number between parentheses below the previous number, as described below.
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Figure 4.3.2-4: Hierarchical relation between the eight different symmetry classes in
elasticity (from the least symmetric triclinic in the bottom of the figure to the most symmetric
isotropic in the top of the figure) and the corresponding elasticity matrices.
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BOX 4.3.2-1

Hermann-German theorem on symmetry axes and Hermann-Mauguin
international notation for crystallographic groups

The Hermann-German theorem in crystal physics states that if a tensor of rank r
possesses an axis of symmetry of order p with p > r, then this axis is also an axis of
rotational invariance for the considered tensor (Hermann, 1934; German, 1945; Sirotine
and Chalskoskaya, 1975; Helbig, 1994).

A direct consequence of this theorem is that hexagonal crystals, possessing a symmetry
axis of order p=6, are rotationally invariant with respect to elastic properties, described
by an elasticity tensor of rank r=4. Similarly cubic crystals, possessing for instance three
axes of symmetry of order p=4 mutually perpendicular and each of them normal to a
face of the cube, are also rotationally invariant about all these axes, and as a
consequence are isotropic (i.e. rotationally invariant about any axis) with respect to any
physical property characterized by a tensor of rank r smaller than 3. For instance any
cubic crystal is isotropic with respect to optical/dielectric property, magnetic property,
thermal or electrical conductivity, all described by tensors of rank r=2 (e.g., Nye, 1985).

The theorem, often called German’s theorem (e.g., Helbig, 1994) or Herman’s theorem
(e.g., Andrushchak et al., 2004) and sometimes Hermann-German theorem (e.g.,
Dmitriev, 2000), was independently derived by the German professor of crystallography
Carl Hermann (1898-1961) and the Russian scientist V.L. German (sometimes spelt
“Herman”, which contributes to the confusion). The former was a doctorate student of
the famous German-British physicist and mathematician Max Born (1882-1970) at the
university of Göttingen. He invented in 1928 the notation system of the crystallographic
groups (used in Figure 4.1.2-2) later modified by the French professor of mineralogy
Charles-Vainqueur Mauguin (1878-1958) in 1931. Considering the enormous
contributions of these two scientists this notation, later adopted as the international
standard notation, is called the Hermann-Mauguin notation (e.g., Haussühl, 1983; Hahn,
1996; Tilley, 2006).
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The most general elastic symmetry class is the triclinic class, and characterized by no
symmetry element, except possibly a center of symmetry. This elastic symmetry class
includes the symmetry groups 1 and 1 , and is characterized by 21 stiffness/compliance
coefficients. It is always possible to vanish three of these coefficients by taking as one of the
coordinate axes a longitudinal direction [Helbig, 1993].
A longitudinal direction is a direction along which three pure mode [that is to say modes
polarized exactly parallel to the direction of propagation (longitudinal mode) or
perpendicular to the direction of propagation (transverse modes)].
The existence of such directions have been discussed by many authors including Sakadi
[1941], Borgnis [1955], Truesdell [1966], and Kolodner [1966], among others. Kolodner
[1966] demonstrated that any anisotropic medium has at least three longitudinal directions.
Helbig [1993] proved that there are at the most thirteen longitudinal directions in an
arbitrarily anisotropic medium. Furthermore he proposed a simple way to find such a
longitudinal direction. It just consists in displaying in two dimensions (   ) the length of
the radius vector of the characteristic quartic surface Cijkl xi x j xk xl in contour plot , where

x1  sin  cos  ; x2  sin  sin  ; x3  cos  , the direction of the radius vector being
referenced by the colatitude  and the longitude . The longitudinal directions correspond to
local extrema of this surface which can straightforwardly be computed and displayed using a
modern mathematical software such as Mathematica, Maple or Matlab.
After Helbig [2008] if one of the longitudinal direction is chosen as the Z-axis (respectively
as the Y-axis, or as the X-axis) the rotated stiffness coefficients (denoted with a prime accent)
'
'
'
'
'
'
and C34
(respectively C24
and C26
, or C15
and C16
) vanish. Furthermore rotating the
C35
coordinate system about the new Z-axis (respectively the new Y-axis, or the new X-axis) by
 2C '

 2C '

 2C '

1
1
1
tan 1  ' 45 '  (respectively tan 1  ' 46 '  , or tan 1  ' 56 '  ) allows to
 C C 
 C C 
 C C 
2
2
2
44 
44 
55 
 55
 66
 66
''
vanish the new rotated coefficient (denoted with a double prime accent) C45
(respectively
''
''
, or C56
) . It is in this new reference frame that the stiffness matrix of the triclinic class is
C46
tabulated in Figure 4.2.2-4 (here the Z-axis is chosen as the longitudinal direction).

Elastic media of the monoclinic class are particular triclinic elastic media exhibiting a
symmetry plane. This elastic symmetry class includes the symmetry groups m , 2 and 2 / m .
If the symmetry plane of elasticity is normal to the Z-axis (respectively to the Y-axis, or to the
X-axis) the symmetry is denoted MON Z (respectively MON Y, or MON X), and any elastic
stiffness/compliance coefficient containing an odd number of times the non-contracted index
3 (respectively 2, or 1) must vanish, such as C1312 (= C56 in contracted indices) for MON Z
elastic media [respectively C1222 (= C26 with contracted indices) for MON Y elastic media, or
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C1311 (= C15 with contracted indices) for MON X elastic media. In total eight elastic
coefficients have this property and must vanish, namely C14 , C15 , C24 , C25 , C34 , C35 , C46
and C56 in MON Z elastic media; C14 , C16 , C24 , C26 , C34 , C36 , C45 and C56 in MON Y
elastic media; and C15 , C16 , C25 , C26 , C35 , C36 , C45 and C46 in MON X elastic media. In
other words elastic media of the monoclinic class are characterized by 13 coefficients.
Furthermore, a rotation about the Z-axis (respectively about the Y-axis, or about the X-axis)
 2C45 
1
in the MON Z case (respectively MON Y case, or MON X case) by tan 1 
 C  C 
2
44 
 55
 2C46 
 2C56 
1
1
(respectively tan 1 
, or tan 1 
) removes C45 (respectively C46 ,

 C C 
 C  C 
2
2
44 
55 
 66
 66
or C56 ) . In total monoclinic elastic media are characterized by twelve non-vanishing
coefficients [Helbig, 2008], instead of thirteen as usually stated in classical textbooks on
crystal acoustics (e.g., Auld [1973]; Dieulesaint and Royer [1974]). They can be illustrated
for instance by a thinly layered medium containing a single family of parallel fractures neither
perpendicular nor parallel to the bedding plane. In this last case the single symmetry plane is
the plane perpendicular to the fractures plane and containing the axis of rotational invariance
of the unfractured thinly layered medium.
A first special sub-class of the monoclinic symmetry class for elasticity is the orthotropic
symmetry class for elasticity and includes all the orthorhombic symmetry groups, namely
mmm , mm2 and 222 . This sub-class is characterized by three symmetry planes mutually
orthogonal. If the symmetry planes are parallel to the coordinate planes, the stiffness matrix is
characterized by nine non-vanishing constants, namely the six diagonal elements C11 , C22 ,...,

C66 and the three off-diagonal coefficients C12 , C13 and C23 . It can be illustrated for
instance by a thinly layered medium containing a single family of parallel fractures
perpendicular to the bedding plane.
A second special sub-class of the monoclinic symmetry class for elasticity (more precisely
MON X ) is the trigonal symmetry class for elasticity, including all the trigonal symmetry
groups. This sub-class is characterized by a symmetry plane and a 3-fold symmetry axis. For
this sub-class some of the coefficients of MON X have particular properties, namely
C11  C22 , C13  C23 , C44  C55 , C34  0 , C66   C11  C12  / 2 , and C14  C24  C56 . In
total this sub-class is characterized by 6 independent coefficients. Note that classical
textbooks on crystal acoustics (e.g., Auld [1973]; Dieulesaint and Royer [1974]) consider two
trigonal symmetry classes for elasticity. The sub-class named “trigonal II” for elasticity,
including the symmetry groups 32 , 3m and 3m , has the same property as the trigonal
symmetry class considered in this work. The sub-class named “trigonal I” for elasticity,
including the remaining trigonal symmetry groups, namely 3 and 3 ., has three additional
non-vanishing coefficients linked by the relation C46  C25  C15 . However as pointed out
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by Helbig [2008], a rotation about the 3-fold axis by

1 1  C15 
removes C15 , and
tan  
 C 
3
 14 

merges the sub-class “trigonal I” with the sub-class “trigonal II” forming the single sub-class
of trigonal symmetry considered here.
A special sub-class of the orthotropic symmetry class for elasticity is the tetragonal symmetry
class for elasticity, including all the tetragonal symmetry groups. This sub-class is
characterized by five symmetry plane and a 4-fold symmetry axis. For this sub-class some of
the coefficients of the orthotropic elasticity matrix have particular properties, namely
C11  C22 , C13  C23 and C44  C55 . In total this sub-class is characterized by 6 independent
coefficients. Here again, note that classical textbooks on crystal acoustics (e.g., Auld [1973];
Dieulesaint and Royer [1974]) consider two tetragonal symmetry classes for elasticity. The
sub-class named “tetragonal II” for elasticity, including the symmetry groups 42m , 422 ,
4mm and 4 / mmm . has the same property as the tetragonal symmetry class for elasticity
considered in this work. The sub-class named “tetragonal I” for elasticity, including the
remaining tetragonal symmetry groups, namely 4 , 4 , and 4 / m ., has two additional nonvanishing coefficients linked by the relation C16  C15 . However as pointed out by Helbig
[2008], a rotation about the 4-fold axis by



4C16
1
removes C16 , and
tan 1 
 C  C  2C 
4
66 
 11 12

merges the sub-class “tetragonal I” with the sub-class “tetragonal II” forming the single subclass of tetragonal symmetry considered here.
The transversely isotropic (TI) symmetry class for elasticity is characterized by an infinitefold symmetry axis, that is to say an axis of rotational invariance, an infinite number of
symmetry planes (each plane containing the symmetry axis) and the symmetry plane
perpendicular to the symmetry axis. It can be illustrated for instance by a thinly layered
elastic medium with randomly distributed constituents. This class includes all the seven
hexagonal symmetry groups and the five rotationally-invariant limit groups of Curie, namely
 , 2 , m ,  / m and  / mm . (see Figure 4.2.2-2 and the corresponding comments).
It can be considered as a sub-class of elastic symmetry either of the trigonal symmetry class,
or of the tetragonal symmetry class (and, as a consequence, of the orthotropic symmetry
class). It is characterized by five independent coefficients, namely C11  C22 , C12 ,

C13  C23 , C33 and C44  C55 if the symmetry axis is aligned with the Z-axis (the symmetry
C1 1  C 3 3 , C13 , C12  C23 , C22 and C44  C66 if the symmetry axis is
is called TI Z),
aligned with the Y-axis (the symmetry is called TI Y), and C22  C33 , C23 , C12  C13 , C11
and C55  C66 if the symmetry axis is aligned with the X-axis (the symmetry is called TI X).
The last non-vanishing coefficient is linked to the previous coefficients by the relation
C66   C11  C12  / 2 (respectively C55   C22  C13  / 2 , or C44   C33  C23  / 2 ) in TI Z
media (respectively in TI Y media , or in TI X media ).
ELASTIC ANISOTROPY

Page 4.3-40

PETROACOUSTICS – CHAPTER 4

The cubic symmetry class for elasticity can be considered as a sub-class of the tetragonal
symmetry class , or of the trigonal symmetry class for elasticity. It has all the symmetry
elements of a cube, namely four 3-fold axes, three 4-fold axes and six 2-fold axes. It includes
all the five cubic symmetry groups and is characterized by three independent coefficients,
namely C11  C22  C33 , C12  C13  C23 , and C44  C55  C66 .
The isotropic symmetry class for elasticity can be considered as a sub-class either of the
transversely isotropic or of the cubic symmetry classes for elasticity. For any medium of this
sub-class any plane is a symmetry plane, and any axis is an axis of rotational invariance. It
can be illustrated for instance by an elastic medium with randomly oriented and distributed
constituents. It is characterized by two independent coefficients, namely C11  C22  C33 and

C12  C13  C23 . The three last non-vanishing coefficients are linked to the previous

coefficients by the relations C44  C55  C66   C11  C12  / 2 . Note that these stiffness
coefficients are linked to the classical constants introduced in Chapter 1 (§ 1.2.1.3) by the
relations C11  C22  C33    2  K  4 / 3 , C12  C13  C23    K  2 / 3 , and

C44  C55  C66  , where  is the first Lamé parameter,  is the shear modulus or
second Lamé parameter, and K the bulk modulus.
Finally, after subsection 4.2.2.2 the only symmetry classes relevant for geological media are
isotropic, transversely isotropic, orthotropic, monoclinic and triclinic. Thus after Figure 4.3.24, with respect to elastic properties geological media can be either be considered as:
- an isotropic elastic medium exhibiting the symmetry m (any axis is an axis of
rotational invariance and any plane is a symmetry plane), or
- a transversely isotropic elastic medium exhibiting the overall symmetry  / mm ,
characterized by an axis of rotational invariance, an infinite number of symmetry
planes containing the infinite-fold axis), and a symmetry plane normal to this axis (see
Figure 4.2.2-1 and the corresponding comments in sub-section 4.2.2.1), or
- an orthotropic (orthorhombic) elastic medium exhibiting the overall symmetry mmm ,
characterized by 3 symmetry planes mutually perpendicular and, as a consequence,
three 2-fold axes, each of them normal to one of the three symmetry planes, or
- a monoclinic elastic medium exhibiting the overall symmetry 2 / m , characterized by a
symmetry plane and a 2-fold axis normal to this plane, or
-

a triclinic elastic medium exhibiting the overall symmetry 1 , characterized by a
center of symmetry.

4.3.3 Anisotropic elastodynamics and Kelvin-Christoffel equations
Cauchy's equations of motion, in terms of the components of the displacement vector, for a
continuum body with no body forces acting on it, can be written as:
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(4.3.3-1)

 ij
x j

 2 ui



t 2

where Einstein's summation convention on the repeated indices is assumed. The medium of
propagation being assumed homogeneous, linearly elastic and anisotropic, the stress , the
strain and the particle displacement U induced by the wave are related by the anisotropic
Hooke's law (e.g., Auld [1973]; Helbig [1994]):
(4.3.3-2)

 ij  Cijkl  kl  Cijkl

u l
x k

where  ij ,  kl , Cijkl and u l are the components of the stress, the strain, the stiffness tensor
and the particle displacement, respectively. Due to the internal symmetry of the stress tensor
and of the strain tensor and to the fact that the tensor C derives from a potential (in fact the
elastic deformation potential) the components of C have the following index symmetry:
(4.3.3-3) Cijkl  Cijiikl  Cijlk  Cklji
The behavior law (4.3.3-2) reported in the general equation of motion leads to the general
elastodynamic equation:
(4.3.3-4)



 2 ui
t

2




u
 Cijkl l
x k



x j





Now, let us consider a harmonic plane wave propagating in a homogeneous linearly elastic
medium of arbitrary anisotropy type (triclinic) and the associated particle displacement U
defined by:
(4.3.3-5) U(,t) = U0 exp[ j (t  K.r )]
where U0 designates the polarization vector, t the time,  the angular frequency, r the position
vector, and K the wave vector with:
(4.3.3-6) K = K n
where n is the unit real vector in the direction of propagation and K is the wavenumber. .
The substitution of Eqs. (4.3.3-5) and (4.3.3-6) into the elastodynamic equation (4.3.3-4), and
using Eq (4.3.3-2), leads to the Kelvin-Christoffel equation (Christoffel [1877]; Kelvin
[1878]):
(4.3.3-7)

 

   V
 il


2

il

U = 0
 0l


where il  Cijkl n j nk and U 0 l are the components of the Kelvin-Christoffel tensor and of the
polarization vector,  il the Kronecker tensor, and V the phase velocity. The quantities n j
are th
components the vector n in the direction of propagation.
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Figure 4.3.3-1: Coordinate system XYZ. The direction of the qP wave phase velocity V()
is specified by the colatitude  and the azimuth of the vector n in the direction of
propagation.
As illustrated by Fig. 4.3.3-1, this direction is defined by two angles, namely the colatitude 
and the longitude  linked by the components of n in the reference frame XYZ by the
relations:
(4.3.3-8)

n1  S C

; n2  S S

; n3  C

where for reason of conciseness we use the notations S  sin  , C  cos , S   sin  , and

C  cos  .

The phase velocity V, the wave modulus M, the phase slowness S and the wavenumber K are
linked by the classical relations (e.g., Bourbié et al. [1987]):
(4.3.3-9)

M   V    1 / S 
2

2

 
  
K

2

The equation (4.3.3-7) is an eigenvalue/eigenvector equation, of which the eigenvalue
solutions are the elastic wave moduli and the eigenvectors the corresponding wave
polarizations. Due to symmetry of the Cijkl with respect to the indice permutations

Cijkl  C jikl  Cijlk  Cklij (see detail in Chapter 1§1.2.1- ), Kelvin-Christoffel tensor  is
symmetric (i.e., il  li ). As a real-valued symmetric tensor of rank 2 in 3D,  has three
real eigenvalues with three corresponding eigenspaces mutually orthogonal. In other words,
three waves can propagate in a given propagation direction n, with their polarization vector
mutually perpendicular.
The resolution of Equation (4.3.3-7) imposes the cancellation of the determinant:
(4.3.3-10)





det il  M  il  0

which simplifies in the following way (e.g., Cerveny [2001]):
(4.3.3-11)

M 3  Tr 

 M 

2

   M

 Tr Com 

  0

 det 

where:
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(4.3.3-12)

Tr    11  22  33

designates the trace of the Christoffel matrix ,
(4.3.3-13)

     

2
2
2
Tr Com  11 22  22 33  33 11   12  23  13 



the trace of the matrix Com  of the cofactors of the matrix  , and
(4.3.3-14)

 

det    11 22 33  11 23

2

 

 22 13

2

 

 33 12

2

 2 12 23 13

the determinant of the matrix  . The explicit expressions of the components of the complex
Christoffel matrix are the followings:

11  C11 n12  C66 n22  C55 n32  2 C56 n2 n3  2 C15 n1 n3  2 C16 n1 n2

22  C66 n12  C22 n22  C44 n32  2 C24 n2 n3  2 C46 n1 n3  2 C26 n1 n2


33  C55 n12  C44 n22  C33 n32  2 C34 n2 n3  2 C35 n1 n3  2 C45 n1 n2
(4.3.3-15) 
2
2
2
 12  C16 n1  C26 n2  C45 n3  C25  C46 n2 n3  C14  C56 n1 n3  C12  C66 n1 n2
   C n2  C n2  C n2  C  C n n  C  C n n  C  C n n
55 1 3
15 1
46 2
35 3
36
45 2 3
13
14
56 1 2
 13
2
2
2
23  C56 n1  C24 n2  C34 n3  C23  C44 n2 n3  C36  C45 n1 n3  C25  C46 n1 n2

























Here, due to the indice symmetries summarized by Eqs. (4.3.3-3), we use in all the following
the two indices contracted notations of Voigt for the components of stiffness tensor C and of
the compliance tensor S of rank 4, instead of the classical 4 indices notation. The
correspondence between the two notations is defined by [Helbig, 1994]:
(4.3.3-16)

C pq

 Cijkl

(4.3.3-17)

S pq



with

and

2   ij  2   kl  Sijkl

p   ij i  (1   ij ) (9  i  j )

and

q   kl k  (1   kl ) (9  k  l )

The indices i, j, k and l can take the values 1,2 or 3 and the contracted indices p and q the
values 1, 2, 3,...,6. The stiffness tensor and the compliance tensor can be represented by the
symmetric matrices Cpq and Spq of rank 6, commonly called the stiffness matrix and the
compliance matrix respectively.
Note that in the most general type of symmetry (triclinic) the complete set of stiffness
coefficients is composed of 21 independent coefficients, whereas in the simplest case
(isotropic) only 2 elastic constants are necessary (eg., Helbig [1994]).
The Christoffel matrix  introduced in Eq. (4.3.3-7) being a real symmetric matrix, all its
eigenvalues (i.e., the wave moduli) are real and its eigenvectors (i.e., the associated wave
polarizations) are mutually orthogonal for a given propagation direction. Thus the cubic
equation (4.3.3-11) has three real solutions, known after the great mathematicians of the
Italian Renaissance, namely Scipione del Ferro, Niccolò Fontana Tartaglia and Gerolamo
Cardano (e.g., Guilbaud [1930]). From the theory of the algebraic equations (e.g., Press et al.
[1986]) the explicit expressions of the del Forro-Tartaglia-Cardano solutions of Eq. (4.3.3-11)
are:
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(4.3.3-18)


1
2
3
M I  Tr    2 R cos 
 I  1

3
3
 3






with

I  1, 2, 3

where:
3/ 2

(4.3.3-19)

(4.3.3-20)

1  1

R    Tr () 2  Tr com  

3  3

and

   det 

2
Tr ()3  1 Tr ()Tr com 
3
cos   27
2R

These solutions correspond to the explicit expressions of the phase moduli of the three plane
bulk waves propagating in an homogeneous linearly elastic, and arbitrarily anisotropic
medium.
Of these three solutions, in most cases one is always larger than the remaining solutions in
any propagation direction. This largest solution corresponds to a wave nearly, but not exactly,
polarized along the direction of propagation (e.g., Helbig [1994]). It is commonly called the
quasi-longitudinal wave, or the quasi P-wave or even simply the qP-wave. The polarization
vectors of the two remaining waves being perpendicular to the qP-wave polarization vector,
are thus nearly, but not exactly, perpendicular to the propagation vector. The waves are
commonly called the quasi-transversal waves, or the quasi S-waves or even simply the qSwaves. The slowest qS-wave is called the qS2-wave and the fastest qS-wave the qS1-wave.
Figure 4.2.3-2 illustrate the complete directional dependence of the phase velocities of the
three bulk waves propagating in a sample of water-saturated Vosges sandstone (ρ= 2310
kg/m3) , characterized by the stiffness matrix measured by Arts et al [1992] and Arts [1993]:

(4.3.3-21)

 27.6 13.0 12.5 0.9 - 0.1 0.4 


25.2 13.3 0.8 0.2 - 0.5
 .
 .
.
29.7 - 0.4 0.3 - 0.4
 GPa
C 
.
.
7.4 - 0.1 0.2 
 .


.
.
.
8.2 0.1 
 .
 .
.
.
.
.
7.0 


First of all one can clearly notice, as previously mentioned, the lack of symmetry element of
the plots which confirms the triclinic symmetry of the sandstone sample. The qP-wave phase
velocity varies from 3.38 km/s to 3.74 km/s, which roughly corresponds to 10% anisotropy.
The qS1-wave phase velocity is always larger than 1.78 km/s and reaches a maximum of
roughly to 2.00 km/s, representing a relative variation of more than 12%. And the qS2-wave
phase velocity is comprised between 1.72 km/s and 1.92 km/s, corresponding to an anisotropy
larger than 11%. In other words this rock sample exhibits moderate, but not weak, strength of
velocity anisotropy.
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Fig.4.3.3-2: Complete directional dependence of the exact phase velocity in km/s of (top) the
qP-wave, (middle) the qS1-wave and (bottom) the qS2-wave in Vosges Sandstone considered
as an arbitrarily anisotropic elastic medium.
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4.4 The main symptoms of seismic anisotropy
Seismic anisotropy has many expressions in the seismic data. Here we shall describe three of
the main, but by no means the only, manifestations of the presence of elastic anisotropy,
namely the directional dependence of the wave velocities, the shear wave birefringence (or
shear-wave splitting), and the non-orthogonality of the energy velocity vector and the
wavefront.

4.4.1 The directional dependence of the elastic velocities
In Chapter 1 §1.2.3.2 we defined anisotropy, with respect to a given physical property (e.g.,
elastic or electromagnetic wave velocity, electric or thermal conductivity, mechanical
strength...), as the dependence of this property on the direction of observation. Thus the
directional dependence of the elastic velocities can be considered, by definition, as the first
manifestation of elastic anisotropy.
In the previous sub-section Figure 4.2.3-2 illustrates the complete directional dependence of
phase velocity of the three bulk waves (i.e., the qP-wave, the qS1-wave and the qS2-wave) in
Vosges Sandstone. Another example is illustrated by Figure 4.4.1-1, showing experimental
results of Rasolofosaon and Zinszner [2002] on a sandstone reservoir rock from the North
Sea. It allows to compare elastic anisotropy (here P-wave velocity) and hydraulic anisotropy
(here diffusion surface from a point source). In this case elastic anisotropy and hydraulic
anisotropy are closely correlated, for instance in terms of the symmetry directions., because
they share the same cause, here the layering of the rock fractures). As pointed out in the last
reference this is not a rule. In some other rocks, hydraulic properties and elastic properties are
clearly uncorrelated.
Such directional dependence of the elastic velocities have been observed at various scales,
from the global earth scale (e.g., Babuska and Cara [1991]), to the laboratory (e.g., Arts
[1993]; Arts et al. [1991a] and [1991b]), passing through exploration seismic scale (e.g.,
Thomsen [2002]).
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Fig.4.4.1-1: Comparison between elastic anisotropy and hydraulic anisotropy in a North Sea
sandstone reservoir rock (modified after Rasolofosaon and Zinszner [2002]):
(a) elastic anisotropy: Left: stereographic projection of the qP-wave phase velocity surface
(the unit of the isolines is km/s) Right (from top to bottom): matrix of elasticity (top half
only); density; porosity; magnitude of the deviations from isotropy (ISO), transverse isotropy
(TI), orthorhombic symmetry (ORT), and monoclinic symmetry (MON) as defined by Arts et
al. [1991b], and
(b) hydraulic anisotropy: Left: stereographic projection of the normalized surface of
hydraulic invasion (the isovalues are dimensionless). Right (from top to bottom): normalized
matrix of permeability (top half only), maximum permeability, porosity, magnitude of the
deviations from isotropy (ISO) and from transverse isotropy (TI), and captions for different
particular directions plotted the direction of minimum permeability (solid circle), the direction
of intermediate permeability (solid square), and the direction of the maximum permeability.

4.4.2 The shear wave birefringence or shear-wave splitting
Shear wave-birefringence or shear-wave splitting is the fact that a shear wave coming from an
isotropic medium and entering an anisotropic elastic medium is splitted into two shear waves
with different velocities and crossed polarizations, as illustrated by Figure 4.4.2-1 for the case
of a fractured medium.
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In the previous sub-section Figure 4.2.3-2 illustrates the complete directional dependence of
of the two shear waves (i.e., the qS1-wave and the qS2-wave) in a sample of Vosges
Sandstone.

Fig.4.4.2-1: Shear wave birefringence or Shear wave splitting in an elastic medium with a
single set of parallel vertical fractures, with an axis of rotational invariance normal to the
fracture plane. A shear wave propagating along the fracture plane is splitted between two
waves, namely the fastest shear wave (SV) which is polarized roughly in the plane
perpendicular to the symmetry axis (eg., along the fracture strike), and the slowest shear wave
(SH) which is roughly polarized along the symmetry direction (e.g., in the direction
perpendicular to the fracture planes). Note that no shear-wave birefringence is observed for
propagation along the symmetry axis (modified after Tatham McCormack [1991]).
The shear-wave birefringence is a phenomenon analogeous to what is observed in crystal
optics with the optical birefringence or double refraction (e.g., Born and Wolf [1999]). This is
illustrated by Figure 4.4.2-2 in a monocrystalline sample of calcite.

Fig.4.4.2-2: Optical birefringence (figure on the left side) and Acoustical birefringence
(figure on the right side) observed in the same monocrystalline sample of calcite.
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On the photograph on the left hand side, when you look through a calcite crystal sample, it
splits the light rays in two, producing a double image of the message written (namely “calcita
optica”, that is to say “optical calcite” in Spanish) on a piece of paper on which is laid the
crystal sample.
On the figure on the right hand side shear-wave splitting has been measured using the
technique, described in Chapter 2 §2.2.4 of, through the same monocrystalline sample of
calcite with ultrasonic transducers of approximately 500kHz central frequency. The two
splitted shear waves, namely the fast shear wave S1 in blue and the slow shear wave S2 in red
are clearly visible.
Similar results in two rock samples are reported on Figure 4.2.2-3, in a strongly anisotropic
marble sample and a moderately anisotropic sandstone sample. .

Fig.4.4.2-3: Shear birefringence measurements on two rock samples (a) a marble sample and
(b) a sandstone sample.
Shear-wave birefringence has been observed at various scales, from the global earth scale
(e.g., Savage [1999] and [2006]), to the laboratory (e.g., Nur and Simmons [1969]; Zamora
and Poirier [1990]; Arts et al. [1991a]; Arts [1993]), passing through exploration seismic
scale (e.g., Crampin [1987]; Crampin and Peacock [2005]; Thomsen [2002]), mainly in
relation with the stress field and the presence of aligned fracture/cracks in the last case as
detailed in sub-section 4.8.2 and in Chapter 8 on the Applications to seismic interpretation.
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4.4.3 The ray velocity is not perpendicular to the wavefront
The last manifestation of elastic anisotropy that will be described here is probably the less
obvious, but also one of the most important with respect to its practical implications in
seismic data processing. The non-orthogonality of the energy velocity vector and the
wavefront is illustrated by Figure 4.4.3-1

Fig.4.4.3-1: Deflection of an acoustic beam crossing an anisotropic medium:
(left figure) sketch of experiment and of the physical phenomenon, and
(right figure) experimental visualization of a qP-wave deflected beam using Schlieren
imaging. Elastic wavefronts are normal to the Y-axis of quartz crystal (modified after Staudte
and Cook [1967] and Auld [1973]).
The left part of the figure considers an acoustical beam (in grey) normally incident, crossing a
plate of constant thickness made either of isotropic material or of anisotropic material, then
normally outgoing (beams in grey on the right part) in an isotropic material. If the plate is
made of an isotropic elastic material, the transmitted “isotropic beam” (in blue) is not
deviated from the incident beam. The wavefront is parallel to the plate surface, and the ray
velocity vector is equal to the phase velocity vector and is normal to the wavefront. In
contrast, if the plate is anisotropic, the transmitted “anisotropic beam” (in red) is deviated and
makes an angle with the incident beam. The wavefronts are still parallel to the plate surface
(normal incidence in terms of the wave normal direction) but the ray velocity vector deviates
from the normal to the wavefront. This is due to the fact that the energy velocity vector and
the phase velocity vector are generally not collinear in anisotropic media. Using an
experimental set-up similar to the one sketched on the left side, the right part of the figure
shows an experimental observation of a deflected qP-wave beam in anisotropic quartz crystal
using Schlieren imaging (e.g., Settles [2001]; Surhone et al. [2010]).
Assuming isotropy and not taking into account such anisotropic effects can lead to errors in
different steps of seismic processing of field data such as velocity analysis, NMO, dip
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moveout (DMO), time migration, time-to-depth conversion, and amplitude versus offset
(AVO) analysis as discussed in many textbooks (e.g., Tsvankin [2001]; Thomsen [2002];
Grechka [2009]).
Regarding laboratory data, in sub-section 2.3.2.3 of Chapter 2 we report the physical
modelling results of Martin et al. [1992] who analyzed the effect of anisotropy on wave
propagation and on imaging using laser ultrasonic techniques. Using an “isotropic imaging”
algorithm in a model made of strongly anisotropic slate with a tilted symmetry axis
(transversely isotropic with non-vertical axis), strongly affects the reflector to be
reconstructed (see Figure 2.3.2-15). In contrast, by using a simplified “anisotropic” migration
algorithm, a nearly correct image of the structure is surprisingly recovered, and some cleavage
planes in the slate can even be imaged as illustrated by Figure 2.3.2-17. Similar results have
been reported with more conventional physical modelling techniques by Isaac and Lawton
(1999) with a model made of transversely isotropic (TI) phenolic material.

4.5 Simplification of the formalism
The anisotropy type commonly encountered in the geological formation of the sedimentary
basins is transverse isotropy (TI) often with a vertical infinite-fold axis of symmetry.
However, this is not always the case. For instance, the bedding planes can sometimes
substantially dip, in other cases the presence of one or a multiple set of fractures, or the
possible causes of anisotropy do not necessarily share the same symmetry directions. All
these causes imply that the medium can apparently exhibit a more complicate symmetry type,
even the most complicate type (triclinic), in the coordinate system of acquisition of the
seismic data. In such cases the development of the general equations for seismic wave
propagation is quite complex (e.g., Helbig [1994]).
However if one assumes moderate anisotropy strength, as is practically always the case in
most rocks, this greatly simplifies the theoretical derivations (e.g., Mensch and Rasolofosaon
[1997]). Simple analytic expressions for the main kinematic and dynamic quantities of
interest for seismic processing can be obtained. This is detailed in the two next sections.

4.5.1 Weak anisotropy approximation and Thomsen type parametrization in TI
media
In the case of transverse isotropy (TI) with a vertical infinite-fold axis of symmetry, for a
given direction of propagation the Christoffel matrix introduced in Eq. (4.3.3-7) simply
writes:
 C11 n12  C66 n22  C44 n32

(4.5.1-1)   
C12 n1 n2


C13 n1 n3
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Using the relations (4.3.3-8) between the colatitude , the longitude  and the components of
propagation direction n , the eigenvalues of G have the well-known expressions (e.g., Auld
[1974], Helbig [1994]):

(4.5.1-2)








2 2 2
2
2
2
2 2
 2M qP  C 44  C11 S  C 44 C  C11  C 44 S  C 33  C 44 C  4C13  C 44  S C


2 2 2
2
2
2
2 2
2M qSV  C 44  C11 S  C 44 C  C11  C 44 S  C 33  C 44 C  4C13  C 44  S C

M SH  C 66 S2  C 44 C2




where MqP, MqSV and MqSH designate the wave moduli of the qP, the qSV and the SH- wave.
The infinite-fold axis of symmetry Z being vertical, the qSV-wave is the qS-wave polarized in
the vertical plane defined by the Z-axis and the propagation direction n. The qSH-wave is
the horizontally polarized qS-wave.
In the case of weakly anisotropic transversely isotropic (VTI) medium with a vertical
symmetry axis, Thomsen [1986a)] derived the simplified form for Eq (4.5.1-2). The phase
velocities of the three bulk waves are obviously independent of the azimuth , due to
transverse isotropy, and have the same simplified form:
2

 V ( ) 
2
4

  1  2e S  2a S
V
 vertical 

(4.5.1-3)

In moderately anisotropic media, to the first order, this equation also holds for the group-, rayor energy velocity provided that the colatitude  and the azimuth refers no longer to the
direction of the wave normal but to the ray direction [Backus, 1967].
Eq. (4.5.1-3) has a simple physical interpretation illustrated by Fig. (4.5.1-1). Let us assume a
point source radiating in a VTI medium of infinite extension. If the constants e and a vanish
the velocity have no directional dependence, the wavefront is spherical (blue curve on the
figure), and the medium is isotropic. If the e0 but a=0 the wavefront is elliptical (red curve
on the figure), and the medium is said to be elliptical (e.g. Helbig [1994]). Lastly if both e and
a differ from 0, the wavefront and the medium is anelliptical. If a>0 (respectively a<0) the
wavefront, plotted in solid (resp. dashed) green line, gets ahead of (resp. is left behind by) the
elliptical wavefront.
Here we detail the explicit expressions of the vertical velocity Vvertical , the elliptical constant
e and of the anelliptical constant a for the three bulk waves.
- for the qP-wave:
(4.5.1-4)

P
Vvertical  Vvertical
 C33 / 
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Fig.4.5.1-1: Physical interpretation of Eq. (4.5.1-1) describing the directional dependence of
the three bulk waves in a weakly anisotropic transversely isotropic (VTI) medium. Bottom
left: Cuts of the wave surfaces by a vertical plane, Bottom right: explicit expressions of the
constants e and a for the three bulk waves.
P
being the velocity of the qP-wave in the vertical direction,  the density, and
Vvertical

(4.5.1-5)

C13  C44 2  C33  C44 2

2 C33 C33  C 44 

Since  and  can differ from 0 , the P-wave directional dependence can be isotropic, elliptical
or anelliptical. The physical interpretations of the P-wave anisotropy parameters  and 
associated with Eq. (4.5.1-4) is simple and illustrated by Fig. 4.5.1-2.
The cases =90° and =0° in Eq. (4.5.1-3) correspond to vertical and horizontal directions of
propagation. Thus  can simply be interpreted as the relative deviation between the horizontal
qP-wave velocity C11 /  and the vertical qP-wave velocity C33 /  . The physical
interpretation of the constant  is less obvious [Thomsen, 1986a]. Let us consider a P-wave
reflection survey over a VTI medium of constant thickness, and let us plot the squared offset
X2 versus the squared arrival time T2. The curve is nearly a straight line for small offset with a
slope equal to the so-called squared Normal Moveout velocity (Vnmo)2, commonly computed
in conventional seismic processing. In VTI media Vnmo often deviates from the vertical
velocity VPvertical , and the relative deviation is quantified by the anisotropy constant .
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Fig.4.5.1-2: Physical interpretation of the two anisotropy parameters  and  of the qP-wave.

- for the qSV-wave:
(4.5.1-6)

S
Vvertical  Vvertical

V P


 C 44 /  , e     vertical
P
V

vertical



2







and

a  

S
where Vvertical
is the velocity of the qS-wave in the vertical direction.

Because the elliptical coefficient e and the anelliptical coefficient a are equal in absolute
value and opposite in sign, the SV wave, that is to say the shear-wave polarized in a vertical
plane is either isotropic (for ) or anelliptical (for ), and cannot be elliptical.
- for the SH-wave:
C  C 44
S
 C 44 / 
a0
(4.5.1-7) Vvertical  Vvertical
, e    66
and
2C 44
The vanishing of the anelliptical coefficient a of the SH wave, that is to say the horizontally
polarized shear-wave, implies that this wave can be either isotropic (for ) or elliptical (for
), but not anelliptical.
The physical interpretations of the S-wave anisotropy parameters  and  associated with Eqs.
(4.5.1-1), (4.5.1-4) and (4.5.1-5) is simple and illustrated by Fig. 4.5.1-4.
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Fig.4.5.1-3: Physical interpretation of the two anisotropy parameters  and  of the qS-wave.
First of all the coefficient  is the relative deviation between the horizontal and the vertical
SH-wave velocity. It is for the SH-wave what the coefficient  is for the P-wave. In VTI
media  is also equal to the relative deviation between the SH-wave velocity and the SV-wave
velocity in the horizontal direction. Defined in that way the coefficient  is commonly called
the S-wave birefringence coefficient.
With reference to the previous reflection survey experiment, but now with the SH-wave and
the SV-wave, the coefficients  and  can be interpreted as the moveout parameters
respectively for the SH-wave and for the SV-wave. In other words  and  are for the SHwave and for the SV-wave what the coefficient  is for the P-wave.
Now we shall exploit the large data compilation of Thomsen [1986a] on elastic anisotropy in
rocks to extract the major trends with respect to anisotropy, but not only. Note that the most
represented lithology is shale, exhibiting a great diversity, either in terms of mineral
composition, or in terms of burial depth and geologic age, and as a consequence in terms of
level of compaction/diagenesis.
One of the most important effect of burial on sedimentary formations is the reduction of
porosity and the velocity and stiffening increase (e.g., Nafe and Drake [1960] and Gardner et
al. [1974]). In seismics, many empirical relationships between porosity, or velocity, and the
depth of burial and geologic age are used (e.g., Bourbié et al. [1987] and Mavko et al.
[1998]). The considered database is not an exception to the rule. A practical consequence is
the trend observed and illustrated by Fig. 4.5.1-4, corroborating the simultaneous increase of
both P-wave vertical velocity Vp, and S-wave vertical velocity Vs, with the density The
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corresponding depth data being available for only some of the considered samples actually
corroborate the effect of burial both on densities and on velocities.

Fig.4.5.1-4: Density  as function of the P-wave vertical velocity Vp (Left), and of the Swave vertical velocity Vs (Right) from the database of Thomsen [1986a].
In the next figure we check if the anisotropy parameters follow some similar general trend
linked with compaction. For this, crossplots similar to those of the previous figure are shown
on Fig. 4.5.1-5 between the anisotropy parameters (blue diamonds),pink
squaresyellow triangles) and  (green circles) and the qP-wave vertical velocity Vp
(sub-figure on the left side), or the qS-wave vertical velocity (sub-figure on the right side). In
contrast with the previous figures, no clear trend is observed for any of the anisotropy
parameters. The systematic absence of anisotropy increase with velocity increase seems to
imply that burial and/or compaction has no first order effect on seismic anisotropy increase.
In other words, contrary to what has been conjectured by some authors (e.g., Hornby [1995])
there is no first order correlation between compaction and anisotropy strength.

Fig.4.5.1-5: Crossplot between the anisotropy parameters  and and (left) the qPwave vertical velocity, or (right) the qS-wave vertical velocity (experimental data compilation
from Thomsen [1986a]).
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Furthermore there even seems to be a weak reversal trend between the anisotropy parameter
yellow triangles) and both velocities. This very rough decrease of  with velocity increase
can simply be explained by the increase of the vertical S-wave velocity Vs with
compaction/diagenesis. Because Vs is present in the denominator of the mathematical
expression of  (see Figure 5.5.1-3 and the corresponding comments), an increase of the
vertical velocity Vs tends to slightly decrease the anisotropy parameter .
Lastly, although Thomsen [1986a] mainly dealt with weak anisotropy, many rock samples of
his database exhibit anisotropy that can be considered as moderate to strong (see the vertical
scale of Fig.4.5.1-5). More precisely the absolute values of some anisotropy parameters can
be much larger than 0.1-0.15, often considered as upper-bound values for the weak anisotropy
approximation.
In contrast with the previous plots, the crossplot between the anisotropy parameters  and
exhibits clear positive correlation, as illustrated by Fig. 4.5.1-6. In other words one
observes an increase of  with 

Fig.4.5.1-6: Crossplot of the anisotropy parameters and  from the database of Thomsen
[1986]
At least for shale, this is in agreement with the theoretical work of Sayers [2005] who
described the elastic anisotropy of shales, assuming transverse isotropy for both the clay
platelets and their Orientation Distribution Functions (see detail in sub-section 4.6.1.1). The
main result was that the more aligned are the clay platelets, the larger the anisotropy
parameters  and which is corroborated by many experimental results, including those of
the present database.  Thus the increase of  with  observed on Fig. 4.5.1-6 is not really
surprising, and is linked with the orientation of the clay platelets. Furthermore, because
neither nor  increases with any of the velocities Vp and Vs, the increase of the clay
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platelets alignment is definitely not linked to the level of compaction, at least to the first
order.
Lastly, we see most of the rock samples, but not all of them, have positive anisotropy
parameter and. According to Fig. 4.5.1-2, positive values of  mean that the qP-wave
generally propagates more slowly along the VTI symmetry axis than in the perpendicular
direction. This is consistent with the wave propagation in media composed of stacks of thinly
layer isotropic constituents, a model often used to idealize sedimentary rocks. as will be
detailed in section 4.6.1.2. Similarly, according to Fig. 4.5.1-3, positive values of  mean
that the SH-wave generally propagates more slowly along the VTI symmetry axis than in the
perpendicular direction, which is also in agreement the theory of wave propagation in thinly
layered media.
Note that the relation with the other anisotropy parameters is not as clear, as demonstrated by
Sayers [2005] and as illustrated by the two next figures.
Fig. 4.5.1-7 shows a crossplot between the qP-wave anisotropy parameters  and  No
evident correlation is noted. In contrast with parameter , the parameter  can take either
positive or negative values. Note that rock samples verifying the elliptical property for the qPwave (i.e., =in the comments on Fig 4.4.1-1are more the exception than the rule.

Fig.4.5.1-7: Crossplot between the qP-wave anisotropy parameters  and (experimental
data compilation from Thomsen [1986a]).
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Also note that many rock samples exhibit values of smaller than  [i.e negative anellipticity
a     in Eq. (4.5.1-4)], which in principle never occurs in thinly layered media, as will
be detailed in section 4.6.1.2.
Fig. 4.5.1-8 shows a crossplot between the SV-wave anisotropy parameter  and the
SH-wave anisotropy parameter In contrast with the other anisotropy parameters, the SVwave anisotropy parameter  have the largest range of variation (roughly from -0.3 to 0.8).





2

P
S
/ Vvertical
This is due to the factor Vvertical
in its definition (4.5.1-6), which can be much larger
than 2 in shales for instance. Like the anisotropy parameter , the parameter can take either
positive or negative values, and have the opposite sign to the anellipticity parameter a   
in Eq. (4.5.1-6).

Fig.4.5.1-8: Crossplot between the qS-wave anisotropy parameters  and (experimental data
compilation from Thomsen [1986a]).
Regarding anisotropy in shale, we are aware that the intrinsic anisotropy of the clay platelets
and their orientation distribution function are not the only causes of elastic anisotropy in
shale. Some complicating factors, such as the the anisotropic distributions of
discontinuities/porosity and the presence of aligned silt inclusions have drawn much less
attention but have also been studied (e.g., Tiwary [2007] and Pervukhina et al. [2013]).
Furthermore, note that the actual existence of such discontinuities in shale in natural condition
is still controversial (see discussion at the end of §4.6.1.1.3).
However, because of the diversity of the shale samples of Thomsen [1986a] these
complicating factors should not substantially change the above conclusions on the absence of
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correlation between elastic anisotropy and compaction/diagenesis, at least to the first order.
Furthermore, because compaction can be excluded as a major cause of seismic anisotropy in
shale, shale platelet alignment, clearly concomitant with the presence of seismic anisotropy in
shale, can simply be due, for instance, to the condition of deposition of the sediments. For
instance in turbiditic environment one would expect a stochastic misalignment of the clay
platelets, inducing quasi random Orientation Distribution Function of the clay platelets. As a
consequence we could expect weak overall seismic anisotropy. In contrast, in a quiet
deposition environment one would expect a good alignment of the clay platelets in the
direction perpendicular to the gravity at the time of sediment deposition. As a consequence
the resulting seismic anisotropy is expected to be stronger. This still needs to be confirmed
by more detailed and careful studies on large databases.

4.5.2 General parametrization for other symmetry types
In this section we generalize the previous analysis, restricted to transversely isotropic media,
in order to take into account arbitrary anisotropy type.
In the case of moderate strength of anisotropy, first order approximations of Eqs. (4.3.3-18)
to (4.3.3-20) can be used (e.g., Mensch and Rasolofosaon [1997]). Using the slight changes
of notations of Rasolofosaon [2000] the approximate qP-wave phase modulus M P exhibits
the following directional dependence:
(4.5.2-1)

M P ( ,  )
M PREF



 1  2  ( ) C2 S2   ( ) S4  Etriclinic ( ,  )



where
(4.5.2-2)

 ( )   x C2  2  z S C   y S2

,

4
2
2
2
2
4
(4.5.2-3)  ( )   X C   Z S C  2 S C ( 16C   26 S )   Y S ,

(4.5.2-4)

and

Etriclinic ( ,  )  2 C S3 (15 C3   24 S3   x S C2   y C S2 )  2 S C3 ( 34 S   35 C )

where M PREF is a P-wave reference modulus and

 ( ) ,  ( ) and

Etriclinic ( ,  ) are

directional functions which depend on the generalized anisotropy parameters  X ,  Z ,  Y ,
 X ,  Y etc... of Rasolofosaon |2000], introduced by Mensch and Rasolofosaon [1997],
modified by Psencik and Gajewski [1998], and defined by:

ELASTIC ANISOTROPY

Page 4.5-61

PETROACOUSTICS – CHAPTER 4

(4.5.2-5)

c c
c c

 x  11 33 ,  y  22 33

2c33
2c33

c  c  2c55
c  c  2c44
c  c  2c66

 x  13 33
,  y  23 33
,  z  12 33

c33
c33
c33

c  2c56
c  2c46
c  2c45

 x  14
,  y  25
,  z  36
c33
c33
c33


c44  c55
c
c
c
c
c
c
c
,  16  16 ,  26  26 ,  15  15 ,  24  24 ,  34  34 ,  35  35 ,  45  45
 
2c55
c33
c33
c33
c33
c33
c33
c55

All the coefficients defined by this equation, are the dimensionless anisotropy parameters
generalizing Thomsen’s parameters  ,  and of Eqs. (4.5.1-4), (4.5.1-5) and (4.5.1-7) .

Fig.4.5.2-1: Physical interpretation of the anisotropy function  of Eq. (4.5.2-3) .
The physical interpretation of the function  defined by Eq. (4.5.2-3) is illustrated by Fig.
(4.5.2-1). It is very similar to the interpretation of the parameter  defined by Eq. (4.5.1-4). In
effect, the cases =90° and =0° in Eq. (4.5.2-3) correspond to vertical and horizontal
( ,  ) of Eq. (4.5.2-4)
directions of propagation. In both cases the function E
triclinic
vanishes. As a consequence  quantifies the relative deviation between the horizontal qPvelocity and the vertical qP-velocity, but contrary to the VTI case, in general this quantity
depends on the azimuth .
Fig.4.5.2-2 illustrates the physical interpretation of the function  defined by Eq. (4.4.2-2).
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Fig.4.5.2-2: Physical interpretation of the anisotropy function  of Eq. (4.5.2-2).
Because of the formal similarity between the qP-wave velocity equations Eqs. (4.5.1-3) and
(4.5.1-4) in transversely isotropic (TI) media and the corresponding qP-velocity equation in
media of monoclinic symmetry with a horizontal symmetry plane [for which
E
( ,  )=0 in Eq.(4.5.2-1)] the function  can simply be interpreted as the
triclinic
relative deviation between the Normal Moveout velocity, for a seismic profile along the
azimuth , and the vertical velocity VPvertical . It can be shown that this is the case even for
media of arbitrary anisotropy type [Rasolofosaon, 2001].
As discussed by Mensch and Rasolofosaon [1997] the reference medium can be arbitrarily
chosen as long as the difference between the chosen reference elastic tensor and the
considered elastic tensor is small enough to justify a perturbation approach. For the
experimental check in the following we choose M PREF  C33 but this is not limitative.
The expression of the moduli of the qS-waves are more complicate and write:
(4.5.2-6)
M S1 , S2   ,   

1 r
r
C 44   ,    C55   ,   
2

C

r
44

r
  ,    C55
  ,  

r
r
  ,   , C55
where the directional-dependent functions C44
 ,  
defined by:

2





r
 ,  
 4 C 45

2

r
and C45
 ,  





are

(4.5.2-7)
r
 ,  
C44

M SREF
1

M PREF  9 S S

 1  2 REF   bi Qi   ,  

M S1 i 1

(4.5.2-8)
r
 ,  
C55

M SREF
2

M PREF  15 S S

 1  2 REF   d i Ri   ,  

M S 2 i 1
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(4.5.2-9)
r
 ,  
C45

M PREF

  eiS Wi S   ,  
17

i 1

The detailed definitions of the coefficients biS , d iS and eiS , and of the directional functions
QiS   ,   , RiS   ,   , and Wi S   ,   are given here to correct some typos contained in
Mensch and Rasolofosaon [1997].

The coefficients biS , d iS and eiS are defined by:
(4.5.2-10)

 b1S   'y ; b2S   z' ; b3S   x   y   z
 S
S
S
b4  16   26 ; b5   45 ; b6   24   y
 bS    
; b8S   56 ; b9S   46

7
x
15

(4.5.2-11)

d1S   z ; d 2S   y   y ; d3S   x   x ; d 4S   z   y   x

d5S   x' ; d 6S   2  z ; d 7S  216 ; d8S  2 26


S
S
S
d9S   45 ; d10
  35 ; d11
  34 ; d12
 15

S
S
S

d13   24 ; d14   y ; d15   x


(4.5.2-12)

 e1S   z  2 x ; e2S  2 y   z ; e3S   x   y ; e4S    z' ; e5S  4 (  26  16 )

S
S
S
S
S
 e6   z   26 ; e7  16   z ; e8   45 ; e9   y ; e10  2  y  3  24
 S
S
S
S
S
e11  2  24   y ; e12    x ; e13  3 13  2  x ; e14   x  2 15 ; e15    34
S
S
S

e16
  35 ; e17
   56 ; e18
  46


The directional functions QiS   ,   , RiS   ,   , and Wi S   ,   are given by:

Q1S  S2 ; Q2S  S 2 C2 ; Q3S  C2 S 2 S2

(4.5.2-13) Q4S  C S 3  C3 S  S2 ; Q5S  C S  C2 ; Q6S  C2 S  C S

Q7S  C S 2 C S ; Q8S  S  C S ; Q9S  C C S

(4.5.2-14)






R1S  C2 S2 ; R2S  S 2 C2 S2 ; R3S  C2 C2 S2 ; R4S  C2 S 2 C2 S2 ; R5S  S 2

R6S  C S  C2 S2 ; R7S  C3 S  C2 S2 ; R8S  C S 3 C2 S2 ; R9S  C S 
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S
S
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R  S ( C S  C S ) ; R  C S ( C S  C S ) ; R  C S 2 ( C 3 S  C S 3 )
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(4.5.2-15)
W1S  C3 S C S2 ; W2S  C S 3 C S2 ; W3S  C S C S2 ; W4S  C S C
 


  
  
 S
2 2
2
S
2
2
S
2
2
S
2
2
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C
S
C
S
;
W

S
C
S
;
W

C
C
S
;
W

(
C

S
 5
   
6
  
7
  
8

 ) C

W9S  C3 C2 S ; W10S  C S 2 S3 ; W11S  C S 2 S ; W12S  S 3 C2 S


W13S  C2 S  S3 ; W14S  C2 S  S ; W15S  C C2 S ; W16S  S  C2 S


W17S  C S ; W18S  S  S


In order to illustrate these equations, Fig.4.5.2-3 show the complete directional dependences
of the first-order approximation error on the phase velocity in the sample of water-saturated
Vosges sandstone of Fig.4.3.3-2 of section 4.3.3 , and characterized by the stiffness matrix
of Eq. (4.3.3-21) and the corresponding dimensionless qP-wave anisotropy parameters:

(4.5.2-16)


 x  -0.034 ;  y  -0.075

 x  -0.025 ;  y  -0.054 ;  z  -0.088


 y  0.037 ;  x  0.020 ;  z  -0.019


16  0.014 ;  26  -0.015 ;  45  -0.003

15  -0.003 ;  24  0.028 ;  34  -0.013 ;  35  0.010


The convention is the same as for this figure, Fig.4.5.2-3 is composed of three sub-figures,
the top sub figure corresponding to the qP-wave, the middle figure to the qS1-wave and the
bottom figure to the qS2-wave. The agreement between the exact theory and the first-order
approximate theory is good for the qP-wave, with errors hardly exceeding 1%. The first-order
approximations for the qS1- and qS2-wave are not as accurate as for the qP-wave, although
being reasonable (typically smaller than 10%). The reasonable errors exhibited by the firstorder approximations on the velocities were expected, considering the reasonable anisotropy
strength of the velocities (typically smaller than 10%).
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Fig.4.5.2-3: Complete directional dependence of the relative difference in % between the
first-order-approximate velocity and the exact velocity (top) of the qP-wave, (middle) of the
qS1-wave, and (bottom) of the qS2-wave in water-saturated Vosges Sandstone considered as
an arbitrarily anisotropic elastic medium.

Furthermore, it is possible to improve the accuracy of the approximation by using higher
order developments, as proposed by Farra [2001], Farra and Psencik [2003] and Farra [2004]
for instance. For instance, the third-order approximations proposed by Farra [2001] are easy
to implement and are not time-consuming because they need only computation of the firstorder approximations. Most important and as a consequence, her third-order approximation
do not need to introduce additional anisotropy parameters than those defined in section 4.5.2,
and generalizing Thomsen's anisotropy parameters, which is quite convenient for practical
applications. Figure 4.5.2-4 illustrates the high accuracy of the third-order approximation.
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Fig. 4.5.2-4: Same plot as Fig. 4.5.2-3 but in the case of third-order-approximation.
The result is clear, third-order approximations are substantially more accurate than first-order
approximations (compare the error scale on the right side of Figures 4.5.2-3 and 4.5.2-4).
More precisely, the maximum value of third-order approximation error hardly exceeds 0.01%
for the qP-wave, 0.008% for the qS1-wave, and 0.06% for the qS2-wave. This is quite
comparable with the results obtained by Farra [2001] in an orthorhombic medium. The same
technique has been adapted by Rasolofosaon [2010] to arbitrarily anisotropic viscoelastic
media, and applied to data in strongly anisotropic water-saturated rocks. Results very similar
to the one obtained here are reported. The maximum relative errors do not exceed 0.06% on
all the velocities and 0.6% on all the quality factors Q, for third-order approximations.
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4.6 The main rock models incorporating elastic anisotropy
Anisotropy, by definition, is the negative of isotropy as recalled in Chapter 1 § 1.2.3.2. Thus a
medium exhibiting elastic anisotropy must lack the complete symmetry with respect to any
plane and to any axis of rotational invariance. The identified causes of elastic anisotropy are
the orientational distribution of the mineral constituents and of the compliant pores (cracks,
microfractures, grain contacts…) at a scale much smaller than the elastic wavelength and the
present state of stress (e.g., Helbig [1994]; Thomsen [2002]; Grechka [2009]). If one refers
again to Curie’s symmetry principle, detailed in section 4.2.1, at least one of those causes of
anisotropy must lack this complete symmetry. In the next sub-sections we shall describe the
anisotropy due to at least one of theses three causes. We start with the anisotropy due to
mineral and/or structure alignment. Then we describe the effect of the presence of aligned
compliant pores on elastic anisotropy. Finally the stress-induced anisotropy will be examined.

4.6.1 Anisotropy due to mineral and/or strucuture alignment
4.6.1.1 Anisotropy due to mineral alignment or to the presence of shale
4.6.1.1.1 General formulation of the anisotropy due to mineral alignment.
We shall assimilate the rock as a microheterogeneous medium. Microheterogeneous media
can be considered as heterogeneous on a microscale (e.g. scale of the grains and the pores in a
rock) but homogeneous on a macroscale (typically a scale one order of magnitude larger than
the microscale). Detailed developments of the theory of elasticity in such media can be found
in Shermergor [1977], Gubernatis and Krumhansl [1975], or Nemat-Nasser and Hori [2005],
and will be detailed in Chapter 5 on Frequency dependence and Heterogeneity effects.
Without entering details, let us consider an elastic medium characterized by a local stiffness
field C ( M ) , M being an arbitrary point representative of the microscale of the
microheterogeneous medium. Locally the generalized Hooke's law can be writen as:
(4.6.1-1)
(M )  C (M ) (M )
where ( M ) and ( M ) are the local stress and strain tensors. The local stiffness fields
C ( M ) are associated with statistical distribution functions of the material texture (e.g., for
rocks: grain/pore types, shape, spatial orientation).
An additional hypothesis is that the medium is macrohomogeneous with respect to the
elastic properties, which means that the average stress tensor  and the average strain
tensor  are both spatially invariant. The bracket
denotes averaging over the texture
distribution and over a Representative Elementary Volume of the rock sample (see definition
in Chapter 1 §1.3.3).
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Given the statistical distribution of the stiffness field C ( M ) , M being any point in the rock
sample, the problem is how to evaluate the effective stiffness tensor C which relates  and

 through the macroscopic generalized Hooke's law:
(4.6.1-2)

 C 

A classical way to solve this proble is to use scattering theory, a well-known technique in the
fields of solid state physics and quantum mechanics (e.g., Gubernatis and Krumhansl [1975]).
Since the medium is homogeneous at the macroscale the stiffness field C ( M ) of Eq. (4.6.1-1)
can be decomposed as follows:
(4.6.1-3)

C (M )  C (background )  C (M )

where C ( M ) describes the local variations of stiffness characterizing the local
heterogeneities and C (background ) the spatially invariant stiffness of the background medium,
which can be chosen arbitrarily because of the non-unicity of the decomposition in Equation
(4.6.1-3).
A simple approximation for the effective stiffness tensor C can be found by assuming that
the local strain field ( M ) is equal to a constant 0 everywhere. Equation (4.6.1-2) takes the
simplified form:
(4.6.1-4)

C

C (background )  C  0

 C  C (Voigt )

0

This iso-strain solution, called the Voigt model [Voigt, 1887], is simply the volume average
of the local stiffness C ( M ) , it has been successfully used in the case where the contrast
between the elastic components of the constituents of the medium is rather small, for instance
to describe the elasticity of metamorphic rocks (for instance Siegesmund et al. [1989];
Mainprice [1990]) and shales (e.g., Sayers [1994] and [2005]) as will be detailed below.
Regarding the compliance tensors S , the strain/stress law writes:
(4.6.1-5)

 S 

and the compliance field S ( M ) , the equivalent of Equation (4.6.1-3), can be decomposed as
follows:
(4.6.1-6)

S (M )  S (background )  S (M )

In analogy with Voigt model, a very simple approximation for the effective compliance tensor
S can be obtained by assuming that the local stress stress field ( M ) is equal to a constant

0 everywhere:
(4.6.1-7)

S
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This iso-stress model, or Reuss model [Reuss, 1929], simply consists of the volume average
of the local compliances S ( M ) . Since azimuthal anisotropy measured in sedimentary basins,
as the anisotropy commonly due to fractures, is very often moderate in the context of
exploration seismics (e.g., Leary et al. [1990]; Crampin and Lovell [1991]; Thomsen [2002])
such simplified approaches is often justified and give comparable results with more
sophisticated models such as the self-consistent method, as detailed in Chapter 5 on
Frequency dependence and Heterogeneity effects. These are the most common theories used
in the seismic exploration community, as will be detailed in the sub-section 4.6.2 in the study
of the anisotropy due to aligned compliant pores (cracks, fractures, grain contacts…).
The elastic anisotropy of aggregates of crystals or “polycristals”, such as natural materials
(rocks) or engineering materials (ceramics, metals…) can be analyzed in the same way from
the points of view of Voigt theory and of Reuss theory. In general these crystals are not
randomly oriented but exhibit preferred orirentations. These non-random orientation
distribution or preferred orientations are called “textures” (e.g., Paterson and Weiss [1961])
and macroscopically induce in the aggregates a directional dependence of any physical
property, including elastic properties.
In order to model the macroscopic anisotropy due to preferred orientation the crystal
constituents, it is convenients to introduce the crystallographic frame XYZ attached to the
individual crystal constituent, and the frame xyz attached to the sample to be analyzed. As
illustrated by Figure 4.3.2-3, the most general rotation from the initial frame xyz to the final
frame XYZ without any deformation is defined by the three Euler angles,  , the nutation 
and  . The full 3D representation of the crystallographic texture is given by the Orientation
Distribution Function (ODF) W (, , ) , where   cos  and  is angle between the axes z
and Z. As detailed by Roe [1965], W (, , ) d  d  d  is the volume fraction of crystals
between  and   d  ,  and   d  and  and   d  . The ODF W (, , ) integrated
over all the interval of variation of the variables  (from -1 to 1),  (from 0 to 2 and 
(from 0 to 2must give 100% of the volume fraction, which writes:
(4.6.1-8)

2 2 1

0 0 1 W (, , ) d  d  d   1

Designating by C ' and S ' rotated stiffness tensor of the crystal from the frame xyz to the
crystallographic frame XYZ [the explicit expressions of the rotated stiffness and compliance
matriices are given by Equation (4.3.2-24) ], the effective stiffness tensor C and compliance
tensor S are given by:
C  C (Voigt )  2 2 1 C '(, , ) 
(4.6.1-9)
    ( Reuss )   0 0 1 
W (, , ) d  d  d 
S
'(

,

,

)
S


   S

As suggested by Roe (1965), and as extensively used by Sayers [1994] and [2005], the ODF
W (, , ) can be expanded in generalized Legendre functions Zlmn () :
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(4.6.1-10)

W (, , )  

l

l

  Wlmn Zlmn () eimein

l 0 ml n l

and using the orthogonality relations between these functions [Morris, 1969]. The parameters
Wlmn are the coefficients of this expansion. Fortunately, the elastic stiffness and compliance
tensors being of rank 4 the above summations are restricted to l  4 . Furthermore if transverse
isotropy is assumed for both the crystal symmetry and the ODF, as in the study of shales, the
dependence in  and in  must disappear in Equation (4.6.1-10), which implies m  n  0 .
Thus, as pointed out by Sayers [1994] and [2005], only 2 coefficients are sufficient to
compute the effective stiffness tensor C and compliance tensor S in Equation (4.6.1-9),
namely W200 and W400 . The above approach will be used to describe the anisotropy of
shales, as detailed below.
4.6.1.1.2 Case of isotropic orientation distribution of anisotropic crystals.
One of the simplest case is when the crystal constituents are totally randomly oriented. The
compound medium is isotropic and characterized by an effective stiffness tensor C ( ISO) . The
ISO
tensor C ( ISO) is obtained by minimizing the “distance” C  C   between the stiffness
tensor C of the crystal constituent and the isotropic tensor C ( ISO) , where the norm . of an
arbitrary tensor A of rank 4 is the euclidian norm defined by

2

A  Aijkl Aijkl (with implicit

summation on the repeated indices) (e.g., Fedorov [1968]; Sayers [1994]; Arts [1993];
Mensch and Rasolofosaon [1997]). Two independent coefficients characterize the isotropic
tensor C ( ISO) , for instance the bulk modulus K ( ISO) and the shear modulus ( ISO) given by:

(4.6.1-11)

ISO

9 K    C11  C22  C33  2C12  2C23  2C13
  ISO 
 C11  C22  C33  C12  C23  C13  3C44  3C55  3C66
15

The complete stiffness matrix of the main crystal constituent of rocks can be be found in the
literature. For instance, the main crystal constituent of sedimentary rocks are quartz, calcite
and dolomite. We find in Hearmon [1956],
for Quartz (trigonal symmetry) of density   2650kg / m3
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(4.6.1-12)

6.7
12.6 17.8
0
0 
 86.6


86.6 12.6 17.8
0
0 
 6.7
 12.6 18.91 106.6
0
0
0 
C

0
57.8
0
0 
 17.8 17.8
 0
0
0
0
57.8 17.8 


0
0
0
17.8 39.9 
 0

GPa

and for Calcite (trigonal symmetry) of density   2712kg / m3

(4.6.1-13)

 144

 53.9
 51.1
C
 20.5
 0

 0

53.9 51.1 20.5
144

51.1

51.1 84.0

20.5
0

20.5

0

33.5

0

0

0

0

0

0

0 

0
0 
0
0 

0
0 
33.5 20.5 

20.5 45.1 
0

GPa

Bass [1995) gives for Dolomite (trigonal symmetry) of density   2850kg / m3

(4.6.1-14)

71.0 57.4 19.5 13.7
0 
 205


205 57.4 19.5 13.7
0 
 71.0
 57.4 57.4 113
0
0
0 
C

0
39.8
0
0 
 19.5 19.5
 13.7 13.7
0
0
39.8 13.7 


0
0
0
13.7 67.0 
 0

GPa

Note that the complete set of the elastic coefficients of the main crystal constituents of rocks
can also be found in Bass [1995].
Application of Equation (4.6.1-11) to the three stiffness matrix of Equations (4.6.1-12)
to (4.6.1-13) gives
- for quartz

K ( ISO)  38,18GPa and ( ISO)  47,63GPa , which are rather consistent with

the values found in Bass (1995), namely K ( ISO)  37,8GPa and ( ISO)  44,3GPa , and in
Mavko et al. (1998), namely K ( ISO)  37GPa and ( ISO)  45GPa
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- for calcite K ( ISO)  76,02GPa and ( ISO)  36,81GPa , which are consistent with the values
found in Bass (1995), namely K ( ISO)  76,3GPa and ( ISO)  32GPa , and in Mavko et al.
(1998), namely K ( ISO)  75GPa and ( ISO)  31GPa
- for dolomite

K ( ISO)  99, 4GPa and ( ISO)  51,8GPa ., which are rather consistent with

the values found in Humbert and Plicque [1972],

namely K ( ISO)  94.9-90.2GPa , and in

Ross and Reeder [1992], namely K ( ISO)  94.1  0.7GPa .

4.6.1.1.3 Elastic anisotropy of shales
Although shales constitutes nearly three quarter of the clastic fill of sedimentary basins, they
have not been much studied in the laboratory compared to other rocks [Jones and Wang,
1981]. This is also the case for elastic anisotropy studies, although shale, together with the
sedimentary layer, play an important role in the seismic overall anisotropy of sedimentary
formations.
Equation (4.6.1-9) has been applied by Sayers [1994] and [2005] to describe the elastic
anisotropy of shales, assuming transverse isotropy for both the crystal symmetry and the
ODF. The two inputs of the theory are the stiffness (or compliance) tensor of the shale
“crystal” and the Orientation Distribution Function of the “crystals”, defined by the two
expansion coefficients W200 and W400 . We put the word crystal between quotation marks
because, instead of crystals, shale is arranged in groups of parallel clay platelets, called
“domains” by Aylmore and Quirk [1959].
Different estimations of the stiffness coefficients of these Transversely Isotropic domains of
clay platelets can be found in the literature.
Ortega et al. [2007] give C11  44.9GPa , C33  24.2GPa , C44  3.7GPa , C66  11.6GPa
and C13  18.1GPa , which correspond to the anisotropy coefficients   0.4277 ,   1.0676
and   0.0554 . Note the huge anisotropy strength, especially for the shear wave
birefringence coefficient   100% .
Sayers [2005] proposes C11  40.0GPa , C33  16.8GPa , C44  2.7GPa , C66  13.1GPa and
C13  9.0GPa , which correspond to the anisotropy coefficients   0.6905 ,   1.9259 and
  0.1307 . Note again the even larger anisotropy strength, especially for the shear wave
birefringence coefficient   190% , and the negative value of  .
The explicit expressions of the the effective stiffness coefficients CIJ are given by Sayers
[1994]:
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4
8 10 2
4 2 2
C11  K 0  0 
 a3 W200 
 a1 W400

3
105
35


4
16 10 2
32 2 2
 a3 W200 
 a1 W400
 C33  K 0  0 
3
105
105


2
4 10 2
16 2 2
(4.6.1-15)
  7a2  a3 W200 
 a1 W400
C13  K 0  0 
3
315
105


2 10 2
16 2 2
 C44  0 
  7a2  2a3 W200 
 a1 W400
315
105


4 10 2
4 2 2
 C66  0 
  7a2  2a3 W200 
 a1 W400

315
105
where the three anisotropy parameters, depending on the elastic stiffness coefficients of the
Transversely Isotropic domains of clay particles, are defined by:
 a1  C11  C33  2C13  4C44

(4.6.1-16)
a2  2C11  6C66  2C13  2C44 ,
 a  4C  3C  C  2C
11
33
13
44
 3
and K 0 and  0 the effective bulk and shear moduli of a shale with randomly oriented TI
domains (i.e. W200  W400  0 ), classically given by [Fedorov, 1968] :
(4.6.1-17)

 9 K0  4C11  C33  4C66  4C13

150  C11  C33  6C44  5C66  2C13

Applied to the data of Ortega et al. [2007] this equation gives K0  25.5GPa and

0  7.5GPa , which does not substantially differ from the values K0  21GPa and
0  7GPa of Blangy et al. [1993]. Sayers [2005] gives smaller K0  17.8GPa but
comparable 0  8GPa . In spite of the variability of the shale sampling these results are
surprisingly rather consistent.
In the case where the domains of clay particles are perfectly aligned, with their normal
parallel to the axis of rotaztional invariance od the ODF, the expansion coefficients take their
max
max
maximumvalues W200
and W400
given by [Sayers, 1994]:
max
W200


10
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2

 0.04005

and

max
W400


3 2

 0.05373
8
82
The three next figures, excerpt from Sayers [2005], illustrate the link between the coefficients
W200 and W400 of the ODF expansion and the effective anisotropy coefficients  ,  and 
of the shale sample. With the choice of the stiffness coefficients of the Transversely Isotropic
domains of clay plateletss of the last reference, recalled above, Figures 4.6.1-1, 4.6.1-2 and
4.6.1-3 show the variations of  ,  and  , respectrively, with W200 and W400 . Each of these
three figures are composed of two sub-figures, the sub-figure on the left corresponding to
Voigt approximation and the sub-figure on the right to Reuss approximation.

(4.6.1-18)
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The simplest variation is that of  on Figures 4.6.1-1. More precisely, Voigt and Reuss
approximations qualitatively give the same results. The effective S-wave birefringence
coefficient  is always positive, which means that for a vertical axis of symmetry of the ODF
the SH-wave always propagates faster in the horizontal direction than in the vertical direction.
Also, for propagation in the horizontal direction, the SV-wave is always slower than the SHwave. The coefficient  increases when any of the expansion coefficients W200 and W400
increases. This is not really surprising because the increase of the coefficients W200 and W400
corresponds to a better alignment of the clay platelets domains, thus to stronger anisotropy.
The sensitivity of  to the variations of W200 is roughly 1.5 times larger (Voigt
approximation) to twice larger (Reuss approximation) than to the variations of W400 . The
variations of  on Figures 4.6.1-2 are less simple. Voigt and Reuss approximations
qualitatively give slightly different results. According to Voigt approximation, the effective Pwave anisotropy coefficient  increases when W200 increases, and when W400 decreases.
Reuss approximation exhibits the same trend but only for W200 smaller than approximately
0.02. For W200  0.02  increases when any of the expansion coefficients W200 and W400
increases, sensitivity to the variations of W200 being markedly larger. For instance, for

Figure 4.6.1-1: Variation of  with W200 and W400 using (left) Voigt approximation and
(right) Reuss approximation. See details in the text for the other parameters (modified after
Sayers [2005])

W200  0.02 the values of  are virtually unchanged for any variation of the expansion
coefficient W400 . Voigt and Reuss approximations both almost always predict positive values
of the effective P-wave anisotropy coefficient  , except for vanishing W200 and large values
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of W400 . This means that for a vertical axis of symmetry of the ODF the P-wave almost
always propagates faster in the horizontal direction than in the vertical direction.

Figure 4.6.1-2: Variation of  with W200 and W400 using (left) Voigt approximation and
(right) Reuss approximation. See details in the text for the other parameters (modified after
Sayers [2005])
The variations of  with W200 and W400 on Figures 4.6.1-3 substantially differs from those
of  and  . More precisely, simultaneous small or large increase of W200 and W400 , by
roughly the same amount, surprisingly induces no substantial variation of  .This all the more
surprising since an increase of the coefficients W200 and W400 corresponds to better alignment
of the clay platelets domains, should induce stronger anisotropy. This tends to mean that the
relation between  and the texture of the rock is rather complex, and still misunderstood.
Voigt and Reuss approximations qualitatively give the same results, and predict positive and
negative values of  . This is consistent with the large data base of Thomsen [1986a]
exhibiting positive and negative values on shale samples determined from laboratory
measurements.
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Figure 4.6.1-3: Variation of  with W200 and W400 using (left) Voigt approximation and
(right) Reuss approximation. See details in the text for the other parameters (modified after
Sayers [2005])

Regarding the inverse problem, after Equations (4.6.1-15) to (4.6.1-17), given the assumed
stiffness coefficients of the clay platelets domains and the measured five elastic stiffness
constants of the shale sample, it is possible to invert the equivalent isotropic effective bulk
and shear moduli K 0 and  0 of the shale and the two expansion coefficients W200 and W400 .
In principle the input of the stiffness coefficients of the clay platelets domains imposes the
values of K 0 and  0 , according to Equation (4.6.1-17). The comparison with the inverted
coefficients K 0 and  0 constitutes a first quality control of the inversion. A second quality
control is the consistency of the values of the inverted coefficients W200 and W400 with their
max
max
physical bounds W200
and W400
given by Equation (4.6.1-18).

This has been done with the data of Jones and Wang [1981] on a Cretaceous shale, and of
Zinszner et al [2002] on a jurassic shale. The results are summarized in Figure 4.6.1-4. It is a
table showing a comparison between the measured and the predicted elastic stiffnesses and
anisotropy parameters of a cretaceous shale of the Williston basin, Noth Dakota [Jones and
Wang, 1981] (in column 3) and of a jurassic shale of Tournemire, Aveyron in Southern
France [Zinszner et al., 2002] (in column 4).
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Cretaceous Williston
basin shale
[Jones and Wang, 1981]

Jurassic
Tournemire shale
[Zinszner et al., 2002]

C33

measured
inverted (1)
inverted (2)

22.7
25.39
25.37

26.85
25.39
25.37

C44

measured
inverted (1)
inverted (2)

5.4
9.82
9.94

4.77
9.82
9.94



measured
inverted (1)
inverted (2)

0.25
0.27
0.27

0.26
0.27
0.27



measured
inverted (1)
inverted (2)

0.48
0.25
0.24

0.45
0.25
0.24

'

measured
inverted (1)
inverted (2)

0.51
0.54
0.54

0.52
0.54
0.54

K0

assumed / inverted (1)
assumed / inverted (2)

25.5 / 17.8
17.8 / 17.9

25.5 / 21.83
17.8 / 21.89

0

assumed / inverted (1)
assumed / inverted (2)

7.5 / 8.0
8.0 / 8.0

7.5 / 8.03
8.0 / 8.01

W200

inverted (1)
inverted (2)

0.02344
0.01983

0.02806
0.02382

W400

inverted (1)
inverted (2)

0.04153
0.02421

0.0689 !...
0.04036

Figure 4.6.1-4: Comparison between the measured and the predicted elastic stiffnesses and
anisotropy parameters of the cretaceous shale of Jones and Wang [1981] and of the jurassic
shale of Zinszner et al. [2002] . See details in text.
The measured/inverted parameters are listed in the first column, and include C33 , C44 ,  ,  ,
 ' (an alternate for  defined by  ' 

C13  2C44  C33
2

[Sayers, 1994]),
C33
2(1  C44 / C33 )

K 0 ,  0 , W200 and W400 .
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For each of the parameters C33 , C44 ,  ,  , and  ' , the measured values, the inverted (1)
values and the inverted (2) values. As detailed above, we used two different inputs for the
stiffness coefficients of the shale platelets domains, the data of Ortega et al. [2007], here
called number (1), and the data of Sayers [2005] here called number (2). The corresponding
inversion results are called “inverted (1)” and “inverted (2)” respectively in 4.6.1-4.
For the parameters K 0 and  0 , we compared for data number (1) and number (2) the
assumed values of K 0 and  0 , given by Equation (4.6.1-17), and the corresponding inverted
values. Assumed values and inverted values are listed in columns 3 and 4 and are listed in the
same cell and separated by a slash “/”. Finally the values of the inverted expansion
coefficients W200 and W400 complete the list.
The results can be summarized in the following way.
Regarding the data of Jones and Wang [1981], the inverted K 0 and  0 are more consistent
with the inversion (2) of Sayers [2005] than with inversion (1) of Ortega et al [2007], which
tends to underestimate K 0 . The inverted values of the expansion coefficients W200 and W400
by inversion (1) are substantially larger than for inversion (2). This was expected because the
shale platelets domain chosen in inversion (2) are substantially more anisotropic than those
for inversion (1). More anisotropic shales are the result of more aligned shale platelets
domains, thus larger expansion coefficients W200 and W400 . The comparison between the
measured parameters and the inverted parameters C33 , C44 ,  ,  ,  ' is rather clear. The
agreement between experiment and theory is reasonable for the P-wave parameters, that is to
say the P-wave modulus C33 for vertical propagation (measured: 22.7GPa to be compared
with inverted: 25.39GPa and 25.37GPa) and the P-wave anisotropy coefficient  (measured:
0.25 to be compared to inverted: 0.27 and 0.27). In contrast the S-wave parameters are
systematically undersestimated, that is to say the S-wave modulus C44 for vertical
propagation (measured: 5.4GPa to be compared with inverted: 9.82GPa and 9.94GPa) and the
shear-wave birefringence coefficient  (measured: 0.48 to be compared to inverted: 0.25 and
0.24).
Regarding the data of Zinszner et al. [2002], in contrast with the previous data, the inverted
K 0 and  0 are more consistent with the inversion (1) of Ortega et al [2007], than with
inversion (2) of Sayers [2005]. K 0 is overestimated by inversion (2). Once again the inverted
values of the expansion coefficients W200 and W400 by inversion (1) are substantially larger
than for inversion (2). The inverted coefficient W400  0.0689 by inversion (1) is even larger
max
than the maximum admissible value in theory W400
 0.05373 , after Equation (4.6.1-18).

The same conclusions as for the previous data set can be made regarding the comparison
between the measured parameters and the inverted parameters C33 , C44 ,  ,  ,  ' and need
not to be reiterated.
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In conclusion, the theory can describe rather well the behaviour of the P-wave but tends to
underestimate the anisotropy of the S-wave and the associated compliances. The different
values obtained for the effective bulk and shear moduli K 0 and  0 of the shale with
randomly oriented TI clay platelets domains, seems to illustrate the variability of the elastic
properties of the shale platelets. This contributes to complicate the inversion process.
Anyway, in the absence of direct measurements of the elastic properties of the clay platelets
domains, there is a clear need for a better estimation of the corresponding elastic stifnesses in
order to allow obtaining quantitative texture informations on shales from elastic anisotropy
measurements.
Finally, up to now we have left apart the effect of the presence of compliant pores (cracks,
microfractures…) in shales on elastic anisotropy, which has also been studied by Sayers
[2005]. Beyond the various theory which have been developed, the main issue is the actual
presence or not of the compliant pores in the shale sample due to the recovery process of the
sample and the lack of perfect preservation process. The topic is quite controversial due to the
contrasted experimental observations:
- some authors (e.g., Hornby [1998]; Sayers [2005]) measured substantial pressure
dependence of shale velocities, even on preserved samples. Initially large anisotropy
strengthes on unstressed samples are substantially reduced under confining pressure. In both
references the decrease in overall anisotropy of the shales with increasing confining pressure
was found to be consistent with theoretical modelling of shale behaviour.
- some other authors reported the absence of stress dependence of the shale velocities on
almost all the numerous and very freshly recovered shale samples of Amoco, before the
merge with BP in December 1998 (L. Thomsen, personnal communication on these
unpublished data). Furthermore the stress-dependence appeared with time on the same
samples, which seriously advocate for the presence of microcracks induced by the recovery
process. Another example is the unaltered jurassic shale sample of Zinszner et al. (2002),
which virtually exhibit no pressure dependence of the velocities and of the anisotropy
coefficients. Furthermore, in the same study but unpublished, a collection of shale samples of
the same geological period but substantially altered exhibited clear stress-dependence, which
once again advocate for the major role of non-natural mechanical defects in the stressdependence of shale velocities.
Note that effect of compliant pores (cracks, microfractures, grain conatcts…) on elastic
anisotropy in general is discussed in sub-section 4.6.2.

4.6.1.2

Thinly layered media

A stack of thin isotropic layers randomly distributed in the vertical direction is the most
common idealization of anisotropic geological media, especially sedimentary formations, as
illustrated by Figure 4.6.1-5. By “Thin layers” we mean that the typical thickness of each
individual layer is much smaller than the elastic wavelength. Although it is not the main
cause of most of the observed anisotropy, even in sedimentary formations as will be
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explained, this is the earliest and the most studied model, as pointed out by Helbig [1994].
From the point of view of the symmetry type, transverse isotropy with a vertical symmetry
axis (VTI) is certainly the most likely type of symmetry in sedimentary formations. Due to
symmetry of the sedimentation process in a passive basin driven by the gravity, characterized
by a polar vector of symmetry  m (of a cone at rest) with an axis of rotational invariance
and an infinite number of symmetry plane (i.e. any plane containing the infinite-fold axis)
[see Figure 4.2.2-1 and the corresponding comments]. As a consequence, any physical
property of such media, in particular elastic property, must have this symmetry level at least.
Obviously, this is before any tectonic process operates, possibly inducing fracture/cracks and
breaking the rotational invariance.

Figure 4.6.1-5: Layer-induced anisotropy the most common example of vertical transverse
isotropy (VTI) in sedimentary formations:
(Left) Idealized model made of stack of thin horizontal layers made of isotropic material
randomly distributed in the vertical direction, and
(Right) Photograph of an outcrop of Tesuque formation, close to Tesuque pueblo near Santa
Fe (New Mexico), mainly composed of poorly consolidated buff-red arkosic sand, silts, clays
and pebble beds, after Anderholm [1994].
Rudzki himself was the first to refer to a layer-induced anisotropic model [Rudzki, 1898].
Bruggman [1937] seems to be the first to have solved the direct problem, moreover in an
elegant and concise way (e.g., Helbig [1994]), followed by many others (e.g., Riznichenko
[1949]; Postma [1955]; Helbig [1956] and [1958]; Backus [1962]; Schoenberg & Muir
[1989]). Nevertheless the solution described in the next equation is called Backus average
solution in applied geophysics literature.

ELASTIC ANISOTROPY

Page 4.6-81

PETROACOUSTICS – CHAPTER 4

The direct problem is the following: Given the stiffness matrices C(i ) ( i  1, 2,...N ) of the
constituents, N designating the number of constituents of the compound medium, and (i ) the
volume fraction of the constituent number i , what is the stiffness matrix C of the compound
medium?
The generalized Hooke’s law in each constituent writes:
(4.6.1-19)

σ(i )  C(i)ε(i)

where σ (i ) and ε (i ) designate respectively the stress and the strain in the constituent number
meaning
i . Given the average stress σ and the average strain ε (the brackets
averaging over a Representative Elementary Volume (see definition in Chapter 1 §1.3.3) of
the compound medium) defined by:
N

(4.6.1-20)

σ   (i ) σ (i )
i1

N

and

ε   (i ) ε(i ) ,
i1

the direct problem consists in finding the stiffness matrix C linking the average stress σ
and the average strain ε :
(4.6.1-21)

σ C ε

Bruggeman [1937], Backus [1962] and Schoenberg & Muir [1989] approached the problem
by considering the continuous quantities across each interface between the layers, assuming
that the interfaces are perfectly welded. If the layers are normal to the 3-direction, all the
displacements must be continuous, as well as their gradient in the 12-plane. Thus the strain
components 1 ( 11 ) , 2 ( 22 ) and 6 ( 212 ) are continuous across each interface, and
as a consequence have a constant value throughout the compound medium. The same result
stands for the three stress components on a surface normal to the 3-direction, due to the
continuity of the stress across each interface. These continuous stress components are
3 ( 33 ) , 4 ( 23 ) and 5 ( 13 ) .
The next step is to express the continuous quantities as functions of the discontinuous
remaining stresses 1 ( 11 ) , 2 ( 22 ) and 6 ( 12 ) , and strains 3 ( 33 ) , 4 ( 223 )
and 5 ( 213 ) . Schoenberg & Muir [1989] solved this problem for arbitrary anisotropic
constituents. In the case of isotropic or transversely isotropic constituents, the most usefull
cases in practice, the results take the simple form [Helbig, 1998]:
(4.6.1-22) v  Qf
where:
(4.6.1-23) vt   1 2 3 4 5 6  and f t   1 2
t

3 4

5

6 

t

designate the vector v of the variable quantities layer by layer and f of the continuous
quantities. Note for both vectors the mix between the stress and the strain components, but the
preserved order of the indices.
The square matrix Q in Equation (4.6.1-22) is given by:
ELASTIC ANISOTROPY

Page 4.6-82

PETROACOUSTICS – CHAPTER 4

2
2
 C11  C13
/ C33
C11  2C66  C13
/ C33 C13 / C33
0
0
0 


2
2
 C11  2C66  C13
/ C33
C11  C13
/ C33
C13 / C33
0
0
0 


C13 / C33
C13 / C33
1/ C33
0
0
0 
(4.6.1-24) Q  

0
0
0
1/ C44
0
0 



0
0
0
0
1/ C44 0 


0
0
0
0
0
C66 


Now let us take the average over the entire compound medium of each member of Equation
(4.6.1-22) weighted by the respective volume fraction of each constituent:
(4.6.1-25)

v  Qf

Because the vector f is constant throught the entire compound medium, Equation (4.6.1-22)
takes the simplified form:
(4.6.1-26)

v  Q f Q

f

The last equality is due to the fact that f  f . The matrix linking the average quantities v
and f can be called Q and is defined by:
(4.6.1-27)

v Q f

which by identification with Equation (4.6.1-26) leads to:
(4.6.1-28) Q  Q

or

QIJ  QIJ

I , J  1, 2...,6

Due to the expression of the matrix Q given by Equation (4.6.1-24), the previous equation
implies the following five relations:


(4.6.1-29) 



C33  1/ C33

1

;

C13 / C33  C13 / C33

C44  1/ C44
;

1

;

C66  C66

2
2
C11  C13
/ C33  C11  C13
/ C33

which allow to reconstruct the complete elasticity matrix C of the compound transversely
isotropic medium. We can see that for some elastic coefficients the effective elastic
coefficient is a simple average, either of the stiffness, for instance C66 , or of the compliances,
for instance 1/ C33 and 1/ C44 . For some others the effective elastic coefficient is more
complicate, for instance C11 and C13 .
The density of the compound medium being obviously given by    , the complete
directional dependence of the exact phase velocities of the three bulk waves can be computed
using Equation (4.5.1-2).
The next figures summarize the main predictions of the model.
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In Figures 4.6.1-6 and 4.6.1-8 we plotted the anisotropy coefficients  (curves in blue lines),
 (in green lines), and  (in red lines), all defined in sub-section 4.5.1, characterizing the
compound medium as function of the volume fraction of shale. Both of these figures
correspond to thinly layered models, namely a shale/sand model for Figures 4.6.1-6 and a
shale/dolomite model for Figure 4.6.1-8.
Two sub-figures compose each of these figures, namely on the left side the case of strong
contrast between the constituents of the model, and on the right side the case of weak contrast.
On each subfigure two cases are considered, namely the case where all the constituents are
isotropic (curves in dashed lines), and the case where all the constituents are transversely
isotropic (curves in solid lines). The chosen parameters are given in Figure 4.6.1-7 for the
shale/sand model of Figure 4.6.1-6, and in Figure 4.6.1-9 for the shale/dolomite model of
Figure 4.6.1-8. They are all taken from the database of Mavko et al. [1998]. The input
parameters of the models are the density (i ) , the vertical P-wave velocity VP 0(i ) , the
vertical

S-wave velocity VS 0(i ) , and , for anisotropic constituent only, the anisotropic

coefficients (i ) ,  (i ) and (i ) of each constituent ( i  2 for shale and i  1 for the other
constituent).

Figure 4.6.1-6: Anisotropy coefficients  (blue lines) ,  (green lines) , and  (red lines) as
function of the shale content (in %) a shale/sand thinly layered model:
(left) with high contrast between the elastic properties of the constituents, and
(right) with low contrast between the elastic properties of the constituents.
For both figures the dashed lines correspond to the case of isotropic constituents, and the solid
lines to anisotropic constituents. Note the different scales on the vertical axes of the two
figures. See details in text.
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Figure 4.6.1-7: Input parameters for the shale/sand models of Figure 4.6.1-6. See details in
text.
For the cases of strong contrast, the chosen velocity contrasts are very large, typically of the
order of a factor of 2, which is not representative of common situations in the field. More
precisely such contrasts can be encountered very locally on acoustic well logs but not
repeatedly at the scale of a seismic wavelength (typical a few 101 m to 102 m , see detail on
Chapter 1 Figure 1.2.2-8 and the corresponding comments).
These strong contrast cases are considered only to illustrate numerically the phenomenon. The
weak contrast cases, at least in average at the scale of the seismic wavelength, are more
representative of the field situation.

Figure 4.6.1-8: Same as Figure 4.6.1-6 in a shale/dolomite thinly layered model. Note the
different scales on the vertical axes of the two figures. See details in text.
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Figure 4.6.1-9: Input parameters for the shale/dolomite models of Figure 4.6.1-8. See details
in text.
Regarding anisotropy, in order to separate the layer-induced anisotropy from the anisotropy
induced by the intrinsic anisotropy of the constituents on the overall anisotropy we considered
two cases. In the first case (curves in dashed lines) all the constituents are isotropic, that is to
say the anisotropic coefficients (i ) ,  (i ) and (i ) are all equal to zero, the remaing parameters
being unchanded. The overall anisotropy is only due to the layering. The non-vanishing
anisotropy coefficients are used in the second case (curves in solid lines). We choose cases
where the intrinsic anisotropy of the shale constituent ( (2)  0.2 ,  (2)  0.3 and (2)  0, 2 )
dominates the anisotropy of the other constituent ( (1) ,  (1) , (1)  0.05 ), which is often the
case in the field. As a consequence an increasing volume fraction of shale induce an
increasing intrinsic anisotropy at the scale of the compound medium. This intrinsic anisotropy
is cumulated with the layer-induced anisotropy in the contribution to the overall anisotropy.
The difference between the curve in solid line and the corresponding curve in dashed line is
the part of the intrinsic anisotropy to the overall anisotropy. For a vanishing shale content this
difference is equal to the intrinsic anisotropy of the non-shale constituent. In contrast for a
100% shale model this difference is equal to the intrinsic anisotropy of the shale constituent,
These are consistent results.
The other results can be summarized in the following way:
-

Only strong contrast of elastic propreties (especially the shear moduli (i ) ), seldom
encountered in reality, can induce substantial purely layer-induced anisotropy, that is
to say anisotropy larger than 10%. This implies in practice that overall anisotropy
larger than 10% cannot reasonably be purely layer-induced. Intrinsic anisotropy of at
least one of the constituents (mainly shale in sedimentary basin) has to be involved.

-

In the case of isotropic constituents, no contrast of the shear moduli (i ) imply
isotropy of the compound medium, even in the presence of strong contrast of the bulk
modulus or P-wave velocity [Helbig, 1998]. In the case of strong contrast, the purely
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layer-induced anisotropy in the shale/sand model is substantially larger than that in the
shale/dolomite model essentially because the S-wave velocity contrast, and as a
consequence the shear modulus contrast, is substantially larger in the first model
( VS 0(1) / VS 0(2)  2.50 ) than in the second model ( VS 0(1) / VS 0(2)  1.95 ).
-

-

-

in the presence of moderately to strongly anisotropic constituents (here shale), the
intrinsic anisotropy of this constituent rapidly dominates the purely layer-induced
anisotropy, as long as the volume fraction of this constituent becomes substantial.
Roughly the overall anisotropy increases with the volume fraction of these anisotropic
constituents.
Purely layer-induced anisotropy always lead to positive values of the anisotropy
coefficients  and  . This means that, for horizontal layers, the P-wave and the SHwave always propagate faster along the layers than in the perpendicular direction.
Also, for propagation in the horizontal direction, the SV-wave is always slower than
the SH-wave.
The effective anisotropy coefficient  can be positive or negative (e.g., see Figure
4.6.1-6: on the left side). Its absolute value is always smaller than the other anisotropy
coefficients, and such that     0 . In fact purely layer-induced anisotropy with
stable isotropic constituent cannot exhibit     0 [Backus, 1962].

Replacing the complete set of the numerous parameters of the different constituents of a
thinly layered geological formation by a considerably reduced number of equivalent VTI
parameters of the compound medium at the seismic scale is important in seismic processing.
This is illustrated by Figure 4.6.1-10 with the validation test made by Liner and Fei [2006] on
data of a predominantly carbonate section, from a well of eastern Saudi Arabia. This figure is
composed of three sub-figures. The sub-figure on the left-hand side shows a density log
section and the corresponding P-wave and S-wave logs sections, roughly between the depths
3100m and 3600m. The sub-figure in the center part shows a snapshot of the waveform
computed by 200 Hz finite difference method with depth sampling of roughly 30cm. From the
top to the bottom of the section, this represents depth interval slightly larger than 500m
sampled nearly feet by feet. This roughly represents 1670 depth points, each associated with 3
parameters ( , VP and VS ), which makes a total of 1670×3=5010 parameters.
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Figure 4.6.1-10: Numerical validation of the VTI averaging defined by Equation (4.6.1-2)
illustrated by:a comparison between
(Center figure) the wavefield snapshot from 200 Hz finite difference simulation with depth
sampling of roughly 30cm of the isotropic layered model of the figure on the left (obtaine
from measured density and acoustic logs in a predominantly carbonate section from a well of
eastern Saudi Arabia), and
(Figure on the right side) the wavefield computed in the VTI equivalent medium with
averaging length equal to 130% of the minimum dominant wavelength (roughly 8.5 m)
(modified after Liner and Fei [2006]). See details in the text.

The stack of thin isotropic layers is replaced by a vertically smoother VTI elastic model using
the averaging process summarized by Equation (4.6.1-11). The depth window for averaging is
130% of the minimum dominant wavelength (here 8.5 m), which is roughly 11m. The total
depth interval of 500m sampled at 11m, roughly represents 45 depth points, each associated
with 5 VTI parameters ( , VP and VS ), which makes a total of 45×5=225 parameters, instead
of more than 5000 in the stack of thin isotropic model. This constitutes a substantial reduction
of the number of parameters of the model , roughly a divison by a factor 20. Two-dimensional
VTI elastic finite difference modeling wase done on this model, and is illustrated by the
subfigure on the right side. The first striking result is the absence of a loss of accuracy for the
specular arrivals. The wavefront of the P-wave and of the SV-wave are perfectly reproduced,
as well as the major reflections (corresponding to the the upgoing wavefronts). Unfortunately,
the reduction of the number of parameters has a cost. One of them is the loss of integrity of
the scattered field, for instance just after the specular wavefronts, which is due to the fact that
the averaging length is over five times the limit for exact preservation of the wavefield, as
detailed in the last reference.
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4.6.2 Anisotropy due to aligned compliant pores (cracks, fractures, grain
contacts…)
4.6.2.1

Fractures media with non-welded (linear slip) interfaces

4.6.2.1.1 The general formulation
In the framework of conventional seismic theories, the strain and the stress induced by an
elastic wave are perfectly continuous when crossing the boundaries between different media
(e.g., Aki and Richards [1980]). In theory it is possible to relax some of these conditions in
considering less perfect reflectors. The most common model assumes the perfect continuity of
the stresses induced by the seismic waves but introduces the discontinuity of the
displacements at the reflectors (e.g., Tattersal [1973]; Schoenberg [1980]). Such a model has
been adapted to deduce the effective seismic parameters of a fractured media (e.g.,
Schoenberg and Douma [1988]; Schoenberg and Sayers [1995]). Somehow or other all these
models are more or less sophisticated versions of no-interaction Reuss model summarized by
Eq. (4.6.1-7) in which the interactions between the microheterogeneities, here the
cracks/fractures are neglected.
More precisely, after the last reference, if one considers an elementary representative volume
V of the fractured medium, the average strain ij over the volume V can always decomposed
into the sum of two terms as follows:
(4.6.2-1)
where

 ij (m)

 ij
and

  ij ( m)   ij ( frac)

 ij ( frac)

designate respectively the macroscopic strain associated with the

intact rock matrix ( rock without any fracture) and the additional macroscopic strain due to
the presence of the fractures.
The macroscopic strain  ij

(m )

(4.6.2-2)
where

is simply given by:

( m)
 ij( m)  Sijkl
 kl

(m )
designates the average compliance tensor of the intact rock, which may be of
Sijkl

arbitrary symmetry, and  kl the macroscopic stress over the volume V. In the long
wavelength limit one can assume that the wave-induced macroscopic stress is constant over
the volume V. The interactions between the assumed roughly plane and parallel fractures
being neglected, if Sp denotes the surface of the pth fracture in the volume V the last reference
introduces the "fracture compliance tensor" Z ij , defined by:
(4.6.2-3)

Z ij  jk nk



1
V

 S p ui dS
p

nk designates the normal to the fracture planes, and ui  the discontinuity of the
displacement ui across a fracture. The integral in the right-hand member of this equation is
where
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tensor

Z ij

of the pth fracture and summed over all the fractures. The

Sp

computed on the surface

is a symmetric tensor of rank 2, of which the components have the dimension of

the inverse of a stress. The case

Z ij

= 0 implies that the average displacement discontinuity

in the right hand member of Eq. (5.3.3-20) also vanishes since the stress has finite value. This
corresponds to perfectly rigid fractures, not visible by the seismic wave, for which

 ij ( frac)  0

in Eq. (5.3.3-18). In contrast, in the case where the norm of the tensor

is infinite (some of its components have infinite value) the average stress

 jk

Z ij

must vanish in

order to allow finite value of the average displacement discontinuity. This corresponds to
infinitely compliant fractures unable to transmit the elastic wave.
Using Eq. (4.6.2-3) the additional strain due to the fractures is simply given by:
(4.6.2-4)

1
Ziq  qs ns n j
2

 ij ( frac) 

 Z jt  tr nr ni 

If more than a single family of parallel fractures are considered, the q th family being
characterized by its normal

)
n (q
i

and by its compliance tensor

Z ij(q ) , the overall additional

strain induced by all the non-interacting fractures is simply equal to:

(4.6.2-5)

 ij ( frac) 

 2 Z (irq)  rs n(sq ) n(jq )
1

q

One can introduce the additional compliance tensor

 Z (jtq )  tr nr( q ) n (i q )



Sijkl ( frac) due to the fracture defined

by:

Sijkl ( frac)  Sijkl  Sijkl ( m)

(4.6.2-6)
where

Sijkl

is the compliance tensor of the fractured rock. Because the stress is assumed

constant over the volume V one has:
(4.6.2-7)

 ij ( frac)

 Sijkl ( frac)  kl

Using Eq. (A5) this gives:
(4.6.2-8)

Sijkl ( frac)



 4 Z ik(q) n(jq ) nl(q)  Z (jkq) ni(q) nl(q)  Zil( q) n(jq ) n(kq)  Z (jlq) ni( q) nk( q) 
1

q

It is important to notice that the additional compliance due to the fractures is only function of
the "fracture compliance tensor" Z ij introduced in Eq. (4.6.2-3). According to Eq. (4.6.2-8)
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and to the definition of

Z ij

, in the case of one family of identical fractures the additional

compliance tensor is proportional to the number of fractures per unit volume of the fractured
medium. Furthermore since the tensor Z ij is global tensor derived from a summation of
displacement discontinuities due to fractures contained in the elementary representative
volume V , there is a complete elastic equivalence between a medium containing a sparse
family of compliant fractures and a medium containing a dense family of rather stiff fractures,
at least in the context of this model.

4.6.2.1.2 Special case of an isotropic medium with a single family of rotationally invariant
parallel fractures
A particular convenient case extensively used in the literature (e.g., Schoenberg et Douma
[1988]; Arts [1993]) is the case of rotationally invariant fracture set of normal nk , for which:
(4.6.2-9)

Z ij 

Z N

 ZT  ni n j

 ZT  ij

Z N and ZT designate the overall normal and tangential compliances of the fractures
(see Fig.4.6.2-1), and  ij the Kronecker tensor ( with  ij  0 for ij and  ij  1 for i=j ).
where

The fractured medium is Transversely Isotropic or rotationally invariant about an axis parallel
to the direction normal to the fracture planes.
If the normal to the fractures is parallel to the Z axis the only non-zero components of the
additional compliance tensor
(4.6.2-10)

S ( frac) due to the fracture are:

( frac)

S33
 ZN
 ( frac)
( frac)
 S55
 ZT
S 44
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Figure 4.6.2-1: Fig.5.3.3-1: Parameters characterizing a medium containing a single family of
rotationally invariant parallel fractures.

where the overall normal and tangential compliances

ZN

and

ZT

are linked to the

individual compliance S N
and ST
of a single fracture and to the number of fractures
per unit length n in the direction normal to the fracture planes by the relations:
(4.6.2-11)

Z N  n SN

and

ZT  n ST

(m )

As a consequence, if C and C
are the stiffness tensors of fractured rock and of the
intact rock, the only non-zero components of the perturbation stiffness tensor

C ( frac)  C  C ( m) induced by the fractures are (Schoenberg and Douma [1988] ;
Arts [1993]):

(4.6.2-12)

( frac )
( frac )
( frac )
C11
 C12
 C22
  1  N

( frac )
( frac )
C13
 C23
  2  N


( frac )
C33
  3  N

( frac )
( frac )

C44
 C55
  4  T

where:
(4.6.2-13)
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1

M


 2M S( m)
M P( m)

( m)
P



2

;

 2  M P( m)  2M S( m) ;  3  M P( m) ;  4  M S( m)

4
M S( m)   ( m) and M P( m)  K ( m)   ( m) designating the S-wave and P-wave
3
(m )
(m )
(m )
moduli in the intact rock of compliance S ijkl ( K
and 
are the corresponding bulk
with

and shear moduli).
The quantities  N and  T are dimensionless overall fracture compliances and defined by
[Hsu and Schoenberg, 1993]:
(4.6.2-14)

M P( m) Z N
N 
1  M P( m) Z N

M S( m) ZT
T 
1  M S( m) ZT

and

Note that for moderately fractured media (

M S( m) ZT , M P( m) Z N << 1) the quantities

N

and  T
compliances:

are approximately equal to the dimensionless linearized overall fracture

(4.6.2-15)

 N  M P( m) Z N

and

 T  M S( m) ZT

Note that the P-wave anisotropy parameters and  defined by Eq(4.5.1-4) and (4.5.1-5)
respectively, and of the S-wave birefringence parameter , defined by Eq. (4.5.1-7), are linked
with the fracture compliances ZN and ZT by the relations:


  2 1     N

  2  T  1  2   N 

1

  T

2

(4.6.2-16)

where   

M S( m )
.
M P( m )

Note that the S-wave birefringence parameter  and the P-wave

anisotropy parameter are proportional to the dimensionless compliances

M S( m ) ZT   T

and M P( m ) Z N   N respectively.
The three next figures illustrate the dependence of the anisotropy and with the
dimensionless overall fracture compliances  N and  T . On Fig.4.6.2-2 we plot the seismic
anisotropy parameter  , defined by Eq. (4.5.1-4) and Fig. 4.5.1-2, as function of the
dimensionless overall normal compliance  N of the fractures, defined by Eq. (4.6.2-14).
Since the anisotropy parameter  is also function of the parameter  , as suggested by Eq.
(4.6.2-16), we consider the three typical cases of sedimentary rocks, namely sandstone,
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limestone and dolomite. For each case we choose the following values for the elastic
constants of the grain constituent (e.g., Hearmon [1979]).
In sandstones the main grain constituent is quartz

with

M P( m)  96.9 GPa ,

M S( m)  44.3 GPa , and as a consequence   0.46 . Calcite is the main constituent of
limestones, with M P( m)  115 .9 GPa , M S( m)  32 GPa , and as a consequence   0.28 . For
dolomites we took M P( m)  115 .8 GPa , M S( m)  45.7 GPa , and as a consequence   0.29 .
As expected the seismic anisotropy parameter  increases with the dimensionless overall
fracture compliance  N . For moderately fractured media, typically for  N  0.15 , the linear
dependence evidenced by Eq. (4.6.2-16) is verified. For more fractured media the anisotropy
parameter  increases more rapidly than  N . Lastly we also note that  increases more
rapidly with larger values of  , for instance compare sandstones (   0.46 ) with limestones
(   0.28 ). This is true only for 0    0.5 and is due to the variations of the function

2 1    , in Eq. (4.6.2-16), with  . Outside this interval, that is to say for 0.5    0.75
the opposite trend is observed. Here we remind that 0    0.75 in any isotropic elastic
material (see Chapter 1 Equation (1.2.1-50) )

Figure 4.6.2-2: Seismic anisotropy parameter  as function of the dimensionless overall
normal compliance  N of the fractures in sandstone (blue line), limestone (red line) and
dolomite (yellow line).
Fig.4.6.2-3 illustrates the variation of the seismic anisotropy parameter  , defined by Eq.
(4.5.1-7) and Fig. 4.5.1-3, as function of the dimensionless overall tangential compliance  T
of the fractures, defined by Eq. (4.6.2-14). Since the parameter  is only function of  T as
shown by Eq. (4.6.2-16) , and independent of the lithology, a single curve is plotted on this
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figure. As expected the seismic anisotropy parameter  increases with the dimensionless
overall fracture compliance  T . Here again, for moderately fractured media (i.e., typically for
 T  0.15 ) the linear dependence evidenced by Eq. (4.6.2-16) is verified. For more fractured
media the anisotropy parameter  increases more rapidly than  T .

The behavior of the anisotropy parameter  , defined by Eq. (4.5.1-5) and Fig. 4.5.1-2 is
more complex, firstly because of its more complex definition containing quadratic
expressions of the elastic constants, and secondly because of its dependence with both
dimensionless overall compliances  N and  T , and on the lithology through the parameter
 . Fig. 4.6.2-4 shows a typical variation of the seismic anisotropy parameter  with the
dimensionless overall normal compliance  N , assumed equal to the dimensionless overall
tangential compliance  T , for sandstone, limestone and dolomite, in the case of moderately
fractured media. As for the other anisotropy parameters the seismic anisotropy parameter 

Fig.4.6.2-3: Seismic anisotropy parameter  as function of the dimensionless overall
tangential compliance  T of the fractures.
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Fig. 4.6.2-4: Seismic anisotropy parameter  as function of the dimensionless overall normal
compliance  N , assumed to be equal to the dimensionless overall tangential compliance  T ,
for sandstone, limestone and dolomite, in the case of moderately fractured media.
increases with the dimensionless overall fracture compliances  N and  T , the linear
dependence resulting from the moderately fractured character. Lastly, as for the anisotropy
parameter  , we also note that  increases more rapidly with larger values of  , for
instance compare the sandstones (   0.46 ) with the limestones (   0.28 ).
In the case of vertical fractures, for instance if the normal to the fractures is parallel to the X
axis the only non-zero components of the additional compliance tensor
fracture are:
(4.6.2-17)

S ( frac) due to the

( frac)

S11
 ZN
 ( frac)
( frac)
 S66
 ZT
S55

The medium has an apparent orthorhombic symmetry or more precisely HTI, that is to say
Transversely Isotropic with a horizontal symmetry axis parallel to the X-axis (e.g., Rügger
[1997] and [1998]). Using the notations of Rügger [1997] and [1998] and of Eq.(4.5.2-5) one
has in this special case:
(4.6.2-18)

(V )
(V )

 x     ;  y  0 ;    

 x   z   (V )   ;  y  0



where  and  are, in this case, given by Eq. (4.6.2-16), remembering that in this last
equation the symmetry axis is vertical whereas in Eq. (4.6.2-18) this axis is horizontal and
parallel to the X-axis. Lastly note that this model does not need any specification of the
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geometry of the fractures, the fractures being characterized only by their phenomenologic
behavior characterized by the compliances ZN and ZT of Eq. (4.6.2-17).

4.6.2.1.3 Multiple fractures/cracks families
Another generalization is the introduction of more than a single family of cracks /fractures in
an initially isotropic medium. Hudson [1990] publish the results for the effective elastic
moduli of a medium with an arbitrary distribution of penny-shaped cracks characterized by a
crack density distribution function. Note that Eq. (4.6.2-8) deals with an arbitrary number of
fractures with non-welded (linear slip) interfaces in a background medium, which may be
arbitrarily anisotropic (triclinic). In cases where the background medium is isotropic and all
the fracture families are vertical and rotationally invariant the effective media exhibit a
horizontal symmetry plane, perpendicular to all the fractures, and the media exhibit a
monoclinic symmetry (see section 4.3.2.1, or more detailed textbooks such as Helbig [1994]).
Bakulin et al [2000] studied the special case of an isotropic host rock with two different nonorthogonal sets of rotationally invariant vertical fractures and discussed the inversion of the
effective anisotropy parameters. The two next figures illustrate some typical predictions of
this type of model. In Fig.4.6.2-5 we plot the azimuthal dependence of the relative difference
between the horizontal velocity and the vertical velocity of the P-wave, quantified by the
anisotropy function  ( ) , defined by Eq. (4.5.2-3) and Fig.4.5.2-1. We consider an isotropic
limestone background with two families of rotationally invariant vertical fractures of
dimensionless overall normal compliances  N 1 and  N 2 , respectively, and of azimuth 90°
and 120°, respectively. The sum of the dimensionless compliances  N 1 +  N 2 is kept
constant and equal to 30%, each individual dimensionless compliance varying by steps of 5%.
As expected the minimum anisotropy, in absolute value, in terms of  ( ) is observed along
an "average strike" of the fractures. In contrast the direction of maximum anisotropy, in
absolute value, corresponds to an "average direction normal" to the fractures. The two limit
positions corresponding to the cases where one of the fracture families vanishes. Obviously in
these limit cases the exact symmetry directions are recovered .
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Fig.4.6.2-5: Seismic anisotropy function  ( ) as function of the azimuth of observation  .
Case of an isotropic limestone background with two families of rotationally invariant vertical
fractures of dimensionless overall normal compliances  N 1 and  N 2 , respectively, and of
azimuth 90° and 120°, respectively. The sum of the dimensionless compliances  N 1 +  N 2 is
kept constant and equal to 30%, each individual dimensionless compliance varying by steps
of 5% (modified after Rasolofosaon [2002]).
Fig.4.6.2-5 is complementary to the previous figure and illustrates the variations of the
direction of polarization of the vertically propagating fastest shear-wave, or S1-wave, with the
relative magnitude of the two dimensionless overall tangential compliances  T 1 and  T 2 of
a medium with two fracture families. An isotropic limestone background is still considered
with two families of rotationally invariant vertical fractures of azimuth 90° and 120°. The
sum of the dimensionless compliances  T 1 +  T 2 is kept constant, each individual
dimensionless compliance varying from 0 to 30%. The X-axis of Fig.4.6.2-6 corresponds to
the dimensionless overall tangential compliances  T 1 of the first fracture family. Here again,
as expected, the direction of polarization of the S1-wave is parallel to an "average strike" of
the fractures. Obviously, the two limit positions corresponding to the cases where one of the
fracture families vanishes. Obviously in these limit cases the exact polarization direction of
the vertically propagating S1-wave exactly corresponds to the strike of the only remaining
fracture family.
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Fig.4.6.2-6: Direction of polarization of the vertically propagating fastest shear-wave as
function of the dimensionless overall tangential compliances  T 1 of the first fracture family.
Case of an isotropic limestone background with two families of rotationally invariant vertical
fractures of dimensionless overall tangential compliances  T 1 and  T 2 , respectively, and of
azimuth 90° and 120°, respectively. The sum of the dimensionless compliances  T 1 +  T 2 is
kept constant (modified after Rasolofosaon [2001]).
For practical applications, in contrast to what is observed in media with a single family of
rotationally invariant vertical fractures, in the presence of multiple families of fractures the
polarization direction of the vertically propagating S1-wave do not coincide with any of the
symmetry directions of the P-wave anisotropy functions  ( ) or  ( ) , rather easily
recovered from subsurface measurements. This was confirmed on field data by Perez et al.
[1999] and significantly complicate the inversion of the effective anisotropic parameters as
discussed by Bakulin et al. [2000].
4.6.2.1.4 Fracture superimposed with other causes of anisotropy
Here, once again we note that Eq. (4.6.2-6) deals with a background medium, which may be
arbitrarily anisotropic (triclinic), and an arbitrary number of fractures with non-welded (linear
slip) interfaces. Any other causes of seismic anisotropy can be included in the anisotropy of
the background medium. As discussed in sub-section 4.6.1-2, the most common anisotropy
observed in sedimentary basins is Vertical Transverse Isotropy (VTI), with a vertical axis of
rotational invariance, due to the presence of horizontal layerings at a scale much smaller than
the seismic wavelength as illustrated by Fig.4.6.1-5. For instance, Bakulin et al. [2000] and
Rasolofosaon [2002] considered VTI background media containing a single family of
rotationally invariant parallel vertical fractures. Using Curie’s symmetry principle, the
effective medium exhibits 3 symmetry planes which are mutualluy perpendicular, namely the
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fracture plane, the vertical plane normal to the fractures and the horizontal plane. As a
consequence the medium exhibits orthorhombic symmetry (see sub-section 4.2.2.2.2, or more
detailed textbooks such as Helbig [1994]). One of the most important result is that the
presence of the layer-induced transverse isotropy, of the VTI type, obviously modifies the
overall anisotropy of the fractured medium, but also preserves the azimuthal anisotropy, or
more precisely the anisotropy difference between the two vertical symmetry planes. This is
illustrated by the two next figures.

Fig.4.6.2-7: P-wave azimuthal anisotropy, in terms of coefficients  (left) and  (right), as
function of the P-wave layer-induced anisotropy. See text for details. (modified after
Rasolofosaon [2002]).
We consider a typical limestone reservoir. On Fig.4.6.2-7 the Y-axes are the overall Pwave anisotropy, in terms of coefficients  (left) and  (right), introduced in section 4.5.2.
More precisely we consider the P-wave anisotropy coefficients x (left) and x (right) in the
vertical plane normal to the fracture planes plotted in blue lines, the P-wave anisotropy
coefficients y (left) and y (right) in the fracture planes plotted in pink lines, and the
anisotropy differences y - x (left) and y - x (right) in yellow lines. The X-axes quantifies
the P-wave layer-induced VTI anisotropy coefficient  (left) and  (right). Although the
overall anisotropy increases with the anisotropy induced by the layering, the anisotropy
difference (in yellow line) between the two vertical symmetry planes is constant. In
conclusion, the practical consequence is that a differential measurement of P-wave anisotropy
between the two vertical symmetry planes allows to eliminate the effect of the layer-induced
anisotropy and to characterize the fractures only. This is clearly illustrated by Fig.4.6.2-8
showing the differential P-wave anisotropy, in terms of y - x (blue line) and y - x (pink
line), and the S-wave birefringence coefficient  (yellow line) for vertical propagation, as
functions of the dimensionless overall fracture compliances  N =  T .
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Fig.4.6.2-8: P-wave azimuthal anisotropy, in terms of y - x (blue line) and y - x (pink line)
and S-wave birefringence coefficient  (yellow line) for vertical propagation as functions of
the dimensionless overall fracture compliances  N and  T , assumed equal. (modified after
Rasolofosaon [2002]).
The effect of the VTI background medium is eliminated by considering differential
anisotropy. And as expected the fracture-induced effects increases with the dimensionless
overall fracture compliances, the linear dependence resulting from the moderately fractured
character.
4.6.2.2 Aligned ellipsoidal cracks
4.6.2.2.1 The basic model with ellipsoidal cracks
Another well-known model is that of Hudson [1980 and 1981] with a set of parallel pennyshaped cracks (that is to say cracks of oblate ellipsoides of revolution of diameter 2a and
thickness 2c ). The author used Born approximation of single scattering, as in section 5.2.2 in
isotropic heterogeneous media, but adapted to anisotropic media and using the theoretical
derivation of Eshelby [1957]. Schoenberg and Douma [1988] demonstrated that Hudson's
model can be put in a one-to-one correspondence with the previous model through the
relations:


3
1
M P( c )  3
4
M S( c ) 
(4.6.2-19)    N  1    1 


3

2

1




T
(m) 
(m) 
4
  1    M S  16
   3  2  M S 
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The dimensionless crack density parameter  is defined by   N a 3 , where
number of cracks per unit volume and

a3

N

is the

is the volume average of the crack radius cubed.

The other dimensionless parameter   c / a , called aspect ratio, is the ratio of the
thickness to the diameter of a crack. The P-wave and S-wave moduli in the background
uncracked medium are respectively designated by M P( m ) and M S( m ) . And the quantities

M P(c ) and M S(c ) designate the P-wave and S-wave moduli in the material contained in the
cracks. In principle Hudson's theory is restricted to dilute concentrations of crack (typically
for   0.1) and for small aspect ratio  . For larger aspect ratio (typically for   0.3 )
and/or larger crack density it is recommended to use alternative theories (e.g., Nishizawa
[1982]; Cheng [1993]).
In the case of fluid-saturated cracks, the modulus
equations are replaced by:
(4.6.2-20)

3
4



   N  1    1 


M S(c ) vanishes and the previous

1
M P( c )  3
    3  2 
 1    M S( m )  16 T

which leads to the following expressions for Thomsen's anisotropy parameters in the case of
moderate anisotropy, or more precisely of moderate value of fracture parameters  N and

T

(e.g., Li [1997]), the axis of symmetry of the penny-shaped cracks being parallel to the
Z-axis:

(4.6.2-21)
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(m )

where VP is the P-wave velocity in the saturating fluid and VS the S-wave velocity in the
uncrack background solid. Eq. (4.6.2-21) is to be compared with Eq. (4.6.2-16) for the case
of linear slip fractures.
In the case of dry cracks, Eq. (4.6.2-21) are replaced by:
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(4.6.2-22)
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After Eq. (4.6.2-20) we can see that the ratio  N /  T of the dimensionless overall normal and
M S( m )
tangential compliances is only function of the lithology, through the parameter   ( m )
MP

,

of the aspect ratio  of the cracks, and of the ratio M P / M P of the P-wave moduli of the
saturating fluid and of the grain constituent of the rock. Fig.4.6.2-9 illustrates this
relationship.
(c)

( m)

Fig.4.6.2-9: Ratio  N /  T of the dimensionless overall normal and tangential compliances of
(c)

( m)

the cracks/fractures as function of the ratio M P / M P of the P-wave moduli of the
saturating fluid and of the grain constituent of the rock. Three kinds of lithologies are
considered, namely sandstones (in blue lines), limestones (in red lines) and dolomites (in
yellow lines). For each lithology three aspect ratios are considered, namely  (solid
lines),  (dashed lines), and  (dotted lines).
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We plot the ratio  N /  T as a function of the ratio M P / M P
for the three main
lithologies of reservoir rocks, namely sandstones, limestones and dolomites, and for three
(c )
aspect ratios, namely ,  and . The bulk modulus M P of typical
reservoirs fluids is smaller than 5GPa and the P-wave modulus of the grain constituent is of
(c)
( m)
the order of 100GPa. As a consequence the ratio M P / M P rarely exceeds 0.05, which
explain the scale of the X-axis of Fig.5.3.3-5. First of all we note that all the curves are
(m )
decreasing. In effect, as expected, for a given lithology (i.e., for fixed M P and  ), an
(c)

( m)

(c )

increase of the stiffness M P of the fluid content tends stiffen the cracks/fracture, as a
consequence to decrease  N with no effect on the dimensionless overall tangential
compliance  T . Secondly, still as expected, for given rock and saturating fluid (i.e., for

fixed M P / M P ), the decreasing effect is stronger for smaller aspect ratio , that is to say
for more compliant cracks/fractures. Finally we notice that for fixed and sufficient small
aspect ratio ( i.e.  substantially smaller than 0.1) the phenomenon is practically independent
of the type of lithology. It is also the case for rather large aspect ratio, for instance for =0.1
(which is at the limit of validity of the theory of Hudson [1980], as explained in the comments
(c)
( m)
on Eq. (4.6.2-19) only for sufficiently stiff saturating fluid, typically for M P / M P >0.02.
(c)

( m)

Crack-induced elastic anisotropy has been observed in many rocks (e.g., see the many
references contained in Thomsen [2002] ). For instance, experimental data illustrating the link
between microfractures/microcracks orientation distribution and ultrasonic anisotropy
measured in rock samples in the laboratory is reported in the work of Rasolofosaon et al.
[2000] and summerized in section 4.8.2.
4.6.2.2.2 Case of non-dilute fractures/crack densities
One of the first generalization is taking into account non-dilute crack/fracture concentration,
that is to say typically   0.1 in Eq. (4.6.2-19). The simplest solution is to use multiplescattering summation or higher order expansion, beyond first-order Born approximation
restricted to dilute concentrations of heterogeneities (as in section Chapter 5 §5.2.2 in
isotropic heterogeneous media, but adapted to anisotropic media). For instance Hudson
[1981] used the second order expansion. Unfortunately such an expansion is not a uniformaly
converging series and thus is not recommended.
A more popular generalization that avoids the complicate multiple-scattering summation, is
the self-consistent method (SCM). This alternative approach consists in considering a single
heterogeneity immersed in a background medium of which the elastic properties are precisely
those of the effective medium (e.g., Hershey [1954]; Hill [1965]; Budiansky [1965]). The
technique allows to roughly take into account the interactions between the
microheterogeneities, and as a consequence to deal with slighter higher concentrations of
heterogeneities than what is allowed for Born approximation. From a practical point of view
the stiffness tensor of the background medium is taken equal to the unknown effective
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stiffness tensor of the cracked medium, and a "single scattering" approximation of Eq. (4.6.219) (see the previous comments on this equation) is assumed. The thus derived implicit
equation in the unknown effective stiffness tensor of the cracked medium can be solved
numerically by iteration.
Finally note that for moderate crack/fracture induced seismic anisotropy as commonly
encountered on the field, that is to say typically for   0.15 in Eq. (4.6.2-19), the dilute
concentration approximation and the self-consistent approximation lead to quite comparable
results (e.g., Barthelemy [2006]).

4.6.3 Stress-induced anisotropy and anisotropic nonlinear elasticity
Stress-induced anisotropy, or the anisotropy only due to stress in a initially isotropic
unstressed rock, and the anisotropy of the nonlinear elastic properties of rocks are detailed in
the section 7.5.1 of Chapter 7 on Nonlinear Elasticity in rocks.

4.7 Anisotropic viscoelasticity
Many references deal with the complete description of wave propagation in anisotropic
viscoelastic media (e.g., Carcione [2007]; Vavrycuk [2007]), especially with inhomogeneous
waves. In inhomogeneous plane waves the planes of equal amplitude and the planes of equal
phase are not parallel (e.g., Bourbié et al. [1987]). Here we only consider homogeneous
planes waves, for which the equi-phase plane and equi-amplitude plane are parallel. In
practice this is not really a problem because the velocity and the attenuation of the three bulk
plane waves are practically insensitive to the homogeneity angle, that is to say the angle
between the equi-phase plane and equi-amplitude plane, as long as the homogeneity angle is
not too large. This is the case in most practical situations of seismic experiments in the field
[Behura and Tsvankin, 2009]. In such situations the velocity and the attenuation of the three
bulk plane waves do not substantially differ from their corresponding values in the case of
homogeneous waves.
In the case of homogeneous plane waves, it is possible to apply the correspondence principle
to derive the viscoelastic Kelvin-Christoffel equations from the corresponding equations in
purely elastic media [see Equation (4.3.3-7)]. The correspondence principle (e.g., Biot [1955];
Rajagopal and Wineman [2008]) is the key-point here. In a few words, and quoting Biot
[1955] verbatim: "Another principle which we call the principle of correspondence is a
consequence of the formal analogy between the operational tensor and the elastic moduli... A
complete correspondence exists between the two so that all static and dynamic solutions of
elasticity may be immediately transposed into a corresponding viscoelasticity solution by
simply replacing the elastic constants by operators". In other words, regarding homogenous
plane waves in viscoelastic media, viscoelastic Kelvin-Christoffel equations, their solutions
and their approximations in weakly anisotropic media are formally identical to the
corresponding equations in purely elastic media, except that the quantities are complex, as
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detailed in Rasolofosaon [2010]. These equations are equation (4.3.3-7) for Kelvin-Christoffel
equations, equation (4.3.3-18) for the exact expression of the three bulk wave moduli, and
equations (4.5.2-1) and (4.5.2-6) for the weak-anisotropy approximations of the qP-wave
modulus and the qS-wave moduli respectively, as detailed in the previous reference.
Laboratory measurements of attenuation and velocity anisotropy in rocks are common (e.g.,
Bourbié et al. [1987]; Barton [2007]; and the references therein). In contrast Laboratory
measurements of attenuation and velocity anisotropy in rocks of assumed idealized anisotropy
type (e.g., transversely isotropic) are scarce (e.g., Yin and Nur [1992]; Best [1994]; Prasad
and Nur [2003]; Best et al. [2007]).
Furthermore laboratory experimental data on rocks considered as arbitrarily anisotropic
viscoelastic media are rare. To our knowledge Arts [1993] is the only reference providing a
small database of such experimental results. We excerpt the following example from this
reference. The considered rock is water-saturated Yugoslavian marble. The attenuation on the
dry sample was too small to be measurable. The rock sample needed to be water-saturated in
ordered to exhibit sufficient attenuation. The experimental set-up and procedure are those of
Arts et al. [1992] and Arts [1993]. It is a conventional ultrasonic pulse-transmission
experimental set-up (see chapter 2) but under controlled uniaxial stress. The chosen technique
leads to the measurements of the attenuation and the velocity of the qP-, qS1 and qS2-waves
in 9 different directions on cubes of rock with bevelled edges (see Figure 4.7.1-1).

Fig.4.7.1-1: Rock samples with bevelled edges and 18 faces allowing velocity and attenuation
measurements in 9 different directions.

The measured 27 complex wave moduli allow the inversion of the 21 non-vanishing complex
coefficients of the complex stiffness matrix, as detailed in the two previous references.
Measurement accuracy on the velocities are roughly 1% for the qP-wave, and 2% for the qSwaves. The attenuation measurements are one order of magnitude less accurate, with typical
accuracy of 10% for the qP-wave, and 20% for the qS-waves.
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Figure 4.7.1-2 illustrates a comparison between the experimental data and the theoretically
calculated curves of the real and imaginary parts of the complex slownesses of the three bulk
waves in the xz-plane of a sample of water-saturated white Yugoslavian marble. The inverted
real part C ' and the imaginary part C '' of the complex stiffness matrix C* are given in the
next equations.

Fig.4.7.1-2: a) Section by the xz-plane of the surface (left) of the real part and (right) of the
imaginary part of the complex phase slowness of the qP-wave in dashed lines, of the qS1wave in solid lines and of the qS2-wave in dotted lines deduced from the inverted complete
set of the viscoelastic complex moduli, compared to the corresponding measured slownesses
(experimental points are circles for the qP-wave, crosses for qS1-wave and squares for qS2wave. Case of water-saturated white Yugoslavian marble.

All the theoretical curves of the figure are deduced from the inverted complex stiffnesses as
described further in this sub-section. The errors on the measured real part of the slowness
curves are of the order of the size of the measurement points on the plots. The corresponding
errors on the imaginary parts of the slowness are roughly three to four times larger. We
clearly see that the theoretically calculated curves fall within the accuracy range of the
measurements that illustrate the quality of the inversion. We also see the lack of symmetry of
the theoretical curves illustrating the triclinic symmetry of the studied rock sample, which will
be confirmed in the next lines.
The inverted real part C ' of the complex stiffness matrix in units of Gigapascals is:
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(4.7.1-1)

118.1 62.2 61.6 0.5 4.1

 62.2 115.9 61.8 0.2 3.0
 61.6 61.8 127.9 3.6 3.7
C'  
3.6 30.2 0.3
 0.5 0.2
 4.1
3.0
3.7 0.3 31.7

2.4
3.0 0.2 0.9
 2.2

2.2 

2.4 
3.0 
 GPa , and
0.2 
0.9 

28.6 

The inverted imaginary part C '' of the complex stiffness matrix in units of Gigapascals is:

(4.7.1-2)

0.3
 3.68

1.69
 0.3
 0.13 0.30
C ''  
 0.91 0.60
 0.23 1.22

 0.46 0.74

0.13

0.46 

0.30 0.60 1.22
0.74 
4.01 0.25 0.32 0.39 
 GPa
0.25 2.10 0.02 0.15 
0.32 0.02 2.46 0.70 

0.39 0.15 0.70 3.19 
0.91

0.23

The corresponding relative errors, in percentage, on each coefficient of the inverted real part C ' of the
*

complex stiffness matrix C are:

(4.7.1-3)

5
6
705 53 97 
 3


3
8 1778 76 115 
 5
8
3
101 70 73 
 C '   6


 %
 C ' 
705
1778
101
4
391
585


 53
76
70 391
4 108 


 97 115 73 585 108 4 

, and

The corresponding relative errors, in percentage, on each coefficient of the inverted imaginary part
*

C '' of the complex stiffness matrix C are:

(4.7.1-4)

279 124 
 34 214 306 96


71
97 
 214 67 148 118
 C ''   306 148 31 250 236 279 
 C ''    96 118 250 32 4422 681  % .


 279 71 236 4422 26 100 


 124 97 279 681 100 19 

The values of the diagonal elements of the matrices of the errors in Equations (4.7.1-3) and
(4.7.1-4) corresponding to the most meaningfull stiffness coefficients located on the diagonal
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of the matrices of the real part and of the imaginary part of the complex stiffness matrix in
Equations (4.7.1-1) and (4.7.1-2), respectively. Note that they are roughly equal to the double
of the relative error on the velocities and on the attenuation. This is simply due to the fact that,
after Equation (4.7.1-5) which will be introduced below, the complex wave modulus is
proportional to the complex squared velocity. As a consequence the relative errors of the
moduli are equal to the double of the relative errors on the velocities.
We also note that the off-diagonal elements of the matrices of the errors in Equations (4.7.13) and (4.7.1-4) can be substantially larger than the diagonal elements. For instance the
'
''
relative error on the coefficients C24
and C45
even exceed 1700% and 4000% respectively.
This is a classical result for experimentalists not to be worried about. More precisely, for
instance, let us consider a second rank symmetric tensor (e.g., the stress tensor) with all the
diagonal terms of the order of 100 (in units of MPa for instance), differing by less than ±5%,
and measured with a relative error of say ±10% ( corresponding to an absolute error of ±10).
Furthermore let us assume that the absolute errors on the off-diagonal terms also roughly
equal ±10. As long as the measured values of the off-diagonal terms are smaller than their
corresponding error the most important result is that the considered second rank symmetric
tensor can reasonably be approximated by an isotropic tensor. These off-diagonal terms may
be of the order of 9 (case 1), 1 (case 2) or even 0.1 (case 3), the above conclusion is
unchanged. But the conclusions regarding the relative errors are obviously more contrasted. In
contrast to the case of the diagonal terms, the relative errors on the off-diagonal terms can
obviously change of order of magnitude, namely ±110% in the first case, ±1000% in the
second case, and even ±10,000% in the last case. In a similar way, this is what roughly
happens in the case of the real part and the imaginary part of the complex stiffness matrix
here. Such large relative errors on the least meaningfull coefficients is a classical
experimental result and need not be detailed further.
All the above data on Equations (4.7.1-1) and (4.7.1-2) allow to compute the complete
directional dependence of the phase velocity and of the phase attenuation. More precisely,
from the complex stiffness tensor C*  C '  i C '' , it is possible to compute the complex KelvinChristoffel matrix using Equation (4.3.3-7) and the correspondence principle described above,
for any direction of propagation. The complex wave moduli M P* , S1, S 2 of the three bulk waves
(qP, qS1 and qS2) are the eigenvalues of the complex Kelvin-Christoffel matrix for any
direction of propagation. Due to the correspondence principle one has the classical relations:
(4.7.1-5)



M P* , S1, S 2  VP*, S1, S 2



2



  1/ S P* , S1, S 2



2

where VP*, S1, S 2 and S P* , S1, S 2 designate the complex phase velocity and the complex phase
slowness of the three bulk waves (qP, qS1 and qS2), and  the density (here the
independently measured density is   2750 kg / m3 ).
The corresponding phase velocities VP, S1, S 2 and phase quality factors QP, S1, S 2 are given by
the relations (e.g., Bourbié et al. [1987]; Carcione [2007]):
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(4.7.1-6)

2

2 M P* , S1, S 2

VP, S1, S 2 

 M P* , S1, S 2  M P' , S1, S 2


QP, S1, S 2  M P' , S1, S 2 / M P'' , S1, S 2






where M P* , S1, S 2 , M P' , S1, S 2 and M P'' , S1, S 2 designate respectively the modulus, the real part
and the imaginary part of the complex wave modulus.
Figures 4.7.1-3 and Fig.4.7.1-4 show the complete directional dependences of the phase
velocity and of the phase quality factor, respectively, in the sample of water-saturated
Yugoslavian marble of Figure 4.7.1-2. Both figures are composed of three sub-figures, the top
sub-figure corresponding to the qP-wave, the middle sub-figure to the qS1-wave and the
bottom sub-figure to the qS2-wave.

Fig.4.7.1-3: Complete directional dependence of the phase velocity (top of the qP-wave, (middle) of
the qS1-wave, and (bottom) of the qS2-wave in water-saturated white Yugoslavian marble considered
as an arbitrarily anisotropic viscoelastic medium.

First of all one can clearly notice the lack of symmetry element of the plots that confirms the
triclinic symmetry of the marble sample. The qP-wave phase velocity varies from 6.30–6.85
km/s, which roughly corresponds to 8% anisotropy. The qS1-wave phase velocity is always
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larger than 3.05 km/s and reaches a maximum of roughly 3.55 km/s, representing a relative
variation of more than 16%. The qS2-wave phase velocity is comprised between
2.95–3.30 km/s, corresponding to an anisotropy of nearly 12%. This confirms the moderate
but not weak, strength of velocity anisotropy.

Fig.4.7.1-4: Complete directional dependence of the phase attenuation, in termes of 1000/Q,, (top) of
the qP-wave, (middle) of the qS1-wave, and (bottom) of the qS2-wave in water-saturated white
Yugoslavian marble considered as an arbitrarily anisotropic viscoelastic medium.

In contrast, the directional dependence of the three quality factors is very strong. More
precisely, the qP-wave phase quality factor varies from 20 to 85, which roughly corresponds
to more than 320% anisotropy. The quality factors of the qS1- and qS2-waves also exhibit a
large directional dependence, slightly larger than that of the qP-wave. The qS1-wave
(respectively qS2-wave) phase quality factor, with a minimum value of 8 (respectively 8.1)
and a maximum value of 42 (respectively 40), exhibits more than 420% (respectively 390%)
anisotropy. Furthermore, the small quality factors at least in some directions, typically smaller
than 15 which denote strong attenuation, is typical of water saturated rock samples at
atmospheric pressure (e.g., Bourbié et al. [1987]).
Lastly note that for each bulk wave the shape of the velocity surface is different from the
shape of the attenuation surface. This has been pointed out by Jakobsen and Rasolofosaon
[2009]. As a consequence it is not appropriate to assume that real and imaginary parts of the
effective stiffness tensor generally share the same symmetry elements, as is often done for
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convenience within the context of seismic modelling in real media (e.g., Carcione [2007]; Zhu
and Tsvankin [2007]).
Laboratory experimental data, similar to those reported in this sub-section, can be found in
Arts et al. [1992], Arts [1993] and Rasolofosaon [2010].

4.8 Seismic anisotropy for earth subsurface exploration and exploitation ...
what is it for?
In the previous sections we have discussed in some detail theoretical aspects of elastic
anisotropy always in close connection with experimental results, following the overall spirit
of the book. The main topic of this section could be summarized by the following question:
“what is the added value of taking into account seismic anisotropy for the exploration and/or
exploitation of the earth subsurface? “.
In the historical section 4.1 of seismic anisotropy we pointed out that seismic anisotropy has
quickly evolved from a sophisticated curiosity for specialists to a mainstream research topic
leading to practical tools now routinely used in the earth subsurface exploration and
exploitation (e.g., Thomsen [2002]; Grechka [2009]). This can be considered as a clear
demonstration of the added value of taking into account seismic anisotropy. In this section we
go further by describing the two main branches of research and development in seismic
anisotropy, namely in seismic processing and in reservoir characterization

4.8.1 Anisotropy as noise to be eliminated or corrected
processing

... for Seismic

In this first approach seismic anisotropy is considered as “noise” that contaminates or at least
complicates seismic data. “Noise” in acoustics in general (e.g., Rossing [2007]) and in
seismics in particular (e.g., Sheriff [1991]) is any “unwanted signal” that competes with the
information that one wishes to extract from the data. Because of its ubiquitous presence in the
earth’s subsurface, pointed out in the introduction of the present chapter, seismic anisotropy
induces unwanted effects on the data that need to be corrected for.
Not taking into account for seismic anisotropy in seismic processing by using isotropic tools
can lead to errors in all the different stages of seismic processing, namely velocity analysis ,
NMO, dip moveout (DMO), time migration, time-to-depth conversion, and amplitude versus
offset (AVO) analysis as extensively discussed in the literature (for instance see Tsvankin
[2001]; MacBeth [2002]; Thomsen [2002]; Grechka [2009] and all the references therein).
As steadily pointed out during the International Workshops on Seismic Anisotropy (IWSA)
(see the historical section 4.1 of seismic anisotropy), the integration of seismic anisotropy has
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played a substantial role in the recent progress of exploration geophysics (e.g., Thomsen,
2002), mainly because of the acquisition of seismic data of better quality (denser 3D to 4D
acquisition, wider frequency spectra, new acquisition techniques: mainly Ocean Bottom
Seismics and vertical cables), of the introduction of new concepts (new imaging algorithms,
better way to use the amplitudes, more complete use of the vectorial nature of the waves),
and of the set-up of new tools (more and more powerful computers, more and more userfriendly interfaces for seismic interpretation).
In each of these items seismic anisotropy play a substantial role, illustrated for instance:
 In the case of present seismic acquisitions with long source-receiver offsets involving
large variations of the incidence angle and necessitating a good integration of the directional
dependence of the velocities, one of the main manifestations of seismic anisotropy (see subsection 4.4)
 For the quantitative analysis of the seismic amplitudes as functions of the source-receiver
offset and the azimuth, as in the case of fractured reservoirs, necessitating a theory allowing
to take into account the azimuth variation and the offset dependence of seismic reflectivity,
which is quite well described by seismic anisotropy theory (e.g., Rüger [1996]; Grechka
[2009]), and
 The complete integration of seismic anisotropy in all the stages of seismic processing,
which would have been unthinkable less fifteen years ago, thanks to the spectacular
improvements in computer technology .
We shall illustrate the above considerations by experimental data in the laboratory and in the
field regarding seismic imaging.
Regarding seismic migration in the laboratory, in sub-section 2.3.2.3 of Chapter 2 we report
the physical modelling results of Martin et al. [1992] who analyzed the effect of anisotropy on
wave propagation and on imaging using laser ultrasonic techniques. The studied natural
material is Angers slate, a strongly anisotropic rock approximated by a thinly layered medium
exhibiting macro-fractures parallel to the layering. Both causes exhibiting rotational
invariance about the normal to the layering and to the macrofracture planes, after Curie’s
symmetry principle, the rock can be approximated by an equivalent Transversely Isotropic
(TI) medium of symmetry  / m m (see Figure 4.2.2-1 of section 4.2.1 and the
corresponding comments). The data on a tilted slate model with the planes of schistosity
rotated 22.5° from the vertical axis (see top of Figure 2.3.2-15 Chapter 2) were
“isotropically”migrated, using an algorithm ignoring anitropy. The shape of the bottom
reflector of the model is quite unrecognizable: the reflectors are mis-located, and the rounded
ridge and the fault have completely disappeared as shown by Figure 2.3.2-15b. The effects of
anisotropy amplified so that, without knowing the geometry of the model, it is very difficult
to achieve even an approximate reconstruction of the geometry of the reflector. In contrast if
anisotropy is taken into account in the migration algorithm the reconstructed image of the
structure is surprisingly improved as illustrated by Figure 2.3.2-17, even unveiling the
presence of strong dipping reflectors unambiguously corresponding to cleavage planes in the
slate clearly shown on Figure 2.3.2.-10(b).
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Similar results have been reported, with more conventional physical modelling techniques, by
Isaac and Lawton [1999] with a model made of transversely isotropic (TI) phenolic material.
The authors mainly emphasize the mispositioning of the reflectors due to dipping TI structure,
pointed out in the previous reference and commented on the Figure 2.3.2-16 of Chapter 2,
(excerpt from that reference).
Regarding seismic migration in the field we have selected offshore data from West Africa of
Alkhalifah et al. [1996] reported on Figure 4.8.1-1. The figure compares the results of an
isotropic migration and an anisotropic migration on the same data set.

Figure 4.8.1-1: Comparison between (a) 2D isotropic migration and (b) 2D anisotropic
migration on offshore data of West Africa (modified after Alkhalifah et al. [1996]).
The data have been migrated with a 2D phase shift time migration, using a methology
described in the last reference. In the anisotropic case, Transverse Isotropy with a Vertical
axis (VTI) of rotational invariance is assumed. As for the physical modelling data in the
laboratory, the benefits of taking into account seismic anisotropy is quite clear. As for the
laboratory data, the most significant result is the unvailing of a fault (surrounded with a read
circle) perfectly visible on the “anisotropically” migrated section and totally invisible, or at
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least blurred, on the “isotropically” migrated section. Another substantial result is the
improvement in the continuity of the dominant fault dipping to the left of the figure and
highlighted by the blue ellipse. More details can be found in the last reference.
Many more examples of improvement of different stages of seismic processing by taking into
account seismic anisotropy can be found for instance in Tsvankin [2001]; MacBeth [2002];
Thomsen [2002]; Grechka [2009] and all the references therein.

4.8.2 Anisotropy as an information to be used ... for Reservoir characterization
In contrast with the previous approach here seismic anisotropy is no longer considered as
“noise” but a signature of the medium of propagation, that needs to be exploited in order to
extract some properties of the medium. This is typically the field of seismic anisotropy for
reservoir characterization, more specifically for fracture characterization. Here again the topic
is extensively discussed in the literature (e.g., Thomsen [2002]; Crampin and Peacock [2005];
Grechka [2009]; and the references therein).

We shall illustrate the above considerations by experimental data in the laboratory and field
data on a geothermal regarding seismic imaging.
Regarding the link between the presence of microfractures/microcracks and ultrasonic
anisotropic in the laboratory we report the work of Rasolofosaon et al. [2000] on one of the
crystalline rocks from a KTB, the German Continental Deep Drilling site, pilot well.
The complete set of 21 elastic coefficients of the elasticity matrix were measured on a dry
paragneiss sample at increasing levels of confining pressure Pc, up to Pc=400MPa, and fixed
pore pressure equal to atmospheric pressure using the techniques described in Chapter 2
§2.2.4-1. Figure 4.8.2-1 show the complete directional dependence of the measured qP-wave
phase velocity for Pc=10MPa (figure on the left hand side) and for Pc=400MPa (figure in the
middle). Using the methodology developed by Arts et al. [1996] these data allow to separate
the anisotropy due to the mechanical defects (i.e., microfractures, microcracks, grain joints
etc…) and the anisotropy due to the intact rock (i.e. the rock without the defects).
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Figure 4.8.2-1: Complete directional dependence of the qP-wave phase velocity surface
(Left) Experimental data for confining pressure Pc=10MPa,
(Middle) Experimental data for confining pressure Pc=400MPa
(Right) Theoretical prediction for confining pressure Pc=10MPa.
Equal area projection (lower hemisphere). Case of a Paragneiss sample
(modified after Rasolofosaon et al. [2000]).

In summary, it is assumed that at the highest confining pressure (or terminal confining
pressure) the rock practically behaves as an intact material (i.e. a material without mechanical
defects). Thus its behaviour is governed by the grain constituents and the stiff pores (mainly
roughly spherical pores which remain open under high confining pressure). Note that in
sedimentary rocks (sandstones, limestones, dolomites…) the stiff pores can be abundant. In
the case of the studied paragneiss sample the stiff porosity is practically nonexistent. Thus the
anisotropic compliance tensor S (terminal) at terminal confining pressure is, by definition, equal
to the anisotropic compliance tensor S (intact rock) of the background medium:

S (terminal)  S (intact rock)

(4.8.2-1)

In the theoretical model the intact rock is the background medium, in which cracks/fractures
are added to build a fractured model following the relation (e.g., Schoenberg and Sayers
[1995]):

S (fractured rock)  S (intact rock)  S (fractures)

(4.8.2-2)

where S
is the compliance tensor of the fractured rock and S
the
additional compliance due to the presence of the fractures/cracks. If one assumes that the
compliance of the intact rock is practically independent of the confining pressure Pc one can
(fractured rock)

deduce S
(4.8.2-3)

(fractures)

(fractures)

from the data:
S (fractures) ( Pc )  S (fractured rock) ( Pc )  S (intact rock) ( Pc )  S ( Pc )  S(terminal)
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where S ( Pc ) is the compliance tensor corresponding to the confining pressure Pc . The first
equality is deduced from Equation (4.8.2-2) and the the second approximate equality is due to
Equation (4.8.2-1) and to the assumption of pressure independence of the intact rock. The
compliance tensors of the rock S ( Pc ) at confining pressure and S (terminal) at terminal
pressure being measured, the additional compliance S (fractures) due to the presence of the
fractures/cracks can be deduced experimentally from Equation (4.8.2-3). If the interaction
between each fracture/crack is neglected, each fracture/crack ignores the presence of the other
fractures/cracks and is only influenced by the stress at infinity. After the last reference, under
the noninteraction assumption the additional compliance due to the fractures/cracks is simply
equal to the sum of the compliances of each fracture/crack without any interaction term.
Furthermore, it is possible to approximate S (fractures) by the additional compliance due to
three families of parallel fractures mutually orthogonal, using the method proposed by
Rasolofosaon et al. [2000] and detailed in Arts et al [1996]. In the eigen-axes X X X
of
the system of three fracture families, the orthotropic approximation of the rotated additional
compliance matrix  R XYZ  X ( I ) X ( II ) X ( III ) S (fractures)  have the diagonal form (e.g.,


Schoenberg and Douma [1988]):
(I )



( II )

( III )



(4.8.2-4)
R
S (fractures)   Diagonal Z N( I ) , Z N( II ) , Z N( III ) , ZT( II )  ZT( III ) , ZT( I )  ZT( III ) , ZT( I )  ZT( II )
(c) (c) (c)
 XYZ  X Y Z










where R XYZ  X ( c )Y ( c ) Z ( c ) is the rotation from the coordinates axes XYZ of the sample to the
eigen-axes X (c)Y (c) Z (c) of the system of three fracture/crack families, and Z N( K ) and ZT( K ) the

 K  I , II , III  .
The recovered eigen axes of the cracks/ are given by X (c)   0.096,  0.995,  0.035 ,
Y (c)   0.028,  0.038,0.999 and Z (c)   0.995,0.095,0.032 in the coordinate axes of the
normal and tangential overall compliance of the fracture family number K

sample. This means that the eigen-axes X (c)Y (c) Z (c) of the fracture/crack system are rather
close to the coordinates axes XYZ of the sample, as can be seen on Figure 4.8.2-1. The
recovered normalized compliances of each family of crack/fracture are:
 EN( I )  9.2% ; ET( I )  6.2%

( II )
( II )
(4.8.2-5)
 EN  61.7% ; ET  16.5%
 ( III )
( III )
 EN  2.0% ; ET  1.9%
where the normalized compliances are defined by
(intact rock )
ET( K )  ST( K ) ISOC44

rock. The tensor

ISO C

 K  I , II , III 

(intact rock )

ELASTIC ANISOTROPY

(intact rock )
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and

, with respect to the equivalent isotropic intact

is the best isotropic replacement tensor (e.g., Fedorov [1968];
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Arts et al. [1991b]; Helbig [1994]; Sayers [1994] of the anisotropic stiffness tensor



C(intact rock)  S (intact rock)



1

. Equation (4.8.2-4) shows that the crack/fracture family number

II, nearly normal to the Z axis of the sample, is the dominant family. This is consistent with
Figure 4.8.2-1. It is practically about the Z-axis that the qP-wave phase velocity variation with
confining pressure is the largest. Furthermore the predictions of the simplified rock model
with 3 families of cracks/fractures mutually perpendicular are in agreement with the
experimental data (compare sub-figure on the right side and sub-figure on the left side of
Figure 4.8.2-1).

Figure 4.8.2-2: Scanning microscope image (back-scattered electrons) of a paragneiss
sample from the German Continental Deep Drilling site (KTB pilot well), at a depth of
3145m, showing cleavage cracks in mica (yellow arrows), identified as the main cause of
crack-induced ultrasonic anisotropy (modified after Rasolofosaon et al. [2000]).
Lastly, detailed analyses of mineral composition, textures and microcrack fabric showing that,
on this rock sample, the main cause of the observed crack-induced anisotropy is the presence
of cleavage cracks in mica (yellow arrows on Figure 4.8.2-2 ).
Regarding field experiments results, we have selected data on Coso geothermal field in
California [Lou and Rial, 1997]. In this example, measurements of Shear-wave birefringence
and polarization are used to characterize fracture orientation and density. This area is a very
active seismic zone with an average of 20 microearthquakes per day, half of which are natural
tremors and the rest are associated to geothermal field injection/production activity (Malin
[1994]; Alvarez [1992]). Signals are recorded by a seimic network of 3-component borehole
receivers located at depth of 100m or more, so that background noise is minimized and the
interference of shear waves with the free surface is greatly reduced. More than 400 time
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delays between the fast and slow shear-waves were measured in a target area of 21 (km)x 21
(km)x 6 (km).
As described in Section 4.6.2, and as illustrated by Figure 4.8.2-3 and the corresponding
comments, the strikes of the assumed vertical cracks/fractures inferred from the polarization
directions of the fastest shear-wave is clearly correlated with the independently observed
lineaments on photographs and magnetically measured lineaments (modified after Lou and
Rial [1997]).
More precisely, the rose diagrams of the polarization directions of the leading S-wave for nine
stations exhibit three major directions, namely N40°-60°E (for stations S2, S7, N5), N0°-25°E
(for stations S1, S4, S8, N1), and N25°-35°W(for station N4). These three fracture trends are
in agreement with the photographically mapped lineaments (N60°E, N-S, and N35°W), in
purple on the Figure [Bryan et al., 1990], and magnetically mapped lineaments (N40±E, N-S,
and N55±W), in green on the Figure,all measured in the area [Moore and Erskine, 1990].
Regarding crack/fracture densities Lou and Rial use the shear-velocity equations of
Hudson [1981], linked with the linear slip fracture model of Section 4.6.2:


 8 V 2 1  cos 4  
P0
VS21  VS20 1 

3  3VP20  2VS20  


(4.8.2-6) 
 8 V 2 1  cos 2  
 2
2 
P0

VS 2  VS 0 1 
3  3VP20  2VS20  


where

VS1 and VS 2 designate the velocities of the two shear waves polarized respectively

parallel and at right angles to the local symmetry plane of the cracks/fractures,
angle of propagation from the strike of the aligned cracks/fractures.



being the

Figure 4.8.2-3: Map view of the crack/fracture strikes inferred from the polarization direction
of the fastest shear wave, compared with the independently observed lineaments on
photographs and magnetically measured lineaments (modified after Lou and Rial [1997])
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Figure 4.8.2-4: Tomographic maps of the crack/fracture density using shear wave
birefringence. Dark shading indicates low crack density and light shading indicates high crack
density (after Lou and Rial [1997]).

Seismic anisotropy is assumed to be due to aligned fluid-filled "penny-shaped" crack of
density   N a 3 , where

N

is the number of cracks per unit volume and

a3

is the

volume average of the crack radius cubed.
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The cracks are randomly distributed in an isotropic background medium (the host uncracked
rock), characterized by P-wave and S-wave velocities VP 0 and VS 0 .
If L is the propagation distance between the source and the receiver the time delay
between the fastest shear wave and the slowest shear wave is given by the expression:
(4.8.2-7)

 L

1
VS 2





1
VS1

Assuming VP 0 / VS 0  3 (or equivalently Poisson's ratio  equal to 0.25, after equation
(1.2.2-19) of Chapter 1) for the background medium, Sato et al. [1991] derived from the two
previous equations the following simple expression for the time delay:
(4.8.2-8)   4  cos4  cos2  L /  7VS 0 
In this equation the last authors used first order perturbation and assumed 60° < <90° [Sato
et al., 1991].

With a total of 450 data points (time delays) in the target zone Lou and Rial, using the
tomographic inversion scheme proposed by Shalev and Lou ( 1995), determined a 3-D crack
density distribution at depths 0.5 km to 5.5 km (see Fig.5.4.2-2). Light shading indicates high
crack density and dark shading indicates low crack density. The crack density typically ranges
between 0.010 and 0.035 throughout the Coso volume. The relatively large crack density
(around 0.035) areas concentrate on two northeast -trending blocks at depths between 1.5 3.5 km. These are in fact the most active geothermal production areas.
We clearly see that the method provide a rather simple tool for characterizing the 3D crack
pattern in reservoirs. However there is a severe limitations mainly related to the uneven
distribution of microearthquake locations and the low number of data points within the split
shear-wave recording window. Rays included in the reliable shear-wave window are such that
the corresponding incidence angle is smaller than a critical angle iC  Arcsin VS 0 / VP 0  .
Outside this "window" S-waves along supercritical rays interact at any interface such that the
time delay between the S-wave is irretrievably lost [Booth and Crampin, 1985]. For instance
for VP 0 / VS 0  3 (or equivalently for Poisson's ratio equal to 0.25 ) the critical angle is
roughly equal to 35°.
Many more examples of fracture characterization using seismic anisotropy in general, and
not only shear-wave splitting, can be found in Thomsen [2002], MacBeth [2002], Crampin
and Peacock [2001], and Grechka [2009] and all the references therein.
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